va Lecdune.
Noles
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Y EBxample 2: 4th-order Adams

(N C o fLeTLC

X(4+1) = X(4] + hO(F(X%, £(441]) + FL41)/2

shforth/Adams-Houlton
X+ = X(4) + hA(SSIE(L) - S9UF(4-1) + ITHF(L-2) - StF(4-31)/24
X[441] = X(4] + R*(9UE (X%, €(4+1]) + 199F(3) = SF(i-1) + F(1-2])/24
- Generally, Mdama-Bashforth/adans-Houlton methods of the same
order make good predictor/corrector pai

Why we want to use implicit method:

- AlL of these methods are trying to approximate
tli) [aeoe)
X[4+1] - X[4] = INTEGRAL X' (u) du = INTEGRAL F(X(a), u) du
w = tl] w- el
- Explicit method:
known
Pt -
wrsssaapes ol
- [T wasssEs/ /7111171771
. 1 e s I
" i eper V117711117171
1 | | \I1T1TIT T
©1-3] tli-2) et )

i) (101
Shaded area gives increment
This is extrapolation!

- Implicit method: ( X[i+1] is treated as though known. )

Known
P i
wenenenapan 111170
N T aeen wnwsE /11111711771
B | e VLTI
A | wepes VIIIITII
T | i V1111111117
c3) cli-2) e

€] (o)
haded area gives increment
This is interpolation, inherently superior!

Soluing the implicit equation more accurately

- Equation has the form
z-60
- We have a good initial approximation call it z(0)

Caleulate successive approximations



2(ke1) = G(2(K])

. Theorem: If G has a Lipschitz constant M < 1 such that
1G@ -6 1wz -y 1

for any vectors Z, ¥, then the iteration above converges to the unique
solution of Z = .

In fact, each iteration reduces the error by a factor of M.
Corzecting more than once:

- The iteration will alvays work for sufficiently small h:
* F has a Lipschitz constant L, possibly large
* The equation (using 2 for X[i+1]) is

2= X(4] + hA(9UE(Z, L(441)) + 19%F(4) - S*F(i-1) + F(i-2))/24
+ The Lipschitz constant for "G" is S*h+L/24 .

-t bs vaally felc that a single correction is sutticient,
but such may not always be the ca

. Monitoring error with predictor/corrector methods

Consider 3rd order Adams-Bashforth/Adams-Moulton
¥ = exact solution for t(i+l] starting from X(1] at t(i)
X = X(4) + RH(23F() - 16 (1) + SAF(4-2)1/12
- ¥ /n) e ()
XU41) = X[4) + W(SUE(, E(001]) + 84F(4) = FL1-11)/22
. - ¥ - 203
£ 15 evaluated at dicferent places in the ervor cerms, buc
SR ertor S e can ue
X - X(41) = (10/24) $hoaen(3)
X(41) == ¥ - (/10)% (k¢ - X(541])
We could also extrapolate using
¥ = (/1007 4 (9/10)4X[441) + O(h%5)
@ L ML et ion of the somecton

if in doubt, perform additional corrections before testing error.

Getting started

- Use a one-step method of the same order as the multistep method,



©.9., a Runge-Kutta method.

the time step smaller than planned for continuing the
calculation.

References (in addition to those for the course generally)
- Hencici, Discrete Veriable Methods in Ordinary Differential Equations.
John Wiley & Sons, Inc., New York, 191
A. Marciniak. Numerical Solutions of the N-body Problem. D. Reidel
Publishing Co., Dordrecht, 1985.

