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Bvaluation of Incesrals and Intsntee Sectes L
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gl singulrityof the squation
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whare P(2), Q) and
Verify that £ = Ois o regular ..mv.m, otihe equation

s ilruno,

abtain two linearly independent solaions fnvaling powes seresin =, Desccibe
i which theso solutions ere valid
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i w1 = [ o 61
* : vig explicit forula fo the Cren's fanction G(s)in the rangss & < £ <= and
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X6 for each m, y,(2) i such a slution of (1) for A = A, prose that

[ #raerningz =0 it man

A1 igenvaluesof the diffecetial equation
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8. Joho function /(2,9) is continuous i the rectangle T defined by
[e==d <o, ly-yl <t
* and satisfie the Lipachitz oncition
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eiyd=fle.v] < Klyi=vil (e, (e )

- i [
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V=S =dyin)
- ; has  unique solution 3(e) with (e = -

By considering the equation y” = 4 and taking 7, = g, = 0, o otherwise, show that

‘conclusion breaks down in this example.
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=Ny - Dy-y =0,
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- () Prove the orthogonslity property of solutions of the real Sturia-Liourile
 equation

- B+ + sty =0,
b inth x> 0, an ) = Ayl ) = B0, wheo i & contant 1 o 10
tha rangs of intogration.
Henceshow that allth egenvalues of the equationarsrl.
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itk leading coeffient. 1. Show. that it vanishes (denticaly) they are
‘—'/Imnﬂy demdent wltions.
the method of
fon one solation of

[ Find by inspe
Lis.g) =y (-2 4y~ + D iy = 0,
i ntherange 1,1 oo, Honee slve L

‘ M guesizon. -

LY Sr— o ' &
OB 48+ s =0,

sidering i) tho trivial equation 10” = 0, (i) w” = zs.
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-4y +20 -2y =0 .
s regular at ey poiat of the = plane.
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-

Show that overy sol
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i second ordee diffrential equation

o 7 en et
@ La() = 2O-q05) =0 (a<teb)
whers g s o continuous restvaiued function on ) has no nontrvial so

satitying tho boundary conditons
S0 = (@) 42y (0) = 0,
) = i)+ A ) = 0.
Show that thers exist now-trivial solotions w and » of the equation L(z) =
106) = 0,g(s) = 0 s uch that wy’—w'e = 1.

0 such that

ko), and establish the
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(P55309)  Find a particular integral of the equation
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xlog x.
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(7563509)  Obtain tuo independant solutions in'series of the equation
o
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-0 S -x1em P+ -ay=o.
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. If u(x) and v(x) are Linearly independent sclutions of the equation
=y’ + ¥y = 0,
and 1€ xy, %, aro any two consecutdve zeros of u(x) such that (x)F 0

W

in %, & X Xp» prove that v(x) has cne and only one zero in Xy < x < xpe
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valid, the coeffictents A

e untque.

(1) Find the asymptotic expansion of

N |

for large real positive x.

Asymptotic Expansions: Saddle Point Method

®

(1) Let 400, B() be tvo nice functions and suppose h'(a) = 0,
B''(2) <0 and h(a) 1o the maximm value of b in the range 8 <% <b.

(Assume o does not coincide with a or b.) Then prove:
%
[;(-) o (] v 4@ | ity | em (@] wyee.

(41) Define the Legendre polynomtal P, () by:

™ .g[[.. + 620 cont]” a0 tor y > 1.

Pind the asymptotic behavior of P () as m+ = .
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) s sermse

Let & = £(2) be analytic at Z = 7, with ug = £(Z;). This defines

an faverse function 2 = g(u).

Prove Lagrange's Formula:

where C 1s any sensible contour surrounding 7, -
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write T in the forn

for x xeal >0+ = B
-
du dt/ds exp (-md)

—
i

where ¢ 1s expressed in a pover series in u using sbove problem. You

may als0 need the duplication lav for the T function.



Method of Stationsry Phase

N
Ho) -‘ extreco] 400 ax -

where y 1s real > 0 and the ntegral runs over the real axis from a to b.

£0), $(x) are wonderful regular functions and at x =

@ -
and £'(a) > 0. Distort the integration range into a sultsble complex

contour near x = a and use the mathod of stecpest de:

€ to shov that

for large y the contributton to I from x near o ls:
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& mlm] $@ o [ 1reG@ + 124
-(®

D neresnsa

1(r) 1s as defined 1a the previous problea but now £'(x) does not

vanish 1o 17' <x<b. By integration by parts - or othervise -
abaw
AYE(8) _ (a) Av£(a)
10 = iy ¢ TRy SO s oand.

Combine this with the result of the previous problem to discuss the

tonary Phase

error ta ().
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S0 = Egurer,
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300 [ gremnity
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Caleulus of Variations J/

Give » brief discussimn of Lacrnge's method of determining $ne

1. pstho2,
ction of several varizblos vhich are Testricted by

tioassy velves of a fun

cortain rolations,

e positive variebles x,%y, . ere restristed by the Telations

. .
b S
& ]

where ay,N,E are given positive constants, Show that the valuss of the

X foruhich the funstia  x
Z,trommy - %)

is stettonssy are given ty
L omets
£
=)
\bere (1 1a & soluttan of the equation
.
P

In o pertiouler case L Wik £ a3, 6y = 1, @y = 2, ay = 3, shov that
361 CHAC) tharo da o unique solution for %, e x.




2
2.0 P 55602 A real fumotion F(x) and n linearly independert reel functi

(1) (== 12,000, n) ere given in the intervel 1 ¢x ¢ 1. It ds
- irequired to Tind.a.set of coefficients - - whish give stationary values"

%o the sntegral
1 s .
f () {z .rurm} &=
PR =]

subject to the restriction f_:{és“,(x)} .

Show that the sonstents s Bust satisfy

ey -Asy
=1

S0 etz 3 S S, - b
=1

T
Rl e, sy e,
-1

wa A s a root of w {r,- A5} .o

Show furtber that tho Toe's of this equation are the required stationsry
values of the integral.

3. P 5703, o n varisbles x,,...%, ere mestrioted by the conditions

gylapreanx)) = 0 (3= trmim Cn)

Prove that in general the stationsry valuos of a function £(xy.,,,,%,) c2n
. o dotemmiined by solving. the equations

v = 2%
a{l + )J:_‘ Ay ﬁi =0 (im1,2.000),

e My D, o detrnons misigtee, sosmaes wih
=),

The zoad varisbles x,7,7 SIS e, i, . 3 mzek

g=0@-1,

vhere O (k1. Show that x+y + 2 hes the stotionery values

S et )t

where a and b are the positive roots of the cubis equation

. y ooy v -0



@ Qnot, 1t £x,,,

the matrix g is syrmetrio, show thet the s

%) % & 5B o) = Zo e eme

tionary points end valuss of £

. when the varisbles ere subjest fo the restriction =1 ere given by the
elguinvectors and sigenvelues of s, Sbow also thet these same eigenvectors
#nd eigenveluss give the stationary points end velues of the function f/g
When the variables are unrestricted,

If 3 is non-singular, explain how, in a sinilar vay, these eigenvectors

nd eigenvalues can be used to give the stationsry points end velues of g
wben the varicbles are subject to the restriction fa=1,  *

@r

4210, (i) Estedlish Buler's’condition for a function y = y(x) to give

sty vaae ot
S ren, S)

vhere p = &y/dx end y(a) and y(b) ere given,

(13) Suppose that there is a continuously differentishle function

B(x,y) dafined for x>0 vith the property that any solution y = X(x) of
the differentiel equation p = P(x,y) makes the intggral (%) stationary
for any positive a,b end the end conditions

3(e) = X(a), ¥(v) = ¥(v).

Fix,y B)ex + B (x,,B)(4y - Pax), ah

42 an eyaat differential.

Fxy,2) = 957« %03

| sbov thet P 2y/3x hes the Tagaizet zzojerty. By considering ¥(x,y,p)ix -
WheTs W is the exect dilferantisl (H), or othervise, deduce that

7_/: sy 602 f o/

for every continuoualy differentisile fumstion y(x) (0 ¢ x ¢ 1) vith
¥(0): 0, (1) - 1.




P 56402, The function = x(8) is & gesdssio frow 6 to O, on the

surfecs of rovolution x - T 20ad, y - = 3ind, 3 = £(x), Prove that the
function 2(8) maiizes the intes

R f ez, 2yas

a

where 1 = &, a F(r',r) = Lx-" { (“)} or'J

Prove thet along the geodasis

222 - P ot

Bence, or othervise, shov thet (6) setisfies an equetion of the form

P €5305, 4 dlsturbe

ERV/CRO R 3 {"(u) }
©) + szerls by a say-3e%h in » dlanabeel plene of & sphers

in vhich the velostty v is s function of radius T only.
to make stationary the travel-bize © vbich is givea by

L#

where A and B ave fited ext points and ds is an element of peth, Shov
that on the path aind - Dy, wheze £ ia the engle betueen tengent end
Tadius veotor, and C is consient for the path,

It 0,3 Meon r-R with mmpler seperation 00 , find expressions
for O and + as integrels with respact to r, Hence show that dt/dx =
A is varied vhile B remstns fized,

e patir is such s
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()7 61402, In guomstrionl optica the says sasisly Fermat's condition

e e

Vhero the positive funution of sosition |L ia the Tefractive indes, wd the
line integral is taken betveen fixed end-points, Prove that:

(a) If, in & horizontelly stratified mediun, = o(a - bz), wbere
4,5 are positive nonstents and 3 ds the haight, the Taya are inverted
pezstolas with ther direstrices in g slae 3 = o/b. It oay be ssmned
that the rays lie in verticel Phru.

(b) If £ is a single-valuod funotion of positian such that |Vd -p
shov that
. .
f sy e - sl
.

with equality only if the path of integration is en orthogonal trajeotory of
the femily of surfaces f = constant, Deduce thet these orthogonal trajectories
satisfy Fornet's condition,

1 B
o P 62303, e function y(x) is an extremal o:J' 2(8)" & avgeot to

the canditions (x)f it s constant, (1) ¥(0) = 1, 301) = 0. obtain
the function y(x) in the fora

.
S Y

uheze [1 4o o sex of the Bessel fnstion of oxtr sece, - ke
s g L' et o o 1m0 1+ 37431 3 2. 5
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6 plin without proof hore tomiimise theintegral
' j Heya)ds sibject oo conditon [, dx = contane.

Cleagth L aro fixed at points P, @

wasny
mum in oq

ibrium, establish the Cartesian equation or a catenary.

