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“This paper i designed (0 the b the frst of a set o mairix algorithms for the hypercube.

o bl p ey of  coneurent s s hy e clficint s ey 10w We
build algorithms that run on a vriet of concurrnt processors and scae well

ummmxmnuwnhv:umlny( 0710°-10% nodes. Out xp,mpementons il e

< e (1.5,.15] bt ut analysis aplics 0 sny machin of s v (MIND,

s paes o dres s

of b cover
points of the more complicated matix operations and mulipiication

provides a simple en
Our sl sy s backed up by  compcc cperimenal sy of e agrhn
whih v bave impemene i the C progammig hnyl:.p on the Caltech hypercube. This
code Versed ebders from: Calech Concurtnt Computaton Progam.
Mot 1575 Psdons. CA 1135 US A sl o e ot cpen

e
‘work on sysolic arays 10] being some of the mot rlevant for ou purposes. Other important
‘work has come from the groups at Yal (9. JPL (17). Oak Ridge [18] and INTEL (11}

D
TR 12 byt P Foundan 42 S Devkpc, o S O Bk el
Rearch Felomsiy b Clech

O167-191/47/5150 € 1997, v S Pl B (Norh o)



" [y r———

o
e s i ok potance. sty 1 whch . bkt vp oy s
measorements on optimized code for the hypercube.
I Seton 2 e e b general decomposiionwhe i Secion . we el s o e
opumal e of Sqae Subblcks: his sston o s 2t pe
analysis
e ahre e proveor bt s tovs oo
I Secion 5 e conrot he lonthms wih sty snd anaye xplict implementations
onthe Callech Mk I bperuite. Seion ¢ contain ur conclsions. Appendis A decribs
mportant tchnial st i th communicaion whik sppends B sumimares the cucnial
Rardwar esuresand perfonmanc of the Caiech yperape.

2 Decomposition

ve comdeiog the clsof concurer computes commonly emed MIMD (Ml
Instruction, Muliple
here,

messages. Decompositon involves breaking up the underlying data-in this cas initial and
final matrices— We w
find that

For the main body of the text we will only need thal the procesors have at least a
two-dimensional periodic mesh intrconnect. The hypercube includes this 0pology

1o miped by he i by ey coe scheme 14 The msh ool slfcin for
eficient impleme

et ol el b o

square mesh:
48 armay s strajghtforward using th techniques deseribed in Section 4.
et el petorng he lipliaton

ceaB 0}
whete C. A, and B are full. M M matrices (for simplicty. we wil only discuss the
mulllvln(mn of square matrices)

e assume that the matrices A4 and B are decomposed as subblocks, shown in Fig. 1. We
i e (o b e €. e e e lipheaion. v o decmpesd
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ot coud pethap fom th ipu f e procig s, The
oo vt e el i of e s The o o
and it performance analysis o recangular subblocks and ther extreme limi. 3 pure row or
olumn decompositon (1D ring). wil come nex

Note 0 assuing the input matices A and B already resde in the Hypercube

of A or B. This is natural if A and B came from previous processing steps of some larger
gt On the other hand.

aa “flow through' matrx mulipler. some addiional hardware enhancement s required
e e 70, perommance v T .+t i of ey T

i thi regard and we will not discuss it here.

3. The square subblock decompositon
3. The algorithm

in g 2 for
ubmatnes ae denoted by at: o denies m.nxC,wlhusn(‘Mu(l"M(‘“

€ 1< L5, 3tk <3 < Ah S submars cn 2
manipulated s ey wee single cemensof the matix

7 i 2, BG4 oo () e gl sblcks o 4 n 2

the second “row have 3 copy of 4, nd o on.
Sy 3 e Fi, 0. i e copied 4 sublocks it the 8 ubbocks cureny
residing in cach processr
S s P 20, R the 8 iblcks vl
up 4 o Py, 20 Do hrmmal boedn o o 5p 1) of the “Gagonad 4T
Proddytia

S e i, 3. Wiy the coped 4 subblcks it the curenly g 8
subblocks.