D. Greenspan. Arithmetic Applied Mathematics. Pergamon Press
Series in Nonlinear Mathematics), Oxford, 1980.

(tnternational
R.A. LaBudde and D. Greenspan. Energy and Momentum Conserving Methods

of Nevicrary Order for. the Sumerical Integration of Equstions of
Motion. Numerische Mathematik, v
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Ordinary Differential Equations

Part 2

Stability of multi-step methods

Methods considered so far (explicit or implicit) have the form
X(441) = X(4) + he (o)

Consider an implicit method due to Miln

X(541) = X[4-1) + he( F[441] + 4°F(4) + FLi-1] 1/3

(simpson’s rule as a corrector, in effect)

Rs h -=-> 0 we obtain a liniting difference equation:
X[141) - X14] = 0 A-B, A
X[4#1) + 0%X(4) - X(1-1) = 0 milne

and similarly for other multi-step methods

Homogeneous difference equations with constant coefficients:
For the equation
AlkI*x(44%] + alk-11%x[i4k-1] + . . .+ a(0)*x(4] = O

consider solutions of the form x[i] = z°i (z is some number), so

K1 (44K ¢ Al 2N (k) ¢ . L. % al0)%2n ) = 0
k12200 + alle-l)tz kD) + . o .+ al0) = 0
S0 xoots of p(x) = a(KI*E M) + alK-IEN D) ¢ L+ al0)

generate solution:

1o 8 root of p(x) of mitiplicity q > 1 then all of the
Forlowing are soturion

x(4) = v

X(4) = 1runt

X[4) = 443 = DA - g+ 2R

Stability condition:

For a convergent milti-step method, Al of tne (poseibily conplex)
Zoots of the associated polynomial p(z) must sati

ol <= 1
and 1€ lul = 1 then u must be simple.

If this condition fails, the difference method has erroneous components

nolea



which become lazge as h --> 0.
Weak stability:

ALL of the methods discussed are stable. Milne’s method, however

®

as roots, hence the oscillatory solution

x(4) = (D

which can cause trouble if the solution is rapidly decreasing.
Milne's method is "weakly stable".

strong stability:
P(1) =0, Iul <1 for all roots u 1= 1 .
. A-M) are best for general use

Strongly stable methods (e.g., A-

Boundary Value Problems

® e
rm - 2o + xien

X0 - +0h2)

w2
For - a)/n and t[4) = a + i'h we obtain approximations
M 2R Fron e equar ton
2%x(1) - x(2) +ne2eel) - xa

- x(1) + 2%x(2) - x(3) +ne2ee2) = 0

X[5-1) + 2x(4) - A[S41) + RAZOELL] = O

“x(a=2] + 2*x(n-1] + K"2*E(n-1) = xb
where £(4) = £(x(1], t(i])

We have a tri-diagonal linear system

AX =B - he2eE



"y T ey
21 o i ox2 1 ol | of2)
. [ R R | (-
i P=1 0 1 -n2s
[ B A I [
o Aoz g w2y 1 0 I fin-2)
U2 o xinl)  I_w ) I_ -]
which can be solved directly.
£ depends on x and t
- Solve non-linear system iteratively
- Requires repeated solution of tri-diagonal linear system
*+  Direct solution requires effort O(n) per iteration
+  Tricky to perform in parallel
*  Parallel iterative solution of tri-diagonal system
might be satisfactory
- Mgher-order appexinations to x'* might be used, in uhich ca

TN R ST hes more non_rers 0Ef-aiigonal elements

Eigenvalue Problems

Another type of boundary-value probler

X7 (£) + lambdatq(t)*x(t) = 0, @ <= € <= b

X(a) = x(®) = 0, q(t) >0 for a <=t <= b
for which we wish to determine both lambda (a scalar) and x.
Discretize

for the standard boundary-value problem:
A X + he2*lambdarg X = 0

ace) 1

aczn o

where @ = | . 1

| 1

[ . |

I a(tta-1)) I
Reurite the matrix equation as

Q(-1) A X + n"2+lanbda*x = 0

Q~(-1) A X = -h*2*lambdarx

to obtain a standard, matrix eigenvalue problem.