188 w5

%) = B#] where the mateix 8 issymmeteic,

= Seuni e -

show that e Gtationary points an valuesof  when the varibles are subjct o the
restigion g = ppegeid by the sigenvectors and sigonvaluss of . Show alo that
§ive the stationacy poi

Tanion 1 o th vsabics s it

the pestriction /-
R

g X /
i
|
;

et
TR —

Show that, under suitable conditions,  wil atisty the diffretial equation
POF[ep) - F = constaat,

oty e e G i b s v e oy o

#ad 2F[op = O stz =b. o o
9 i tho ey 1) ... 1 i g 4 with 0=,
i

rhich maximizes the aon of the ogion 0 < 1,0 < < /(2. You may assame dhat
forz>0.




w1, ffoB o voluo ntegrat

[, rogmanar
o statonsry with respect tfacitions of  that are 2o on. the boundacy S o .
s Show that
wheros, = 2935,
Decduoe that

N ras,= [ 42Fas,
Jres-f i

. o Pho the vt oty uch it o fnction
@ V= v o tns bt

[\-tess
e

valueof 1
o two curves y(z), f(2) in (-1,

‘mately 0-0023. Sketch ¢
M
%= o]

[remyas.
Sho tha o ntgrl o th 530
[Clena

whero dsis the clement of s leagth, the equation may be written
-9y I+ =0.

s
gty = comh (e ),
p——

7,
Hence or othersiso show that, f therois a smooth extromal oioing 2 given points
i tiog itis
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Tensors ]
| wdimensionsl manfold carion . posiivedefnite Remansin. metsic
i sk o

oy, 2 _0ny
oy - o3 2.
dant vector and v, 8 coverant tensor, provethat
-y
o i m BTy~ Tho

o tensors.
‘Show that g =, for all covariant vectors w if snd oaly f the curvatars tensor.

s
- T+ BT - Ta T

00’

on the FERTETEN
TG G- -
forthe geodesics o a Risusanian manifold.

If the metri i given by
At = G+ S+ Gy (L 0
" Fereath ey .

in the equations

show that

50 the.
oftse C ol
-  iconstantalong sy grodesc
1 7 fold caris  Riemamion metrc
e g @ 0,

e 0 posiv nntly difeatiobefuntion of %5 and % Show thst & 6

-0 q i tors can be constructed for an arbitrary choice of vector
o Gred ot i and nly ,
PRI EE

i i b 8,0 sy

g =
show b e o 2kt T st vesocson th theeeiod whow sk somponet s

| g
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oint-

Define paralel isp f a
ﬁ g
for s moving frame (e .6

@ Gt G twen et s s sl i

Pro
v sttt Asmntale o,

0f = dof-ut rohs

then 0f aro components of  tensorial forn,

Show that 3 necessary and suffcent condition that i & coordinate neighbourhood
v . ) x i

o
=0

af=o.

s that.

e (=123,
1624 = 22w, show that, foreach i, 2 isa covariant tensor on . Covariant differeatia- .
ey, o .

is denoted by a comma. Prose that

y=L,X i
‘where (10, X1, X) ar,

By calculating |
o otherris that the Ri

= Luglos= Ly

 vector Geld on s differentiable manifold, and prove that if £, ¢ are two.
tds

[

g0 i o
s-mg-nghondd
isalsos tensor eld.




s simplo do

n this space, proy

. ) 24 A la o )0t forn deined i Buldesn e (..5%) 80 D

J‘m,{ - f

o

A P

iy
o th parall displacementof  moving s show that

=dof-wlnef
isa tensorial 2-form. fmdd-uing

Shor that it
= oanza a0y
then o
s
( e St 2 Ot i gt st s
frous o9
i G een o o
e arsaar.
Show that he Gausian curvaturs K s givea by
1,
-5

o x

 2tensor
won R" and at!h-wduudﬁdlu'(v}m u. mmun...,,,a,ru,uh..

) = yon) i o i @i,
Supposo that U = (0,0)’x (0,4r) (0, 2r) < R, aad that.

< > Reis dofined by

Find the Riemannian metri on U induced by a from the standard Rismannisn metric




e d.cﬁm:d

@ 24 Define a differentiable (4- mammd; structure on the space J/(2) o all 22 real

 orthogonal matrices with determinant +1 forms a sub-

oo M oomongin o e ekl 5
Show that the matrices with non-zero determinant also form  submanifold. Is it

ovientablet
@ 24 and orsion ™ pin B
tho Serret-Fronot formulae.
16 lies on o sphers ceatcs the origin, show that.
u-;m ¥ =B,
and binormal of 5.

. o N and B
prcbrartrobirt nhhn‘phen on which B les.

" an e Bl sommsion iaeed o+ s 5 n o
explaining the terms involved.

‘Bormal components t the surfac S, prove that.
' © RXNZ= Y- DIX-LX-DLY, .
H (@) De(LD)-Dy(LX) = L(X, Y],

@) K(p) = (RX,1)Y-X),
X, Yedz

Prove thot if K jetly posits ncy
taa b, the gree principal

(You
uch s point]
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1 pitferencial Equattons

istied by the spherically symmeteio
Slutioh of hoequation  (v1_rs e 1 g =0,
ceeing § in the form § = (1r)e~=(z), where = 1—¢-, ind & power secic for
: Honeo dteming th el of ¢ ¢ 53  slution o 1 gl a7 =0
o such thatrp 50

tor in teruas of

Obtain the expresson for the Laptacian ops
inear co-onlinates.

(5.~,,),,.»(£.4.1"‘ G-nafd-o

- Get) G
cous # = Lye) L) L),
- owwrson, G

{ Show tht i his eqution s soltionof the form
’ wher 4, B ae contants,

S —
N Ty

State  necessary and suffcieat condition for the integrabiliy of (1), and prove the
ecossity.

0 s -0 e

b Dyt b ety

b i Frove that, i e
, then there exiat 1) of the independs
form v, or 5.
Show that theequation
Bt By 4= Dty 425042, = 0
+yt> 1 ia .shmvv.htih

bl (ot ficinly rogue)and £ = cor (1) nd 0 being polc wuldmnh.

——



A )= 00p ) and that, if ¥ isany
@ the pofit 7 = 0, then

@
4= 0ot th form
»
b= by (f) 040
ke 016 postv intger uch tht 444 = .
KOG Jspsin tho messing and iportsnc of the caracrnis of » byperbali
; oo e Tt
O S e
=
MG - eTh,

whero ¢ is & constant and 4(z) is a given function. Give formal expressions for the
. R "

+terms of ower order = 0.
3

%

thediferential equation )

: 7 40. G gomtecal descipton ofthesltions of

Pl G0 = R,
(i) the system of equations

&

4 A
Py " Qs " R
Establsh  relatonship between thems.
“Find the generalsoluion of the equation
Eg)eonn
nd Sbtai thepartiular soluion which reduces to 2%+ 24 = 1 whea = 0,

i it
. B @aleosd, by = @adbsing, tem g

‘whero kis  constant. A solution to the equation

(7428 01 =0 (who £=(e, 0.1
Y = Fia)a). Showtbat
S (f-q) s =0 61,

where B+, = iion on 8 such

reOapdr=co.



Solve the pmial differeatial equation |

[N .

i
mbi«xwd-uwdn»mum.j 0 80d fj2z =y whenz = 0. |

where S i & closed surface in &, bounding a domain . Shorw that

ine the Green's function G(x; € fo the Dirichlet problera
V=0 in 9 u=f on §

@ Show that the equation 257t = kFs for conduction of heat in 8 uriform sohd

e Fhexp (~ 27400,
In & uniforn solid of infinite extent the temperature at £ = 0 is f(z). Show that
the temperature at a general pint at time ¢ s given by

LRSI

1
e

Fleya).

)=~ [ 1006 9.

Jon .

b ;) explicily wien

e encon idsng (o301 ehore 1 10 o i

i
iEapace i
|

oty
_x Enicdr
wen =& [ b
“uE Dl the e et i nd gl gttt i
yz, upesolc, liptc s g pplc to the portial it

St ity = 00,0 ,).
b 2 and . Show that, wl
hyquo!«, it may Lo cediced by e e of vaisble § = £5.), y = 5.) s

-/(s 2w,
Assuaiing thet v, w, and «, are everyhere continuous, and that F i
fsactonof l s srguments, o ot o e e

) [ P —
Defsicg ) = o) = i e )=
show that () atsfien a diferential quation ofth fora
= o,
Ta purticular,shoe tha f = g g then
) 1) = KO




andthel

€<n, .
=i (30 ;

il condition s 0(57) = 0 (= > 0). Find 8z, ) for ¢ > 7. |

Infer the solution (in the form of an integral)satisfying.

Bz0)=0, 00.0=11) (¢>0), f

where () is any suitably well-behaved function.

)

& continvous function u(z, y) eatisfes the equation

Bt © '

inthe uadtont > 0.y > 053447 < Tiand 1 = Oon thestriglt e = 0y = 0 H

ey |
o i -

shen th boun
ward normal decivative 2u/0n = 2.
Wouargtspaied toenons s, r o wlve tho equations]

/ 10) Asiogte o st § bounds o ol . Show tht irincions wulx).
f \ of the prot

L«.:vw-n..o ¥, w=0 e
B s .

J'-.q.xv-o.

Assuning,
a0 et s of nlnd e cions, anh 1t & o s igenlo of th
sbove problem, obtain the solution of the problam

¥, w=0 ons,
sad doduse that Grosa's function for the problem is

ﬂ(x‘a-z‘"""ﬁ“’

Lm0 in¥, vmF@x) oas.

tlyposed:

reave




@
&

(19) s i
Dase Sinx- 2.8,
PO

$=n B0 om gm0 0<zen.

fun foencout i ot bt donot
,.,‘,\«,m;m".\ammm..}m..,m,,am,..,n;mn

o

Ervetafian

s uniquely dotcined by information o th e sgment y = £(0< £ < 1) D e

in terms of .

o
i
@ [l

13; 4 funtion ) V(712) satisttes Laslaces equatton tn cylindrical
polars (r, 8,

;’_(§173§v <o foracecy, 130,
28 the bty condstions
¥(z,2) = V(b2) = o,

(z>0),
Wr0) = F(2), V(D20 e522+0 (ar<b).

Stiow that

@
VD) =50 A e (- a2 Pl
—— —_—
where Plam) = Io(e DY, (& ) = Jola &) Y (e ), the rambers «
aro the roots of ¥ (e v) =0 and
-rE() Plapar
R S

5”,[@,“]’&,




Show'that the function

o XN
o
satistics tho squstion |
2
ﬁx-,ﬂr 07 - EES e 2 = o
1 paps
flence show that thera are 2n {1 Mnocrly dndepondont. solutdons of

T3¢ = 0 of tho fors DA (00sB), in

sphorical polars (r, &, X).

Show that 3f (€, X ) 1s a solution of V% = o, thon
G ®6,%) = L 8,X) 15 a1so a solution (a gonoralisa
tizage? thooron).