‘Continue this patten u complly sround the macine. Fom e e
it o dar e o . i . e ot oot
fa

32 Performance analysis fo square subblocks

serpe e il M2 s on a6 of e e s of
sublocks in each processo i then m X m. where m = M/YN . The m
e of e g s epened /N e For s m. such eycle

roadat the A submatr
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between two processors. This s an accurae assumption for the Caliech,/JPL machines —see
A

Finaly. the time actualy 1o compute the submatex product (10 be added 10 €' is

i @
Whee 5 i (e e 0 do  foing pint muliply or add (hes tw times are vry narly
cqual in or Hadware—se Appendi ). Therclore, th total computaton e of the mairix
muliplcaion houl
T VR (2t + 20t OV = D). ©
Wy | 2007
7o 20 D W - D

¥
“The fist trm i th expected perfect inear specdup’term whilethelast two terms represent
ecus

ot
o oo o dsmpanton.
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4 Rectangular subblock decomponiton
41, The aorithm

We now wish 10 extend the previous algorithm (0 the case where the submatrices in cach
procsorae o longer square, Te sustio i a shown . F. .
P Mt s decompsed oo Y, ,pocsrarywher, o sty of
resnnicn. v st st b e Ny <y T e in cch prcetr
=M/ =/, Frhrmors same it the gt
an micgral mumbe of Squars ubbIOcs f e, X
or T m e of b v hich iy nor perfny it he pasel mschine

g sorim prceeds by he same sceya befrehe oy e i
i shares”tsell. i

42 Performance anaisisfo rectrangulr subblocks

“The timing analysis of thisaigorithm is 3 fllows:
The brosdast-mliph-rll e o e alporitm i reeaed N, imes. For cach such
eyee, the tme taken
it (83 Vo ©
“The time 0 mulipy subblocks is
2ty = 2t o

and the time to rol erticlly is

LIL TS ®)
Theefoe, the otal computtion time fo the rctanguar subblock lgoith is
T N2y (54 0+ (%= V] ©
2y

8t )+ (N~ V]
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M the aspect rato.
g the total mumber of procesors N, - N. and the mai sue. M. fned? The
commanicaion oethcad ca b read off 93
w._,_,(..p.....a;mw‘,r a0
Iihe 1 he second
e co. o frtes Josifiod by the e, et o e 1 pereas
onmag he Craline Operting Sy, e 10 0 b he ppeine
i e i ity & vey sl flt, Conining e with o ST
N 1100) = M, + ). an
Since M is held fxed.the minimu i found at 1, = . or £ = |
Matrix is mos eficient st
tha case, the here
is ho broadeast step i the algorithen. so .w s modificd o
w0
To o = 20l N )

43 Comparison of square subblocks versus row / clumn

15 Kt kmens e, 55 W e o e o .k s
subblock and the pure row algorithms. Define clficency s the spocdup per processing node:

smiguli e— a3

a9

jon. the.

3% = reaiely smal Ve represatng e osias s, e e s
m (12)

eficiency for the pure row scheme i read off from
-——— a5
[P
Vit 2
The ovehed e pure o lgoritm i g by G 4. where s e mumber
of processing nodes.

5. Timings on the Calech hypercube
5.1, Load blanced decomposiions
o To ety i ur proccin teortcal nalsis of s malipcation o v

. programs 1o multiply matrces via the subblock technique and fow technig
Coniraed and i o th CatehySPL. Mark 1 pescubes. T etimate afcenies el
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 program was constructed which merel ran on  single node processr and mulipled

matrices via T e e

resded (12, A8 progrems vee s e e C" and used the fast
e ol rovidd by he cm.um et S domdom Gk

45K Al thee. program e coded 1o s asim peformance. for

the o,
In Appendis . v summarie e eevin pertormasc nformaton fs the Cash/JPL

Hypereupe inludn 5 sty of e viosoF o 400 . Pl iformaion mey

b id

Fig
o e ar it very wel by

Tomera = 11984123 psbs? )
for M1 i mlipcation (3 it it throughout. he udraic fem (which
appears in Fi. 4 as the very smal.but o250, yimerept reprsents the tme aken 10
e e i C o 0 t e Degming of he muliplcaion 1 h e o deme
imple indx arhmeic As mach inde arihmetc 4+ powibe vas puled au of the o

represens 3 oaingpotnt sped of 3 inge 5 M. 8084087 procsor s 165 Mpe

i more okt 8 worscae k. Bowen, As siplaaed i Appei B e e of
the processor increases (by a facor of about 2) for more complex cxpresions since the
Compier il e e sl n 3087 s
e § s el L g 103 4.4 mesh and running the
Jock algoritn. What s ctally ploid i Fig, 5 s T/M> verws M, 4 the
ympiotc losin pont spcd (the cubic e of (9) shovs 55 8 lncary g term.
tercept),