Automatic Step-size Adjustment for One-step Methods

s, treat this subject in detail. These notes are based
Y Tarsely'on ther alscussion:

In general we want
Lazge steps when solution is changing slowly
Small steps when solution is changing rapidly

Using a fixed step h throughout is likely to be inefficient.

Basic id

On cach time scep:
Integrate from t to t+h using step h and also h/2
Estimate error from the two results
If error too large, determine reduced h, repeat
Otherwise, extrapolate for result of this step

estimate h for next step

Accuraey should be a litele betcer than that corresponding to o
step h/2 due to extrapolatior

- Bffort ds dess than 1.5 times effort for step /2, since F(X, ©)
is used tus

Detatls

Suppose method is M(t,X,h), with local error O(h*m). To advance
one step from h
£ t0, X(t) = X0
proceed as follows: .
caleulat
X1 = X0 + haM(£0, X0, h) { one step of h )

X+ = X0 + R*M(E0, X0, h/2)

( two steps of h/2 )
Y X2 = X% 4 RAM(E0SR/2, X%, B/2)

I 2 is the exact solution starting from X0 then
2= X1+ 2°mehomte + O(h (med))

Z=X2+ 2thtmte + O(h (mel))



2= X2+ (X2 - XL)/@%(@m-1) - 1) + O(ht(mel))

o2 - XD/ @~ me1) - 1)

but this is risky because of O(h*(m#1)). The customary, and safer, method
1s to use

o2 - x1)

as the error indicator. We consider how to use this a little later.

Adjusting b

is the error we want, and El the error obtained with step hl,
then'the step which yields errors Lo

1m0 pam
no - il (approximately)
Y
Let hl = 'h value just used, El = corresponding error

If EL > EO the step fails, repeat with h = hO

TE L o 50 gonepe this step, oxlcuiate 10 s
inate for next

Determining the error

We might use any of several criteria, depending on the behavior of
the components of X
, - Relative error (components of very different magnitudes)
- Absolute error (bounded components, perhaps oscillating)
- Different requirements for different components

- May wish to control global error, not just error/step

General scheme:

User gives:

eps - overall tolerance, eps > 0

Goal:
IX1 - X01 <= eps* |XSC|



Error measure:

E(X1 - X0) = maxval( |(X1 - X0)/XsC| )

® Chotce of.eps, XSC

eps fixed, XSC = X

Relative error:

Absolute error: eps fixed, XSC fixed

Relative except when X near

XSC = IXI + BAE(X, ©)1 +ma

eps fixed,
mu is a microscopic constant

Global error: eps = epsg*h, YSC = F(X, t),

where epsg is the global error criterion.

Adjusting h when criterion may involve h

sther shrinking or expanding, the previous squation changes b
too Littie 17 error Jequizenent 13 proportienal t

Better: Write EL = E(X2 - X1) as above
I eps 11/ (m-1))
B1> eps: hO = 0.9%h1% === |
1m0
| eps 1 (1/m)
B < epa 0 = 0.5mr) |
B
70,57 is 8 sonewhat asbitrary satety factor. Both formlas axe
conservativ

Observations

® must be caleulated by accumulating h's, rounding error may grow.

made so small that £1(tsh)

- hmust not
ressit o toh )

Typical program organization




Top level contro:
Inpute:  Estart, Xetart - X(tatac), Deltat, nint, eps

) L

Task: Calculate and report
X(tstart), X(tstart + Delta-t), ..., X(tstart + nintDeltat)
Delcat s typically much larger than the tine step used to
Crtesrate the equat o

Adaptive control procedure:

Inputs: ta, tb, Xa, ha, hmin, eps ( , XSC }

Task: Integrate from initial conditions ta, Xa to tb
ha is step to try at beginning

hnin is smallest alloved h

eps { and XSC ) specify error tolerance

Returas calculated X coresponding to thy also b0 to
1f integration is continued beyond tb.

Reports failure (h < hmin, etc.)