I 9y, gy wer 8, @ro unit vostors in tho x-y plane making oqucl ....S:N
My th osch othor, ant 1 £ 4a 2 untt vootor dn the  s-direction,
shou that (g0 7 )(epe @) on e, o VIR LA m.(x )F(c0s0)

TorEvlwe
shoro x=rstnB cosX, y=rein ik, z=reosD , amt M) s
as dofinod dn quostion 5, @nd ABand X, are Conthufs.

s



Given the equation:

2
2

2 ok
Sy eiie

where a, b and b are conatants such that ab # h'; shov that it is
Possible to transforn the equation by a Lnear map (x, y) * (£, )
€ the form:

2
FL
ETi

Hence solve the original equation. Explatn the difference

the two cases b < h% and sb > h? and obtain the general solution
exceptional case ab = hZ.

to the

Find the complete solution of the

2
1

2

2,722
P -6ty
a2 |y




SPECIAL FUNCTIONS

Murphy's Formula
Define the Legendre Polynoatal by Rodriguez's formula

[or]

By expanding this 1n povers of 1 - x or othervis

.+ prove Murphy's

formla:

2@+ gy [ree 1ot 12 28]

Laplace Transfor
Use the Laplace Tranaforn to shov that a solution of the equation

[t +rm] 4 -0

where D4 = do/dx, D4 = a%/ax’, etc., and where £ and ¥ are finite

polynoatals in povers of D is

NN
[ el e

where a and b satisfy

[on e § oo | o

Use this result to find an integral representation for the confluent

hypergoometric function |F (a; ciz) valid for Re c > Re a > 0.



Elltpeic Totegrals
Define y = sn(x,k) by:

,
B —

Expre: d

a
1. ! ap/ 145"
o

in terms of su”ly for suttable values of y and k.

Let v+ bsia”

and pue q =27 .

5

By differentiating q° = Sin (3%) twice - or othervise - show that

aQ-0) aPy/de? + (3/2 = 20) dylda = y/4 = 0

Dertve an expression for y in terss of a hypergeometric function.



Let x = F(a, b+ 25 c+ 1, 1)
y=F@tL b4l cH 1, D)

weR@+2, bic+l,n)

It follov from a general theorem that x, y and w satisfy a linear

relation. Shov that this da:

o]y

1) x - e (@) v+ [oy(a)) -

8 oy b m ) + eyt | 2y -®

€ = @410 - (B4 (sto-c)

€y = b(2atlec) = (atD) (atb-c)
(Htnt: compare coefficients of 2" on each side of (4).)
Define the Chelyshev polynoatals T,(x) by
1,60 = cos n (cos”0)"

Derive a recurrence relation for T, T,,, and T,,, and by comparison

with () or othervise, prove

T, = Fen, i 1/2:1/2 - 1/2 %)



Exponential Tntegral

One of the exponential integrals is defined by

Ein(z) = s

Show that Bin(z) can be related to a confluent hypergeometric

function by

En () = - 33 7 G

Continued Fractions

The etgenvalues o of Mathieu's equation are deterained by the
continued fraction:

Y S,
264 - 8

The etgenvalue o correspondiag to ce,(+) say be expunded as

amt+cs? oy

Find ¢ from the continued fraction.



7 = onx obeys the differeatial equation

aylax = J(l-y’) a-dyhy -®

and satisties sa(o) = 0

Mathevs and Walker (p. 209) define cn and dn by:

4o x = Y 1-Ken’x -a»)

By constructing differential equations for cn and dn - or otherwise

du
-y il

au
Vorh e




/e function y = sn(x) defined by (%) 1n the previous proble
1s known to be an elliptic function with perfods (K and 24K' and

2 poles at respectively 1K' and 2K + 1K' fn the unit cell

ux

4K+ 21t

ca(x) and dn(x) are defined by (IP) in the previous probles.
() Prove ca(x) and da(x) are meromorphic.
(11) Prove ca(x) and da(x) are elliptic functions.
(111) Prove ca(x) and dn(x) have two and only two zeros in the
wnte cell.

litaiion of th Legende polysamin (e of o », ad fom your

[ Pér@a= 2 e

Prove that, for any
n tht minimiesth gl

[ ve-geres
i given by w0 = Fare,

sy S wmenf s

N



Legendre polynomial 7z n defned by the relabien:

Ble) = gy g1

Show that [ rerpees gy o
" andthat Ry =(ew,
whors i the Kroneckerdeta. Honco show tht
D E o9
. potscy .
/) ‘ o

thet aef we-eria
0

T wltion J40 of Bt s’

d s G 0
E i s st 4 oo O Y
| e hat i o 0 e disint o1 of J, whero 7> = . then
i
i .- [{ e e miie 0
e T P iy
e R j v i
iy /
v o the approsimation. Show tht the palyn
. G 5 it e f e ol oy
n\ gmesbrlh

and deduce that

A I L
e



L 1€ 3 tx) 18 dafined an the onefTicient of 7 in the expen n of

)
eh

in porare of b, t

W2 4 (eam) 4
2. e Bossel fwrstion of ths
Vi integer, by

a0 = (st 0) ) cos 97 - 9_p0)
and 1,09 (= in . Prove that

eord Kind Y, (x) 1s defined, for

100 =
5. Stow that
iy =
_ D7 (20
-'.,_%(X) = -

4. Show that the general setution of the equation
wityxy =0
Bay bo written in the foia A .
inda o en s b
yerda o) endo o0
(the pixy integean)
5. From Redrigues' formila, or othorvise, prove that
B 7,00 = (n-0E (),

4nd hence that

N




£ st P(x) satisfios the Legendrs equation

(X057 - 21+ n(net)y = 0

Sy tnat the fuotton ,(5) defined by

- 1m0 10 & ey :

Q) = VP () dog = 5 P :

o T GG et g
-t

= S0 rerIt of gastion 5 Wil be foun sl i
Gt the sebcriour o q, (x) near the points x =41 which sre reguli 2
singularities of (1). The general solaticn 1s, of course,

AP_(x) + B3 (x), where A and B are constants).
o U

The hanginz chain (D. Serncalli 1732).

chain 15 i and Jongn £L1s
rospended fros the poind 4, the cnd §betng free.” 17 x 13 Soasurcs

o, el SscLiTatons of S ohatn
1 ihe a1 veiun posttion are dosort

the equati

where ylxt) s the horisontal disglacenent.  Hence shov that the
modes of oscillation are of the form

Y= (nT) cos (nt+ €), :

shere T =2 (¥ and n 15 any sotatton of 3,(2n (Jrby = 0.
Sketeh the first feu modes.

b

8. (Fo03) e rexd function Wx) satisties the equation

v - =0,

dxz

(where E 1is a constant) and is related to the function H(x) by

w0 = HG) exp(- 6
Prove that

i
AT f i

g w (E =13 = 0

% S—-Wv'ax G
By considertag the serles sclution for B(s), prove tha 2ne,
{ o iutager, there 1o s bounted’sptution for u(x)‘
i Shksin ' Sounded Tomeof W) in-the saces n & 0 a1 .



. o 10
Gg LN A .
Lot B R .

10, (P55310)  she hat :

:

whers X, and K are distinot positive ceros of the Bessel funetion J (x).

S R L o
1. (155606) 1f the funstions 7, (cos ) are dofined by the squations
®

S A ema

0

(- x oK - x o1E

Clx| <0 .
show that. .

Pm(:as 8) = + ©p 08 20 * ...+ c, cos 208
WHeKe Gy ¢p0 v, aro frdardent of €, and

° 2.4.6 .o.m | o (mD)(an-1)

oxprese sind us & serles in the functions e
releas oF 5" borkama 3 “ena




LRSI &
A soquonco of polynomtals £, (x), £y(x), £p(x); ven  of dogrocs
rospoctivoly, is constructod by the folloving orthogdfilisation
£ = 2%, i tho 141 coctriotonts in £,(0)

01,2

) arc dofined by tho conditions

1
(rormax =0 G0t e
1,59

=1 (=1

Show that £,09 =
polymontal of

Prove thet if
@R a, el a,
then S‘ Lr | Z ax 12 20ast shon tho O aro such that
3 g
-1 -
£,60 o< B0

Show that tho functions T (x) = T, (x) = cos(ncos ™ x) aro ‘
Polimomials orthogonol. vith welght function | (x) = (1 - ¥ ovor

[




@ En »n:mu the following futegrale in tems of [(Z)under sulisblo restricticas
4

S wEe i &::ur ] e Qa."t e at

E 2. Show by a sultablo ehange of veriables that
'
a0, Pt 3 X Arp1
@. _(AAXANI * \19 flreg) = _,{JIF) &Aa»z fooy o

L Lo 3NTYey O {xvy =AY
3. Show that

Bop v Plp () F wos

Coapare the canvergence of the tvo series

= %‘_z_';’_ s S aun®
where et

(), = 2(z+0> - (2rn-i)
5 Prvv-thn. M(zF) = Lp(znk Uss this in conjunction with
)"‘((723 - T/ STz

to show that for y real

(Pl = L/ gimbey 7~

6. Ueo the asymptottc form of | [2) to show that for

|Pligy| ~ Vgl [We“*/lglj

Exantne the singular points of legendne's and Dessel's aqustions

b

8. Shov that in Remamn's notation the Legendre .qmm 1s

=1
w = D{ :- o =

%4k cbbetn the trusormation vhich reduces ¢ e ZLogendrs equation to a byporgeo-
metric equation.  Fence show that

f B = F(-n, welg )(.—zya)_.



@ Tt - muﬂ)]" (E)Ve"z @(z«@m,’-

v
B
fwey =zo

¥~

® Using the trancformtion = e’: sttt ' -
Tote)= i / o = s

and sketeh the contour dndie in the atove equation,



1. Axtomatic Approach
Prove fron the axioms of & vector space that

(1) there 1s caly one vector |a'> satisfying |a> + [a'> = |0>

where |a> is any vector and 0> the null vector

(1) o [0> = |0> for any scalar a.

2 1x1-m

(1) Write don the axtoms of a vector space.

(1) Wrice dova the additionsl axioms necesssry to get a Norsed
vector apace

(111) Write down the additional axioss necessary to get & Banach
space.

(4v) Write dovn the addftionsl axions necessary to get a Hilbert
space.

@) The spa

5 sattafies

1 the axtons 1n your st (1)

except 1.|a> = o> for vectors

> ¢ 5. Show that 1f S satisfies
the additional axtons 1n (11), S was the whole time a Normed vector



3. he Postetve Approach
Let [[x]| be the nora of & Normed vector space N. Prove from

the axtons that ||x|| 2.0 .

4. Metric Mystery
Let X bea meeric space vith meteic o . The sequence (x,}
converges to x fn X. Prove that Ma o(x.y) = o(x, y) for any

yex

5. Me. Banach Meet Me. Bilbert
(1) Let H be a Hilbert space with scalar product <f|g>.
Detine ||€]|% = <t|e>.
Prove the parallelogren lav:
le+gll?+ 11 - sl =2 11112 + 2 [1sl1*
(1) Lot G be the Banach space, considered &n the lectures,
of conttnuous functions £(x) dofined over range [a, b] n x, wich

norm

1el] = max |2@|
asxd

Prove that C 1s not a Rilbert space with this norm.