/M2 e i

Ko s 2 16 16 1 32 33 Gl ot 420 on 5.4 4 mchne the il sartp
e 1 commanication overesds e smal et A s 1o the o prsenting

ey 136 o 133 4 (e Exnion 16,1 o
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Fi 5 g for th e b

bt umo e e A
Vot s A
ermtive way of pesntingthe 44 tiing dat s iven in Fi. 6. Here, we hive
o e v /o e e d..m‘, rom (1% and our gl nod umings
T done m of (19 for sl
Vi ncar i e, st
coefficient of 1/¥n.
o
One st bea n i, however, s

some of what we are calling “communications overhead

how one actally writs th i remons
a5 much index arithmetic as possbie (rom (he innermast o T gy
effects which Wand N

T Mmoot
- S e A A
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Fi 7 T same s Fit 6 bt i

S " L

o o the sl of (1) svr e ndpendent of he ol machine iz nd
aw..:emmuy.. the “grain siz’. . we offe Fig. 7. This i the same as Fig 6. but with
T machine timigs added. As hoped. for 15 10 (a 10 10 ubmatrx 1 <ach node)the
m..v.w i ot cacly vl The dviaion fom s 3 smll s du 1 the e

P —— onedimensonl (i)

mpositon.
there was no evidence of o
e rnicnion overbad o his sl gy o e Sobblock o The
timings are shown in Fig. 8. where the previous reslts of Fig. 7 ar also shown for contras.

s g s e cosicen o 1/ 361 and 749 T e 16 and 64 node caen
respecivly s sopes. 2 hin experimental error of 2.
e o 151 Th e of 16 14, vt 26, ot vty o v ot of 3
xpeied o (14) and (15 The reson o his . docused bclor the o ndesing
Sauerading 2+ communication overheads. Due o the large aspect ratio, 7. of the
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‘decomposition, it turns out that much more index niializaton i requied than for the square
block case. Tis soricwh Sublc o s the 10w ecorpin 1 hee v ore
overhead than prediced by (15)

Actualy, ths i a very general phenomenon. Norms

a parallel algorithm exccutes the

e forall e agrihn discused . Communicaton overieads snd oo imbalanes
degrade the performance from the perfect efiiency of 1. Another type of degrad.

hoveve, concems the Ineger aritcic 3ssociied with (h indein o he varius aTavs
involved. This clas of algorthm would use software whose inner Joops were construcied 45
Tollow:
fo ¢ g v o ows
Do e nds e Geendntupon decompesion
o lnd it cooms for s procenc
o g v, ol
Inner loop denticl 10 sequential code so that
seympote eicncy s 1)
1 usually happens (s it has here) that the paralll algorthm requires more indexing
cpertons b e ental algrn. gt anehr ype of st wheh e mght
As indicated above. the software decomposition and
icsion o miar dependencics on  30d N T ity
effct, it should be kept in mind when one s doing caeful mings
W have v e row decorpestion o im0 bk ond o
with machine size as /N, in

2. Padding for generl sized matrix — Lood imblance.

Any practical ary
it st those whos order allows an e mapping ot he hyperae with cach
processor having equal numbers of matrix clements. Towards ths cnd. we have modificd our
it o hat e aomaicaly pad the e o, the ot e vhih e he
n disgonal)

ndons. The paddin. of curse. s

e

o<

R s o e

o ,:,..::; e
o
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Do S i e e

. ¢ versus M for s
of M, for 2 2 bypercube. The reits sppear in Figs 9 and 10 Both alorms dplay

A peformance cuves whok upper envclopes ae decrbed by (14) and 19, The
rking ac, howewr 1 h h sveity o (e -socth degradation’ s much g (o the

64 node ring. one must p
11 s e mulipicaion is done 60 3 53 maciune. howewr. (h amount of podding

“This sawtooth efect may be a moch more important practical consideration governing the
choice between th algorthms than (14) and (15).
6. Concusions

e shown how
5 ol by th hpercab. Out heretia paformance analyses hve b

Fimed by 7 i of s g, Th ey (e o dvided e
e o
- % 1)
Iy
T
e n 2 for 2 ange o probles. Thecciin. . s 1o o il s
Sbock decomposion. For h ro decompostion the s soefcient i 1/ whch ous
S5 on increses the mamber f procsar. . Evn for N
o b oty o 0 10w i
mbaanc (neal sz egion i ) vas o mare severe
ina
o s wheer s et o b o e v S ..n.....g

o cpesially ons e o lre nmbers of s e
it comen ot iy e parall enmen
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Appendix A. Pipes (broadeass) o the hypercube.