Adaptive stepper:
Inputs: t0, X0, hx, eps, XSC

Perform one time step, trying t0 to tO+hx,

Tas)

Rqturns: X1, he, haext
X1 is extrapolated solution for tO*he, he <= hx
hnext is suggestion for next step

Reports failure if £1(tO+he) = t0



nl,,d.d.m‘v«)

The N-body Problem for Newtonian Gravitation

The force on (1] (particle 1) due to P(3] is
. ey
/
/
1/ .4
Pl /1
/

/
Pl

X,
FLL,3) = Grmli]vm(3)*

where
X(4) = (x(1), y{i], z(]) = (vector) position of P(1]

Y nl4) = mass of P[i)
E[4,3) = 11 X(3) - X(4] || (Buclidean distance)

G = 0.0001 1856 4121 au-earth-yr (solar system)
- 4.497 086 Kpsc-Tsun-Myr (galaxies)

Hote that this Ls an inverse-square force. The total force on P(i)
is the (vector) sum for i = 3 of Fli,3)

The equations of motion

For 1 <= i <= N we write

VI4) = @X[4)/de  (velocity of PIi])
Al4] = V[1)/de  (acceleration of P(1])
whence .
XU31 - Xt

ml414A4) = s-..upsuu mi3) A

14,313

Al4) = G*SUM m(3)
4

(1,973




Rather than write everything as a single vector we shall keep positions,
velocities, and accelerations separate. We define

X = X[0), x(11, . . .,xm ]
[ ] I e
-1yl v Coym o
I ron T o m
Yo w0l vl ... v )
A= AL AL .. .. A ) s Graven

where Grav(X) is determined as above. We obtain the equations
of motion

ax/dt = v, Qv/de = A = Grav(x)

Molecular forces

The situation is analogous, except for the nature of the force
Instasd of FiL 3] being propertionai to 1/E1L S we midnt have

A 5

ul
FL53) = mis1omi31e] 1+ (X(3)-X141)

Y 1E % i1t

which is highly repulsive for small r, diminishingly attractive for large .

vold conturion with particle positicas, stc., we welte Xk,
am "ot the (total) positions velocity, and acceleration vectors at
b ki “corresponding vo & - €0+ Keh-

v,
time’

Standard methods have the for
L YA = YD) s Rt forminF, Y, t )

Here Y = XV, F(Y, ) = E(IXV], t) = [V, Grav()]
Buler’s method: (useless in practice)

X(k41) = X(K) + BAV(K)

Vik+1) = V(K + haGrav(X(k))

@ icicics muiers methos: (gtonat oxder 1
Xk o w02
Vv w1 /2

X(ke1) = X0 & BAvE



= X + hAV(K) + h2eGrav(X (X)) /2
V(ke1) = V(K) + heGrav(x+)

@ resma-mashtorth/ndams owiton:  (slobad oxder 4

A = Grav(x(k))

Xt = X(K) 4 BA( S5V - 59WV(k-1)
4 IVR2) - 9V (-3) 1/24
VA= VOO 4 Rt SSAAMK) - 59RA(K-1)

+IAK2) - SAK-D) 1720

A = Gravixn)

K1) = X(0 + he( e+ 190k
Csven v (/24

V0e1) = V00 ¢ e ST+ 19000

S SAK-D) ¢ AGe2) )/24

The constants of motion in Newtonian mechanics

@ o reve no dissipative forces uhich ould canvert mechanical energy to
eat, so the motion of the particles, if calculated exactly, would conserve
energy (kinetic + potential), linear momentum, angular momentum, and would
also’have the property that ihe center of mass moves In s straignt line ot
Constant spead” (the cantex of mass has Constant veloeity) . in face, ©
are constant vectors Cm, Cc, C alar constant & such that,
time t,