6. Prove the polartzation identity relating the funer product to the

nora, 1.

<y = x e+ yl12 - x5l -t e+ 1912

1= wllh

This can be used to show that a norsed linear space can be converted
to an foner product space if its norm satisfies the ||gram law.

(But you needa't go this far!)

The faner product space 1, 1s defined to be the set of infinite

e

) satisfying

sequences of complex nusbers (x;,

The tnner product is defined by:

ale = o'y
R

Prove that £, 1o a Bilbert space.



8. =tules

In the lectures, ve shoved that the space f_ of infinite sequences

of real mmbers: £ = (ay,.essayers) for vhich tubla| <=, (iub =

Least upper bound] forned a Banach space with norm:
£|] = tubla, |
el = sapla,

abow
(1) Space c of all such sequences with {a ) a convergent sequences,
10 & Banach space.
(1) Space c, of all such sequences with 3, + 0 as o+ =, ia a

Banach space.

9. Let V be an toner product spa

and e £ L..N an orthonoraal

set [not necessartly complete]. Show that

¥
Ihe= 2 e el

| for any | ¢ V. ([]...|| 1s norm in space V).

1s miatatzed by ¢ = <,




10 Heroes

2

Explatn vhat 1s meant by saying 1, x, x'... s a complete basts

for 1200, 1], Given a function £(x), x ¢ [0, 1], T deftne a new

function P(u) by
F(u) = £0/)

151, u, u... & complete set for F(w)? If so, does 1t mean that 1,

o eu e vas complete 1a 1200, 117

11, Christoffel Number
(1) Let p,(x) be an orthogonal set of polyaomtals over the range

] with respect to veight function u(x). Show hou they can be used

¢
to find formlae

(ux)dx = T Ap(x)
K I e

exact for any polynoatal p(x) of degree 2n - 1 or less. Identify the

ousbers x,, prove A, > 0 and find
(1) Let [0,5] be any subinterval of [a, b]. Show that for some

8, p,(x) vanishes at least oace in [5,8].

s Approxtmation Theoren.]

[Bnt: use eterstras



12, The Compleat Hermice

State the orthogonality properties of the Laguerre L%, (x) and
Assume that the Laguerre functions

Horaite polynontals H,(x).
X2 81215 ) are closed 1 1200, + 9.

(1) Viat does this mean?

(44) Prove that the Heraite functions exp (-x2/2) H () are

Closed 1n 13(= =, +=).

(Btnt: break arbitrary £(x) into even and odd parts.)



13 Constder the lnear vector space of real continuous functions
with continuous first derivatives in the closed interval [0, 1].
Wbich (16 aay) of the folloving expressions define a scalar product
tatytng our axtoss?

W <tlp = [ £ © de + £

an <l - f5 £ @ a

14 Orthogonalize - with the Schaldt method - the set of vectors

1, %, aad < 1o the space of functions £(x) in range -1 < x < 1 and

scalar product

1
<t|p> -f £0g) dx/A-x?
1



15. (1) Does the set of entire functions coustitute a linear vector
space? (An eatire function is an analytic function of ¥ that has no
stngularittes for finite 1),

(1) Describe qualitatively (1.e., you need not write out all the

axtons) the properties and differences between linear vector spaces,
metric spaces, Rilbert spaces and Banach spaces.

(111) S 1o the set of all complex nusbers z with |z| = 1. Addition
1s defined by the normal addition of coaplex nusbers and a distance
B(2yur,) 1o defined as fzyoz,) (x5, What sore of space 1a 57 In
1t complete?

(%) 5 18 the same set but "addttion 1s defined by £ = o1 = 2

t e
Where 8 = 6, + 6, and 2, = ¢ * (1-1,2). The norm of a vector z 1s

detined as ||2]] = [0] (choostag v < 8 < m). Does this satisfy required

axtons for a nora? What sort of space is 57 I it complete?

16. (1) Pind the Fourter sertes of

oexcl

m-{

What (froa general principles) happens at x = 07

e the value of the infinite series

+.

[ERVIRY)
2 s

() £G0 and () have Fourter series
£(x)| - £
DR Xl
sf e g

What s the Fourter sertes of £(R8()!




17. Let a(x) and 8(x,c) be generalized functions of x in some neighbor-
bood of ¢ = 0. We define

ln 8(x,) = alx)

1€ fr any good funceton g(x)

- -
1 S Bx,)gCdx = S agdx
cs0 -

Show that the Fourier transform of a(x) 1s equal to lim (Fourier tramsfors
P

of 8(x,©)). [You may assuse the Parseval's relation

- -
S 5 8" © d = S 50 5@ o

are the T T

s of the good functions £,].



18. Pind the Fourder transforn of the folloving functions (or indicate

that they do not exist in the sense of generalized functions).

W san
an s
i el o
1v) Uls the resuit of the previous question (even 1€ you cn't
rove 1t!) to show

e}

ERNTI.Y
e nd

) By taking Fourier transforss prove

LD - *

sote: 8% (x) s k'th dertvative of 6(x).



Functional Analysts 11

—
H
H
[
et
H
H
=
o
[

- I I oaxxdx
g i

axisiog in the theory of Fourler transforms of a function of n variables.
. w0 ayy are real

You can asswme

2 a1, e,

usual, set of all sequence

loll = ot # g2 + e

Let C, D and G be the operators

(a4 ye..) vith fintee

)= 0,

IO

aps age

Dy, o,

Glays oy een) = (g, /2, ag/3,

Linearity, boundedness, adjotnt, complete continuity, eigen-
vactors, and solutions of the equation On - & for the thees operators
0=c, D, G




3
space . Prove

S and T be bounded operators in some normed vector

XTI TEN]

@[] = ] 468 baraition and o any integer (hinc:  u
Schvarz inequality)

2,

(1D The operator 145 4%+ oo 4 8 extots 18 [[5]] < 1 and

Complet:

() 17" extots 16 ||T - 1]| < 1, vhere T 1s idencity operator.

4. T 1s an heraitian operator in a Hilbert space H: T is positive, L.c.,

rele >0 for all |6 e
(1) Prove the generaltzed Schwarz tnequaltty
2
|telg|? < <xe] o> <tale>

for

1 |£> and [g> in B

(11) Prove that 1€ for some |£>, <Tf|£> = 0, then |£>

5. Let H be the Hilbert s

o 12,,(0,1) and detine che operacor T on N by
TEW - R £ where £ 1o any fonceion (Lees vector

e Show
(@) T s hernitian

® 7] =1

es no eigenvalues
@ The spectrum of T consists exactly of the interval [0, 1].

(@ 18 T completely continuous?



6. Prove that the identity operator I (I|x> = |x) is not completely
continuous.

T Y S P —
o

v
81 = um& £ o tax

hat this can be re an operator T from the

Show e s
(=121 onto icself.  Furcher et Rt ol oo
Leatiang and T = T where T 15 the tdencity operacor.

2

General theorems on Fourter analysts should be stated but need
ot be proved.

8. Write Volterr:

tategral equation
£ = w0 + S k(6,0 £(6) © a<x <bMp @

in operator forn

|6 = o +K|6>

ke the sorm oproriate for the Banach space B of concinuns
funceions o] 0 5 <
Suppore K1) 1 bounde mximzx ot (030, S [C%]
Nedcrap iR > etuce that (1 abvars
prstened



9. Solve the system of equations
du

R CERIC)

wo) =0

a complex constant and £(t) 1s a kuown function by first
Tinting tha Cremn's foncrion for the provL

10, sotve
1

du(t)/de + S $in k(s-t) u(s) ds = a(t)
o

aubject to the boundary condition

w(0) = 0.

11, Find a solution to the transport equation
v 33t w0 + @D uGt) + o ulmt) = 500
weo0,t=0

wher,

@ mEen dmen s/ +a, s, vich |

(®) v and g are constants

© Gt = 86 8(y) 8(z) 8(x)



12. Find & funceion u(x,y) deftned over the rectangle 0 <x <1, 0<y <1
such that

(@ 2hura® + Bty = sGxex') 66y

®) 80, = ully) = u(x,0) = ulx,1) = 0.



sem 1. PhoA2e

Numedeal this

Probles 1: Teeration of Property A

A matrix B is said to have the "property A" if it can be written in the

-

form Vhere 1 i the wnit o x n matrix and R and Q are arbitrary
2L ) sfor i.fe0

nxnmtricen: 1 1210 A{OR] e @a[35] ) tnen e

cquation B x = 4 1o solved fteratively by () Jaconi: x(™D = @4 8) £ 4 g

(6) causs-sesdels x(™D) 2§ x™1) 4§ 4™ o

By considering the eigenvalues of the iteration matrix in the two cases,
Show that 1f the Gauss-Seldel method converges it does 0 twice a3 fast as
the Jacobi method.

Problen 2: Relax

One way (slightly aifferent from that in the lectures) of accelerating the

convergence of the Gauss-Seidel method is to consider the iteration

2™ (1) 1) 4 E;ux""";n‘“ﬂ O]
Where the matrices have the seme seaning as in the previous problem.  Suppos

the simple Jacobi iteration matrix (§ + R) bas largest eigenvalue 8 < 1. Show

that the best value of ¥ that ensures the fastest convergence of (¥) is

]

and that the largest efgenvalue of the iteration matrix hes modulus v,-l. Nememn

w, = 2/ {14 41¢

~



Problen 2 (contimed)

Tn the lectures we considered the alternstive over-relaxation schene

) _ g (1:4) «

six™ g

(1) (1) *

Shoc that for (%), the best value of & 1 @, = ~3%/2 and its iteration

matrix has largest eigenvalue &
B

1s 1t better to use (¥) or (+¥)?

Problen 3/ Caleulation of the Legendre Functions

A sequerce of functions 7,(x) for -1 < x <0 are defined by the securrence

retation
(042) 7,3 (x) = (2ns2) x 7, (=) = 0 7,y (6) =)

plus prescribed values of F(x) and F,(x). By considering trial solution of the

44 coshg)

form 17 5179 (4« ) for 1 < x <1 mior the forn 0% " (x

for x> 1, aiscuss the solution of () for large values of n.

Use your results to dtscuss the mumerical compitation of the legendre
funstions P, (x), Q,(x) for the tvo ranges of x and, say, 0 < £20. (See

Abramovits and Stegun pages 332 = %1)



o)
Provlen 4:/

Iter

envalues

Let A'be any n x n matrix and T the unit matrix and p any (real) mumbes:
The Tteration schenes I, I, are defined by:

Zyy = (A DY, ¢ ¥, ambitrary

Yep = By + mumerically largost
largest elevent of Z,)
N ©

Lo A® L) o) Py

Show hoe Ty and T, oay be used to find an eigenvalue and elgenvector of
A. (#ntch one 1s founa?)

Discuss the rate of convergence of the tvo methods and compare both this
end nusber oferitimetic operations in T, and Ty Shov I is better for large n > n,
(say) and “ind n, in terms of the desired accuracy and a certain ratio of eigenvalues

of A-pL.