A fundamenal operionwed i the concurent v mulipcation s the brodest of
inforadon among s st of posesr. In g h s o 10 a8l moks 1 the vchos bt
s 10 e in o of procesrs i3 v dimesional hnuopm‘ollhehyw»uh: i

corresponds 0 a subcube of the uw.m nype-m For insance comide 64 @) m
Typercube desomposed o 3 8 Each o

receurs coronds 1 b nod (1 prcabe et ©
ndependent, .. message traffc on them docs not intrfere. Thus we find that the broadeas
in ey in h” g corrponds 10 i the opinal way of brosdeasing on 4
hypercube te

et . problem o braadeasing  vords o 8 cube of dimnsion » (s

sbove, i o o ll s e for e ar ablckdecmpoiin i 1=

ihe oo of S I algorithm for this broadcast depends on deails of the
v ibes (the Mark 111 under consiruction
e roadeass 1 e arduare 13 ad et -+ Sl st S, omert.
ark 11 have no special support for cither fu ube broadeases:
st be implement vare 1 he Mk 1 e Appenin B nfomasion s commoni
cated in packetscontaining 8 bytes and 50 one needs (0 broadcast p = n pad

T e of -t Pk - - et prtbe e o comsponds 0

'm.tr-”-vm._.,b m.
e et o 210 (04) cmeprnds b cur conveons ot e s 0 e
Ll o Eaion (A co e enrted o s e

(P = (P 1l (a2
it s o e e 00 cxh o el o e i e ot e, e
time n (A2 o ke
learly an ia s 10 ignore the foll
and just pipe n dic ing topology.
nFig A2 Thiscan b

shown o take a time.

T (P) = (242 = Dl an
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(e
3 s

 Compuing (42) s (A2 ve 1t (A b 3 s 2. et o b 8
Ber star up time (2 versus »). For the large values of p ~ {m’ needed in our algorithm,
(A s ottt (A3

s ey reprsnt animpornt spes, improvments. A esonbly simpe iep i 10 we 8
Fig. A2) i chosen

rmey depuon h . 1 0 b wn 0t e e 0 i o p n (9
02 fo, 10 o e st e i o o e

by
e s e e o v f 5 a2 b e
T enrl cprsion ot ptmal e

Appendin B. Performance ofthe Caltech Mark If hypercube

The bardvareusd s described in (1), and we il only g b descripion b, Exch
nodes gl brdcompuer b o e INTEL 834087 microrocesors 1 he
ime the data here was 1 ran ata s M (v ac upgadiog 10§ Mha).
Exch node s | My e f mmry and .2 nodl eyt i 4 b g o boar (o
the basic e o
e 40 1 e i
Scetion 3.2 (and [12) 1o describe the performance of the machine. These are respectively the
 calculation times for 4 w
messured e
I = M ST, ®1)

Thes aumbers nsd 1o b icessed by 1010 30 o nden andlop oereads n el
ode. The lover number n (1) corraponds o3 el omples calelion-— el

e et g g: {307, The highe number i (1) comsponds o “bre bone”
calculations —cxplicily. a = b-c, where the loding the 8087 ia 16 b pe s
e A S 1 s  peformanet ot 04 g e o

e in o implmenatins s e o<l “Cysaline Operaing Sysentor

messages
odes s ey conenred e hypereabe opology. Ths obviaes ey e or

The value O 1, for Closdmsmhnlmlh(numbanipu s ranserred an
Fig, .1, we plot comm versus the message size it he vale of Fy Gen i
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e Opsane

ol
o35 f he rumber of m.-,"

ko ey

(B.1). One s ypiclly ransfrring several packets at a time (m* or m? words in notation of
» e = 103
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