What 15 the best choice for p?



P 129: Problem Set No. & sprid 20, 1973

Potsson's Equation:

Stnbad the Sailor vas ont to solve Poisson's equation V24 = p for the  nusber
of fish 1n one of flatland's smaller oceans (this e  sauare ke et
Pasadena's population) by the finite difference equat

@ L@ AR L R g
" g RO 0T T e e ey
ere e bave set up & grld, of Size h, labeled by incegers 1,J with ¥ < L,J <N
md N  Laree integer.  (tou can obtain the lateer by fesding o small meeper

peanut sandviches.) Again Byod ™ P13 45 the valuas of p (the density
of .n.m) at the grid potats. 4] (a2 0)"1s the n'eh approxtaation to the
true solution ¢ | at the grid points. The houdlry conditions are 4y s = 0

(a3 = 1) - this betng che density of fis an observer with a
£iihtng rod on the shore.. Turiher Siubad starts with the peretnterie. sppeoxi-

maton 40, 0. 1at €5 = 43, - 4, be the srror ateer  eerstion. e
Segacd s posibiLiy Fhat S1bad 1 “acen vhcle  che mdale o ehe oo 4nd
consider the eigenvalues/vectors of the recursion equation for @,

Hence show
that ¢ may be writeen as a fintte sum of terms of the forn

20 (6(,0))" cos B cos U

where p, q are integers in the range 0 to N, a(p,a) depends on the value of 4, and

2 2 ax
8ua) = T - alsta? B2 + s10” &)

Fiad both the xange of  for hich Sisbad's process converges and also che optimm
o (L. ue”£or vhich the proc werges fastest and for vhich
ree Stabai w1l ve viven’ veomee s metias peotusmee S esrens).

Note that St machesstical brother, Albert, bas faterprated  nagative fish
density p < 0 as corresponding to minnove, £1as on their faces, svimming
backva



Wathews & Walker, 16-15
Which of the folloviag are groupe?

(8 Al reat mbers (scoup milttplication = oxdisary milttplication)
(3 AL Compier mbers evcope sev.Coroup multiptieation = ordinary

muletplication)
(@) ALL positive rational nusbers ("product” of a and b s a/b)

Mathews & Walker, 16-2:

Consider the following tvo elements of the symetric group Syt

) = [54123) = (135) (26)

, - (2153 = (12)(345)

] Find a third elemeat g of this group such that

D TEEN

4. Mathews & Valker, 16-4:
Consider’ the symetry group of a regular tetrahedron.
(@) Mhac to the order of this group?

| () Decompose 1t into
(D Cometruce ita’chavacter i

Mathews & Walker, 16-7:
Show that a representation D(g) 1s irreductble, 1f, and only 1f,

x(®"x@ -

e X(g) is the character of D(). Suppose X()'X(s) = 2; vhat doss this
(@7

tell us sbout



Define ary matrix. that the set of all unitary (n x n)-matrices
orme” s rons oo ateix muleipticetion:
X s o pouttive detinten bermician form on 3 com nstonal vector
ou that £ of lnear mappinge £V~ V such chat B(Ew ) —
m.,) m .n i isomorphic to the group of unitary
If S 1s a non-singular symetric bilinear form on a res
spa

e W show that ch et of Mrese mappings
S(x,y) for all x,

€0 either the eixclt sroup (com)
(additive) group of

1 2-dtnensional vector

T2 meabers of unie modulus) ot ea’the




Set III: B 125 MMERICAL ATALYSIS
Probleal: Interpolation

re function ¥ = f (x) 1o tabulated at equal tntervals and ¥, <f (x;euh)
(xg b fixed n an integer). Let o be the forward difference operator

4%, = ¥,,1-¥,) and E the aisplacenent operator FEARE
(3%, = %,,1¥,) and B the displacement operator (5 ¥, = ¥,;)

(1) The effect of a copying error in our table for ¥, may be studted
by the model function Yo = 1 for 3s 0 and O for o0 . Show that the

atfferences for this function are given by:

W e 0 w30
-0 acn
= L (D™ 02a2n

(Hint: use the relation between & ard &)

(41) Tre following teble was prepared by our favorite secretary

while watching Popeye.

me\mth:‘:nmpo-ed two digits vhen Fopeye vas eaten by &
eeds. Construct a difference table for Y and by

herd of carntvorous

comparing this with (1) correct her error.



Problem 2: Puler's Transformation (Mathews and Walker, page 5¢)

(1) Zot 5 be the sun
5= % (0%, =)

where x is any mmber and U, fs any series. If 5 is the forvard

difference operator =« by using the relation between 1t and the dfsplacenent

operator B, show that (¥) can be formally transforned to:

sy,

(13) Use this method to evaluate x to four significant figures fron the

ces fiovsays sy} [Xa)

Hint: Sus the first six terms of () dlrectly and apply
the transforaation (%) to the reminder.



Problen Continuous Mosent Sum Rules

Some years ago, 'Contimuous Moment Sum Rules” vere popular in high

energy physics. These involve the integral

Y,
(2) - 2 (-fm Cr - ar %]

N

Where you can assuwe Y, 2, , and @ is a variable paramster. §(1) 13 3
function vhich 45 knom at the "grid-points” ¥ 41 (1, - /N
(% ¥ tntegors). Explain how (%) can be evaluated by repeated application

of stepsors rule in the case & = 0.

Generalize your discussion to the case @ # O expressing the formilae

fn teras of the velghts Wy o of the model prodlen: (x, <

s
(- x)® o) ax (w0)
2w yfla) 4w, ‘f(o) oy ’V'(A)

where the welghts w, should be determined so that (**) is exact for

Polynontals of degree <2.



NUMERICAL ANALYSTS - Tv

Positive Definite Iteration

The real matrix A is symetric and positive definite. Ve write

A=psrart
where D diagonal and L lover triangular with zero diagonal elements.
Let ¥ be an etgenvector of (complex) eigenvalue A for (0+1) ™! LT,
Put
oy = o
iy = g+ 1y
Deduce
+

[t B
8242 + a(at28)

and hence prove that Gauss-Seidel Lteration will alvays converge for A.

What can you say about the Jacobt iteration scheme for such matrices A?



Z,

I -y

The equation

£ =0 ®

15 solved iteratively by:

(@) Neston:

%y = £/ ()

(®) Interpolation:

1

x3£0x) = %, £0xy)

Gy

If the true solution s X, and X, = X, o+ 6 Xy

Show

" . 2
83y 12 Gy ) G )8 %

8% 3 12 £y DIE (e )6 % 8 3y

Use these formulae to cospare the speed of convergence of methods (a)

and ©).

5

our cosputing budget 1s running lov and for a particular £(x) in
(%), your computer programer says that £'(x) takes the sase tise to
calculate as £(x). Should you advise hin to use method (a) or method

®) to solve (42



It s destred to represent the functlon £(x) = x” in the range

-1£x 21 by the approxination £(x) § 8y + a) x + a, X’ (This 1s

necessary when using x in deep dark African jungles where the natives

only count up to 2.)

Solomon sugges

Taylor expanston sbout x = 0. Plato, vho has

Just done parttal vave analysis in his quantus mechanics class, suggests

truncating the Legendre polynoatal expanston. (P * 1, Py = %,

P, = 1/2 Gx*-1). Samson, while scratching a flea tn his hair, suggests
2

truncating the Crefyshev expanston (T = 1, Ty = %, T, = 2-1). Find

g, 8, and a, for the three methods, Waich gives the smallest raxtmum

3{)(.1;,:;
i~

deviation d = max [£(x) - ay - & x -




2 in the Sky

.
It to destred to represent = S £ axe W, 10
%

Describe how W and x, are chosen for
(@) The Monte Carlo method
®) Rosberg's method of iterating Simpson's Rule
(c) Application of the m - order Gauss formula R times -
where n = (a-1) R+ 1.
Pythagorus evaluates v numerically by
1 -
b= | ax £0undy
o Jo
wieh £0x,y) = 1
while Cleopatra prefers
1
lh - ax 4y 60y
o Jo

Glx,y) = 0 for 1< x? 4 y2

lfor1xx?eyt.

Write the error in the three methods of tackling (¥) as C o®
where you should specify a and the form of C for each method. (The
exact numerical coefficient in C need not be given.)

Use this to discuss the accuracy of ¥ as calculated from (1) or

(2) ustog n = o7 potnts and our three methods.

®

w



| A0
} s¥. 1 o
efertions

converges it A s symusctrioand posi

For

. amo e
i3 ot e
Tl in B uet m 0,

i sablish
rivatives of .

& fo [~ U] in ternssof bounds for the b

mthod of Guuin lminstion o the solution of a set of simul-
ot .nm.-m equat

nces s elimination without interchange (e) possible, and
s iacory, and by |

@n function u(s,3) sotisfis the equation
Vaotun0

in s region inside a closed curve C in tho (z,3) plane, and the boundary condition
= f(z.y) on C. Explain and justify the uso of the Monte Carlo metliod Lo obtain

-

i .
/st e o et
™

55

If the mesh peints aro at z = mh (m=0, £1, £2,...), £ = nk (n=0,1,2,
: ; i !

), show that

stablo for any value of E/.

w 155/ Dot th Gaums-Sidlprocesfr th trtive luio of e st of sl

o inar st 4= = b expainin oy vt s mesns b over. aad .
ation. Prove that for the process to converge it ety that the constant  of
orunder.celasationshould sty e sodion < § <

100 )WVith r = At determine the truncation erco in replacing the differentisl
e = et
by thefste difference scheme
S e ) 1 Gt
sond e

Teraivs b bsed on i evion wn‘ﬂs‘ﬂ

and vy

166
Ve
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Vectors and Matrices

/’!’x/ 20d ¥ aro A ¥ o> Wisalinearmap. a(7)
0 (i i s s v
=P

0. State and prove n between tho dimensions 7, and nof a(¥), a~(0)

Juia o gt 17 = 4 tht o - O o & crtaln potin e . By e
g e g T o < 5 <5 0 e oo

ran1-t.

) Dt th sgnatur ) of s pstston  ofthe mumbers 1,2,
@ e psmtaio,gove s - 4160

A, B ace nxn matrices; show that

LR ‘ |A+iB||A—iB.

space of olumn vectors
/ o s o e e o

S (U e,
LN

it m complex lements; v;,
b, of ¥ such that

and v, linealy dependent on b, b, ..., by
Show that 1 whose colurans
‘matrix and  trisngular matriz.

T
=t doyate i s poyomil s bt e s
,; s s moos A b A st e A saiien the squation ®
muw. u.zmn.m.a...u...m.m )

Pouch that

is the product of » unitary

B - FUAT. Ton hoing et s g Dol
Q= Ie-Ay . o

s (2) | Qulz) Q=) L
- B R R

- g

e pmaes e s _

o ,

‘where v, ither zeco or an efgenvector with eigenvalue 3]



/4B) Prove that,ifa vestor x i & common efgenvector of two square matcices A, B,
s a0 an efgenvctor of AB.

g

matrices A, B. Provo thit AB = BA.

(J s s i sttt
=== By B
How many independent companents doo By, bavs!

‘Show that i three dimensions
Bt R+ R = 0.

a .,;}.\.m oty
ot e i
.

-3 e
14 -5 0
ERE TR S
-3 -3 3

‘Prove that if A is  squs .n..u.,mmm..m.m.mm.u..,x,wv-m.u

s tho raak of A is m, n—1, orless

¥ Show thatif I is  square mateix such that J*3f = 0 then 3 = 0.
PQ= 0 then QP Pand

that if
norwal aud PQ = 0 then QP 0.




&

£n Two right-handed trinds 0123, 01'2'3" have common origin. If the direction
inegfof the axi O (5 = 1,2, with respect tothe trisd 0123 aro 2 s = 1,2,3),show

Prove that det z, = 1. cuna=

Definea tensor of rank n and deduce that e is o tensor where

1

e ECa)

0 otherwise.

an even permutation of (123),
an 0dd permatation of (123),

Show alo thatf A, B e tensors ofrank 1 hen e 4,5, i  ensor frnk 1.

Explain

2/t e s of an o st e oo
e

 subspace T of ; and chow that if A, Ay, ., o oo ign v of o, e
the subspace ¥, + ), + ..+, isthe direct sum of the subspaces By, Py -

‘Brove that Ais an eigen-value of  if snd ouly if it i a oot of

det(A-21) =0, )
of ¥, fy ion (1) i IfAisa root
of (1) of multiplicity m(A), shovw that

dim; < m),
and show by an example that the inequality may be strict.
4. ltn i . st unit ices U

el cojogateof U.

Prove that, s el then the number of ral ity mticr U vidh the ool
popety, e, i 0 circumstances aro there infinitly-many, such real




o

/3. Dphine a linear mapping from one vector space to another.

. ¥ and I aco finte dimensional veotor spaces oser a field F, and f: U+ ¥ and
- -+ 1Y aro linoar mappings, ot ¥(f) deuote the set o vectors z in U/ such that fs = 0.
Show that M) is & lineac subspace of U and that dim [N(/)]+ dim (V)] = dim U.
Show aio that
dion(f0) +dim (g¥) ~dira ¥ & diea @f0) € i din (D), dim g V).

& 107 iy do nimonsional vector space over the Seld F and f:¥-» ¥ ia linear map-
 des e gmetuo s ponitos o
ko polyuonial p) bo (1) (=) .. (), Whers &, are distinct
elemants of 7. 1t ey
-pp =)
20 Riesp

show that 3 00 -
Hsoo, o obaris, i e i e mapgin -7+ st e aquation
$U) =0, thea it may be roprese

Prove that, if A is a real nxn orthogonal matrix which docs not have 1asa
ristio oot then 4 cam b expressed n the orm (/+.5)° (-5, where ! denotes

‘Deduce tha i ) e

 proper arthogonal transformation of an od: fonal Euclidean space onto itself
leaves fixed the points of at least one line mmnlhlheuripn



oz

Elenentary Complex Varisble Problems

7D, Explsin what s messt by sying that the mapiing defned by w = 10) of »

D .2 i

Sisarog
Descibe the dormains into which the half plancs 3z > 0, 8 > -|muu.. nyn.
mapping defined by 1 = 5*-+2. Find the largest value of p such that this may

ikl <p

. 1812 rogular for |1 < F, then J(e) haa an expension a5 8 power

rge Il < i
Given that f(re¥)] < 3, where r < E, prove that
! Jed <M =002,
| {Prore tht 09 s e i the whlo ploe 62 /) < 4¢* for all 7, whero

. SO e a1

©) '/ 4D, Frovs Rouchds then
e dod ot 38 0 0 o3, hon 1 4 01 v i
T e intiey,

i Brove that al the roots of the equation
: Aostesm0

iyﬁnm-qn\lil-{(.x|<l ‘How many roots of the equation e inside the
"——‘ ——

et
@ e : .
o ey

‘and that of the transforms.
By the use of this transformation, or otherwise, find s function /(v), egulat in the
o, a0 vreal), and such thi

on 4u >
when ¢ = 4~4%. Doss there exist a function F(v), regulr evecyehers, and equal o

ot expected ] T o ) "



bow_
Eat
2a,

\/, ke s

35 ot s i s s of e of g rtion ),
e S e

C. State without, proof
but 5o other singularites.

¥ is an integer > 2), or otherwise, determine i e cqaton s = s sy

roots other than its reslroots, and i o, how s

@ ‘/ (‘/ ate od prove Lioul's Theoren.

oo

tho siga of equality bei

+ay

loefras.

T Ithasno”

th real coofficents. Tiy Caiichs's theorem, or oherwise, show tht

of oera <

tho integral being taken in the positive sense.
@) Let
o00) = aytae
‘whero the a's are real and

-n=|x| < 1. Deduce from the principl of the argument
0(0) = ay+a,c0n0.

haa 21 distinct real z0r0a 0.0 < 0 < 2.
=4
Tt

i &) Taos
* on T arez;,
: whichgveam -
' MAvl.uo!mn(umnan(l)ml‘ ‘Show also that
i iG] fida.

o,

> ay> >0
cidcag e 1)) shacion, o that b el ol s f )

-.-w

< f-tl>1
confixaly ntoth nero of th wit i,




3

. Prove that f F(zis zegular on the closed contour € then

- [ res-=o
/) Dbl ol o L g .1 O 08

Honcs o fharvs prove st ciCis simple closed contour and f(2) aad g(e) are
rogular on aad nside C and satisly

Ife)=gte)f < LA+ ot

0n.C,then f and g have the same number of eros nside C.

@ i pron e wih cnncs e af i)
‘ B oy e
e e

e .ot aeren

P
@~ v

{ Prove the theorem in the specil caso when D s  circular dise.

[m may assume general propeties of mappinge > St

function S(6) is done fo oll complen s by 1
o o8 .
l 4 s =G =i . I

Show th N
wo (n=0, £1, £2,..),

‘wherowis  crtan rol number, 0 < < &

[You sy St withoutsoully cuyig st te simaton, et 810 < 0, A
‘properties of tho exponential and trigonometric functions that are used should be
proved]




o @ b{wm 70 i egul o o] < 7. Provo that, o e < F,
stes . fds
proeed 100=Fouen, whero a1 [HOF
thointegual bing taken round any circle s = r with 0 < 7 < B.
° Provo aio that,for > 0,
P $J’_ fire)connd .
tive)
e 90, Hove tha, ifa s realand 0 < o] <1,
U sier
=
@ I thig rsylt sl valid i = 01 Justiy your answer,
@ bt it of o fction .
/ r9-ia

. el o e

- o
s o = 005, mmammmnl?mth-’hylnnxplmmm‘ -
o friwiripmiiriry
tion/(0), egul R
- oo -

then Show that i i in termsof £,

‘Show, assuming Laurent's theorem, that

o (eed) - S (o).
- PR Lo

-me,u

with
ery - -

N 0= Fourr
. .......m.nmy.n,
= ol < 23,

wher 2() = splfl.

s ‘Show further that, ulqw)qu-mm.mmem)‘-ms...u.-
Z
-

|
| potiv (e contan
! PRETTT




@z § st o e e e
7t

Finde f 3(e) such
5 #:>0, 5250
can be developed a3 a power-serios
o) = Sau(gto,
constants and the secies converging throughout S.
inciple of the acgument’.
funcion ) s el o domsin contining < < 1 and b sl 0 a4
£20 but no further zeros. Sho that for suficieutly small y there is precisely one

L L) inle] < L with /Q = y. By integrat
)
Ter-r

otherwise,
‘neighbourhood of the origin.




Ph 129: Advanced Complex Variables--Question Sheet 1

1L o
Use Hadamard's theorea to show

2
- ox- i __._Ax.~|
X e l 212 «
Define
NN DR
=
Show
@) = 7/
2
Prove
2 2
conh k - cos x x .
S RONECON
I =)
( ) PHa=
Dettne .
Prove °

3@ =6



Prove from Hadsmard's theores that
(1) Any function of non-integral order has an {afinity of
zeros
(1) I 1 # 0 and p(2) is any polynomtal, the equation
e (2) = p@)

has an tafiatty of solutions.

4. Cosecz

Use Cauchy's representation to show:

® Ly
cosecz = Yz+ T (1" 2
(=t o

Dersne M) = T (R
Py
sov M) - N2

5. secz
Use Cauchy'
Dertne B(n) + =z (-1)%em)™

r0

sov B(3) = /%2

representation to find Sec Z as a sum over its poles.



6. When Men vere Bola and Knights Breathed Firet. (Trinity, 198)

Detine: Fx) = expf (¥ yxcot(ynay

o =k )
WS - erw TG e et

T { oo exat-ren?/2n) g v
(1) P(=x) F(x) = 1
(111)  P(1-x)P(x) = 2 Sinxx
() 1@ w24 LR T Prn - S’ (s

(which 1s related to Spence's dilogarithm)
Shov that:
x) - e [l/a P ,ﬁx-;?"‘)]
o J1-eB g Y
*And Ph @'s meek clergymen, graduste students bright-eyed choirboys, and undergradustes

roved nd on the Cam.
BOTE: (1) is straightforverd but quite long; (11), (iv) very easy but I cen't find
tmile Droof of (111).



the
bat

ELER

Ph12o

/'t\})'n.- functions f(e), (), a0 /(+)3(), defiee i (0,22), v tho Foucin svies
3 v, E 8,

L 3 g,

s exprosion T G i o of h confionts A, nd B, Th sl of this
Integraton ncod nek e die
Verify this expresion for
S msinz, g(s) = Hiz-n),
‘whero H is the Heasisido unit finction. [21(2) = 1(fx > 0), = 0(if 3 < 0)]

OCE

‘and comment on the rate of

i on the it sirle i {ablo L s, with.
ive that is piccewise diffcrentinble, then its Fourier coeffiients of order .

SO =150 for 0<0<m
iwergencs of the Fourier coeficients.

n@ in general terus 3 method of obtainiag solutions of the differontial
squation
R
i theform of contour integrals
; w0 = [ eso0

For the oquation
ar-w=0
abtai, inthe form of integrals,
() soluion ) that s valid for al 5, and s such that
w0 =0, w0 =1

@ rallz = x4 iy withs > 0,
w1 as 204,

independent.




@

.um. for s suitable choice of contour,
v [esp zconnar

satifis the differential equation
Wy Ay =0
x 0,

frraprevtrrmers equation is defined and bounded in ~ <z < .
‘Prove also that this solution is not dentically zero.

/iur  An infinite string has unit mass por unit Jength and s subject o i esion:
‘s function

Esyfinth Fouis st metbod o comszacin th etared
~#,t~1) for the propag:

of waves tlong the stéing Show that
atx.l»- 1000+)-0z-1),

1 >0
whers w0-{y 420

0 thostring o o s o back it o i st  fores () appied s the

5lgin, obtain tho subsequent motion

108 bos 211 = how that.
YO = ~fO+2lp).
Obtain aleo, 211" and L[tf]in terms of f(p).
[Brimo denotes with respect to £

L+ (-0 Li4nL, =0

Lo = co-1ripe
for some constant €. By showing that

()
educnwith o sitabl nomalaton fr L, that
ko)

L0%

whe

uE

15E



1. Findt the Fousior choffictents € (x) of the fumstion
B PRSI
@ Gy = 5 ST g

1n tho wpmston () = 5 .00 27V L Honas shew

E
thet tho thota furction G0 = S0 & TRE (o0)
heox
satisfios the functioned oqustion

Bw = xtEeh.

8. (Prolin 1935). Show that if 0 €x 1T,
2 bfeos2x , cosbx , cosbx )
e = =R SV R

O N &

function doos the serios roprosant in the range -iT€ x€ 07 Is
tera by tors difforcntistion of tho sorics logitnate; if so, what

function doss tho dorived sorlos roprosont? (This was not past of the

1936 quostion.)

m s Proznsen

! Lt ) = 4 (- T<x<0)
i - 1 ©<x< /)

wtlet g = B | s, whoro the by ero tho Fouster
2 .

st cootictonts of £(x). Gotatn an oxprossion for M9 £() =ty
! sar, ot show thst [t = 1] dons not end S0 s0m0 35 Hos 0+
{ [mte rosutt oxbtbits tho non-uniformity of the convorgenso of a Fourler
sorios nosr & joint of discontimtty, |

s



Caloulate ths Four:
for the folloving fun

0 &)86-t)

sforzs and verify the Juvorsion theorca

—t i —alt]
e /" , e It

2
ol te 7
& 2ot of savden vastation $%,, %% (N Lotge)ies

distributed indopon
pln), ptny - R
+ +
x> = o <x > =0y
Using P. T. theory cpgmaicing sulteble assunptions sboct /é“' ()
show that = = 2 X' s distributed on a gaussian fishion and

t1y according to the probability densities

. =t N 2
&> =e => 2 2%
-
Show that 3¢ '

}/\‘)= ,[/ffz)
o v
then 2«[‘1)> L eler 7[{.@)
Show that 1f £(t) 45 periodic with period T then
Sin fT L00) =0

Hence deduco that o

Far = 3 e d(wn 8D
here Mz m - 2¢( nﬁ—;{f}



suppose }\lm) 56 tho P T, of & eaneal keruol K(t) and
k(“n A O(H> w

“
[< oy i for a auttablo cord C that

fio ot - L4 0T, Foi,

@ X Suppose a Mnesr axpléfier i raprosontsd by & kernsl function
/’Z{u}) s Rne 1T

Rl0) 35 o rations) fumstion of €. Show that if tus systen
s:;sl-nt to an input £(t) with a sharp front (e.g. £(t) = o A< o)
therfht pot stgral frotis delayed by a time T. Wt froguency range

then, 15 ixportant tn deteraining the out jut sigral front dolay ?

1 e

Sicu using F 7. theszy that the Gresn's furotion vhich ylolds
Solitlons wenisilg &t MEinity for B pdy €

(o%- =) wiey - pr
Grar) =- %€

/v



Kl eo)st an ssprassor 32 wettton

K‘/u‘) = e dted) 4 (e (e,

then ) tde gate and  D0) 1
[e) . :tho.phase, Show © i et ©00) 15 odd oo -0
Supposs now KO o) v o et that

s 20 zesoe S0 the Loses RIC slaza, Show b7 applying Covty's
R

- [,&y KLD)]/ (u) ;f a)(m)

RGN =

1y by using the function
; [ Loght:D] ) Lo —pgﬂJd ,
P q(‘o) - oy 4 /’ wa (“;?!_w)v

Gan 708 o0 pepls way of sltaring e st
the gaia, at th

withodk changtng
1a the lover half




sTATISTICS T

2 76 Last Rces

@ acond, adicion of your favirite bock contaise 501 peste
and s total of 501 misp: e th
of Chagter 14 unniu u east 3

There are 500 vara husan beings at Caltech. Shat 1s the
probability that 2 and only 2 of them vill have a birthday tomorrow?
(Ignore leap years sod complete problem set before going to their parcy.)

411), There are X parking locs for o particular Lakers
e r o) be the rubuhuly et n lots acs occupied ot fime £
lots are empty and at a later ti 12
o ».n(m et o woclede
up the differenti.
Thac Rokody Tesves thetr Jot ateer ouceperkins

Vrite dom the differancisl equsttons for o - parameterizing
Chio s o prebdbiLicy s 4t of aay Biven pecker lesving 1a cibed cise
Interval: “Prove frou the differentiel squations that

.
IRCHE
&

(49) Lt the normal distribution be:

1 2
L e ] e (- yhey

and the Potsson distribution be:

Ple) = exp (1) 25
Prove

™ P =8 () = 0 () .
Aee ATackcasnl




2) DESTRUCTION OF MyTHS
My are extracted from 1AL and sloved dovn by & series of fnde-
pendent "eollisions" in, 34y, & bubble chasbes

The probability P(k, A, x) of k collistons inside distance x is thus
Potssor

«
P h 0 = ey () G - @

() Shor (snalytically) that the nusber of collistons inside fixed
dtstance x 1s Gausstianly distributed 1€ Ax is large

() A myih Ls said Gy FOLLY) to bave scopped when k 2 K (X 10 &
e Targe motber) cotlision heve oecorved. Tob valoe of % at
Ko cottinton 1o eatied the Tength of the.track. TE (9 hoids - shov
(analytically) that x is Gaussianly distributed.
e (1) 1f e modify (
e Sheoture it off 1 <x

1) Discuss what happens tn
correspond to independent collisions
teplied by (10).

(4v) Comment on the Emunn limite discovered in (1) and (11)
and. the cencral Tinie chao
) Do problea 14=13 Mathews ad Walker.



3 ALcATMZ TN ATLANTIS >

The Anerican system of justice as applied to blacks and oth
malcontents 1s modeled on the folloving scheme devised by the regius
professor of Seaveed in Atlantis.

A political prison comtats of o cov of ¥ aquireel cages, umbered
to TihL. A prisoner's sentence 1s to be placed

e cage. ch day, thereafter, he

< o the’1eft vieh prebabiiiey 1/2 o ove cage to

Aghe wich probablitey 1/2; moves on different days beiag inde-

releasd 1f b
ks

constul eud o mesber

Quring that afterncon.
Bhacover () the pedbib 140y has he will svescusily be selesoed and
T S s o o Ty e unQ as

[
You iad it halB il Co
Bk o had Bipriphon after Qenighs ood o
5 UatarTe & ung @

torus made up on N7 square reglons; a model for it
the

zom the square he
sach with probebility 1/4;
except that once he enters the Palace he never leaves 1t agal:

any square S, the Prince’s mem time of travel from § to the
1,

Falace is tuaoted by

(D Sor ghat, vherever the Prince staxts, there 1o @ prbability
er of 'his Teaching the Palace vithin N days.
Eat the Teice bos prebabiiity 1 of coamceully sesching e Felaser and
that each T, 1s fiaite.

(40 TE be to dadtially slaced at rendom fn Tetrylend, whet o his
probability distribution one day

(111) Obtatn 1n terms o formula for the Prince’
cime of travel f he is mumy yxlua ot rendon 1a Talrylend.  Deiag




5 sue

Bicbad who had o loud mouth but very 11tcle brains osce mde the
Stitake of playing snap uith bis mathemsiical brother Albert. After
the latter had p ogs 10 th e made the follging

Coyptic and eypleatly statd encries 1o hie datey Plesse FLIT fn ehe

2 bjscts arzenged 1n o cestatn vay are subfect t0 4 permutation
 permutations on o o

1a spectfied
Relate
i

where

e 3

) :

o well-shufled packs of 52 cards are taken. The firat cards ta
exch aze conpar 2 the sacond 1n asch, e vo on wtil the packs

Sov that the provability that 20 @fetly sacchiag atr
o corin vii1 be Fouad thin ey %o spprestuan N




—e

1
2

)
)

STATIST2CS -IT
b 129: Bandon Ravings
Do Problen 14-7 1n Hatheva and Walker.

Do Problea 14-8 1n Mathevs and Walker.

Student's c-shires

It 1a destred to test the hypothests

B, i ou=0

agatast. fuso

where  1s the mean asount of shrinkage (i unspecified units) of t-shirts
1n a nev blodegradsble detergent.

A sample of 10 t-shirta gave the folloving data:

Sapled 1 2 3 4 5 6 71 8 9 10

Shrinkage 1 o -1 0 -3 - 2 2
Asumiag shriskage 1o norsally dstributed wich semn b and standard devie-
on o, estimate u and o from this data. (Call these estimates u

-

@ petioe v = G-l
What does the Liste cheoren sey for the diatribution of 71
Une chis - plus n.. assusption that o can be replac
dectde 16 U 1e

®) Dettne T = G-w)/5

What s the distributton of 17

Use this to decide 1f B, 1is tensble.
(c) Show that for large n , the distributions of y and t become equal.
Imorality

n messuresents of the random varisble x yield the results X, , X, .
x has the Caussian distribution:

P -m exp [-G-0)2/202]

- Just as in problea 14-8 of Mathevs and Walker.



Use the central lait theorem to find the standard deviations of

wd x=2ih% for large n.

Coment on the mathematical difference between this standard deviation and
Che "oias® diacessed 1a 14-8. Commsnt on the physical significance of the
Bumerical differeace of these twe concapts

Tou can use che marimm likelthood estinates bltadly for Gavssian
i Ttibuced randon varisbie
2

w1
Rint: Use the result of 16-7 that 5° can be written s 7ipy 15171

where y, are n-1 independent normally distributed c.
and standard deviation o -

with mean o
5) ALl Roads Lead to Rome

Cgnetder, got once more, the maximum Likelinood method fox finding eatimm

2 respectivily by messuremeats x;  sormalty itacrie
Sused ".-_ vertiie =Y oyaeis are ot a in palvious tmrad probiem 4
struse che Tikelinood fumrtion. LGk, oy 9 snd conidar < 12 e, & o -
e Shor hat e empcted share oF o L5, 8, Y'le Coart to
ot e res o ous "espacs" thess Cuuceton Siscvibacions
"% have stundard devitions precisely squel to he e

deviations of the sstimat

e SN

e B

eively.
Is this generally true?



Sianisiacs

Moving Pinger 1
gotog
dom gy,

(Kirk MeDonald - Guest Questions)

In s scatering experinent, ve seasure o crose-s

Cucsat danatty,

tore into a comstant e s that the cromssect

L Nexpected £ be
X = el —®
Yow 1€ che experisent vers Tepested many clase (Chis reguires a lot of grado-
ate studente), ¥ would b
and so have That.the maxima 1ikelihood method predists
his"Temuit. Uae chis machod uader the tvo hypothestsrer

() The lkelthood ts given by che single chaervations of N aveats dis-

o Giatrtbution
cmee Gaussianly diacribured vith

mean on “and stenderd deviation’ /o7

Redo the problen posed da quescion 1 of detersiniog che ertor 1n the erti-
ustag (%) , given o e oot Tacta’exactly but has some

Gauaslan discribution vith e and standard deviation o .

westion 2, 18dependenciy of the searieriag experimeat.)

@ Could Tuse () to solre chis provlen, asmmicg N od 1 are fode
risbl

candon.

() Can I use the formalism propounded on page 8 of McDonald's note. (CTSL
Tnternal Report No. 57 - in my collection).

Redo problen 1, assuning ve have © experimeats with parameters N, , ng

Gy m L Vet 4 the best eocinate of X and t6 srree,

Often vhea pestoratog un expeciaaat, there da 8 backgroud due to scattariag
. To corract for this, data s taken v:

Carge cmpty and o0 one Aabeuren tve crossssections o (Farpet Foll) md

o Searget empey). ‘The depired (by theoreticians i fvory covere) crose-
ction 1s the difference between these tvo messuresents.

1f a total ¢

stishle to do e cxpectment, bou should 1t be divided
betvesn mm capty and fol) renning so s bo mtmia ecror on the t1




Use the bias formula in either 4's or Yellin
bias in the maximum likelihood estimation of the standard deviation o in
a probability distribution

P = g e (n??)
(cf. Problem 16-8 1n Matheve and Walker.)

A apta s pascicle slastically sonttars a o apin O pascicls. The bomm has
polastzscion P y direction and momeatus in the & direction.
Feumstuncesthe ¢ dependeace of the scuteersd particle takes

the'form
€1+ P con pap/2e
normalized to 1 1n -180° < ¢ < 180° .

(a) In an experiment of N events ve cbserve N values ¢ . Wmac
I B et ion settafied by the mevio 1ikatinoos scideton e’ BT

() Now suppose our experiment can only detect scatters for §
19007 hous the snever 1n (4 Tor TP mdke senser I not, uhat 1o the
correct estimate?



sTATISTICS - 1V
P12

Matnly Dull Questions from Casbridge

2,18 8 cne-dimenstonad probubility dlstsibmtion for & random
cer a. It 1a correctly nor-

»x,
variable x and sose theorett

et
(J Plx,a)dx = l) and wve define

Llxgpe T pCxy.0)

for n bservations x; ... %,
@ Gonatder s for @ near o, (a 1o the crue value of o) and shaw
ol takes the £
s - L 4 conat, vhere
27
<t ma,

]

(41) Coment on the difference betvaen o° defived above and <(at-a,) i %
re a* 1s considered as the randon varisble that maximizes

(1) e px,e) = 1o emplx/a) x20
-0 x<o.
o meximun Likelibood estinate ot is Ldestical to that gives
By he sadhod of motsnts.ad hence verify the expression n (D)
2
for b .



r L-dimensional Particle Physico

@ Buente haerved in n experiosnt are specitied by an cbmervable xi- = <
Irn RIS S
. Sar S L o4 st
st e el e s e 1
ey

(1) observes n events with posttions x,

(80 camor te11 ehe exace x, of & paceicle bue enly € a0 avnt Lise
epecific bin - (ranke) of % and the entire tnterval - - < X< »
i d1vided nto K such non-overlapping et

in the k'h bin (1< k < K). Doe
Iikelthood method Tequize K, all m, or

e serve
he Valiatey of the e

x

o tobe larget
k=l &

10 otsey () s () o e cove whrs a cvene o e picion

1a sssigned position Luith probabtisey Satrthucion
R
A, =k

here ¢ 1s an -a priodknova function of y.

o
@ \Mm«mnumwmﬂvmh&
et e G s
.
i gy mmw—n—mﬂm&-dr--ﬁdaa
0 deduc e dicibation

T e o[ bt ¥,

@ 70, A random rea varisble has peobabilty density fanction /(). Fiad in terms of
“values o the variable.

i~



6.
GBD i g e vt o o st i o o

he

attempta n the first n.
n..,,m..m ‘onsista of 2k successive throws of an unbiased penny, and m is the

Yo e .
s
y iy

Jan what i moant by tho terma uncorrlated and independent s
@ (s s cpendent as spplied to

s...u and. xnﬁmu sets of random variat

R )
-np nl-p) ').n)-
I R XTI
where 7, +2,-+2, = 1. Find e ooy s sfiiot condions fr e e s
:”-.:.Qa.s,mdl,x,tl.s,ob,:.mhum‘h
the which £, 2,2, and.

¢ . 5 "
(D R

)= j .m“";_”u J (e, ©) PNV,

H ‘where 3/an’ drawn.
| -.ynmhudahmm-.h-nhn
! e i gt € 0,400 = 01a D, b
i e
o= [t
where 7,6, 6 are spharical polar coordinates, and
! —7--'nl+mdﬁln(§ ‘),
Loarss, v,
Prove that, i oiatte

iU,
function defined by the above integral, then s hamonio in r < o, and.
lim w(r0.6) = U0.9)-

of duration tis e~Het)a.
‘Esplain how
‘appropriste probabilty space.

bepeeg soossivevnt

we



7.
s fends” irthdays, an finde the nth entry that

i e seson i of )t

o7 G2
where ¥ = 388,
T random variables %, 7.z, ars independent and each haa the negative-
/ al distbution.
€z 0<z<a).
Let
= max ey 2y 2a)
and PR

tion. Henee (or otherwiso) ind the expectation and varianoa of y.
= me, show that, for large valucs of , % has nearly the eame distribution as z,,

750, o vl b istsicn
(7 ke G o
pebriy

Blew) =08 (0> 0).

nch has tho stated distribution (¥), and if
yafitntotn,
then y also basthe distrbation (%), for each > 1.

‘Why doos this result not conteadiot the centrallmit theorom!
[You may quote without proof any theorems you need concerning the Laplaco-
B i




The i inir 5 B supatar of & nquccs 4. of b of &
2 are defined as

lminf4,= 0 0, du lmepdy= § U A
he 4, e )

Pliminf4,) < lminf P(4,) < imsup P(4,) & Plimsup 4.)

truo when P (on the’
the Borel moasurabla subscts of the line)!

tuce that lim P(4,) = P(lim 4,) when lim 4, exista. Does this st statement remain
‘Deduce that lim P(4,) = Pllim 4,) e Dow

ity o babil P Tho event
oot ety ok o o o s e

0102 Ol 2}, 1=V 1)
contin st s £ of the 5/, Prov that
lim P(B,) 0.

(.c)m and y are independent Poisson random variables having expeotations af
) herect
#16) = B(e-3) fo the disteibution of the randomn varible = £y,

o o o b icution o e o e ol e
a0 ind the wmosn and varianc o thelit cistribution. (Stto careuly any generl
theoroms sbout characterito unct
Whetheror not & and f ar oqual, prove thas

,if 4 i an integer multipl of 2r,
10,if¢13 not an Intoger maleiploof ar.

limgo) =
fa < 4, show that
ru;-u(;) PaG-m) (mml,2.)

Decduco that the distribution of 2 converge to & mass concentration of 1 ab +20 when
> 4, a0d o mas concentraion of 1 a1 —0 whens < .

[You may assume that s/ (4 8) = 0 a0 2-50, form > 0]

HERNES

17 (D 5.1

ol

€2t



o shmrpion s e cxpoton B N .

(the barrir otz = N remaining an abeorbing barrir).

i
e movament at m.é,. oo ndhpedent. i for il vl of & the
_ . y that the partc eventually disappoars toinfiity.
/43 A poputin it o st o e s, i s ey e, i
| [ rforoduce’ at such times 4 ferdle individual remains ua-
ll,mdh-n-vqluu‘hmm probability }; & very fertile
ndividual remains unchanged with probabilty §, split into two ferile individula
‘with probability §, and i ;.uwm Al ndividual behave qits indepn-
the population _mw.mu.mmumn.,w.i.
dividon respectively.
F; 53 et X, ¥ .
@ i i o o B it

PX>0 41X 35 me~nPX> 0,
and find the disteibution of min (X, ¥).

Three persons 4, B, enter & Post Offica with two counters,simultaoeoualy. 4 and

‘and all b
I negative exponential distributions with the ssme parameter. Fiad () the probability

: et by G th Post Offn
/6B B o cetin stlatic ompotiton thars o & udge v cach award & mark
b nwvmxhwkwmmmwmmmmﬂm)
i e overl mack b gt 100 ol o i e

pkerm,

,5,...) it seceives an impulse
ity u-=, whero @ > 0, and to tho eft
'y 1 —fa-s—2-* does not move ity

of Xaad 7,

prooed:



/o)

irial at which 4 first oours.

Fuithdensity .
> 1 for whioh X, > X,, sud deduce the distsibution aod hene tho tean of N.

én £
v ariables taking tho valucs +1 and 1 with pmhﬂulmu pandg=1-p
vty and the foints st i ey owr et s rsoms (vich I
is that

e et e ey
20 = Gl L3 (=0, 21, £2,..),
v R

' o= L= 5 gt

Hence derive an expression for the generatiog function

o002) = Fwgia).

|
(2] i
@) e

u) Al and Balida hav thesame expected mack;
i

(...; their chancesof winning arenot equal.

@ &

® i with
probability 2s.

) i with
‘probabilty 24
wnd. A ghost will ot appear whil » trained observer is proseat, Tnitially the house is
ol empty. What s the probabilty that a ghost appear before time 71



v\i}mmm“m.‘.m....n.m..m..«..wmm.
e oo b e

bl which has the Cauchy distribution

)=y o w<z<a

Why does this not contradict the lawat

éy. " Asmpaof = 2n41

Vi th mesn
sl of tre alos, i th s
= e 530,
LR
) "
il o !
0
el
[
Ko e s whh bt
) Ho nver ok e tha cme.
v
4G 5yhto the two laws of Iargo numbers aud the central limit theorem, all for inde-
) (engstial Gutitad vrabo. Feov te wesk I of g bt he
whn e dtsbtion b ke vasasen
ot N

fonction
Va4
in (= i d '

e e i rciata etk
ate=1,
prove that ¥ = ¢, X, +¢, X, has Cauchy's distibation.

bold for the




Let ; be independent random varisbles taking the value O and

1 with probability 1 - x and x respectively. Let

w38

ad B(£, %) = <E(2,)> vhere £(2) 1s sy contiauous fumction of Z

1n [0,1).

(1) Derive an expresston for B (£, x) in terms of £(k/n),
k= 0.0 Shov it 1s a polynomtal ta x of
the central latt theore to show B_(f, x) + £(x)

gree n.

@) ve

a8 o+ = and coment on the error.
(111) Sketch how this can be applied to prove Weierstrass
approxiaation theorem for continuous functions in terms of

polynontals.