Linear Momentum:  SUM m[4]*V[i) = Cm
b

Center of mass:  SUM m(1]®X[4] = Cmtt + Ce
i

Angular momencun: SUN m[1]*(X[4) x VIi]) = Co
[ x 1s cross product )
Kinetic energy:  (1/2)*SUM m(i]*11 V(i) 112 = K(t)
i
(i) (5]

Potential energy: GSUM
i<3 rL9)

SOM (L] * (VL] (k+1) = VL] (K)} = SUM ml4) *heGrav(X(k)) (1)



X(5) - (4]

Grav(X(K)) (4] = G35t mi)e

4,313

50 when we urite everything out, corresponding to

X031 - X(4)
A(L]*RAGHR(3]
4,313
we also obtain
X(4] - X(3]

m(3)*hAGHm[4]

(3,413

and these tuo cancel, o the complete sun is zero. Thus linear
ntum never chang

Now we also have

SUM m(4)%(X[4) (ke1) = X[1)(K)) = h*SOM m(1] V(L) (&)
1 1

- heen

50 the position of the center of mass is Cmvt + Cc .

Claim: Any ro
velocity of t

Argument: The details will by

The
some velocity*h, or a weighted average of such, o the same
conclusion will foll:

Energy-conserving methods

can adapt any one-step method to obtain an enersy consexving method,
Chough at considerable compurarional expent

Example using the modified Euler method (global order 2):

Z =X V (the computed system statel
act lo)\ntxm\ ntesracing From (4] for tine h
v ()

E(3) - toral ener
507 D5 Gnithal neran

For each time step, calculate:

2= 200 + WECZ00 + (W/2)'F(E(0) ) ( mod. Euler )

2() + (h/2)°F(2(K) + (/4)*E(Z(0))) ( mod. Buler, step h/2 )



22 1= 22 + (h/2)4F(22 + (W/4)*F(22)) ( second step of h/2 }

Zekel) = (1 - @)eL + avz2
where a is determined by solving

ECQ - aem s a2 - E0

the parameter ‘a’ using any convenient numerical method (secant,

bisection, Newton).
The wedgnt a should be about 4/3; the value should change only slightly
£rom one time step to the next
Why it works:
From the previous discussion of error we can say that the exact solution Y
satisties

Yezle he2ee + orhaasy, ol <=1

Y =22+ (h°2/8)%e + o (h°3/8) 4V Vi1 <=1

Y= (-l e a2+ (- a+ a/d)he2te
+ A - 20 + ar/B) renn3
= B(ke1) + (1 - 3ta/6)tho2%e + (11 - al + [al/8)rerne3vur

where 110711 <= 1

B = 50

n practice ve can be sure there will be a ressonable value for ‘a’
pifteavrr i R et )

This technique is not widely discussed in connection with multistep
methods, though one could consider using predicted and corrected
values as the basis for the extrapolation



Calculating accelerations in an N-processor ring

° Data:

- NB - actual number of particles, <= N

N = number of processors (even)

= Fiis "fixed" data for particle i
XE - posteon
Af T Secemilating acceleration
- Ciis "circulating” data for particle i
Xe - position
Mc - mass
Ac - accumulating acceleration

MDA

|n\FZ|£3\N|F5|rs|rx|rx|

Start - no calculation
Icucuc:\cuc5|cs|cx|cxl

IF1IF2|F3 (P4 [P |F6|Px|Px]
1 both ways
+  lexicijczicaicaicsicsicxl

IF1IF2|F3 (P4 |FS |F6IPx |Px]
2 both ways
Icxicxiciiczicaicalcs c6l

3 both ways
Y e icr G ot e

IF1[F2|F3|F4|FS|F|Fx|Fx]

4 Fixed only

v\brma notes



B -3

we

1csIc6ICx|CxIcLIC21C31C4 |

P € e

N/2 - 1 two-way steps, 1 on

ay step

Ac s shifted N/2 from starting position

<= 1/2 pipe-length

IF1[F2[F3|Fx|Fx P IFx IFx|

Start - no calculation
ic1ic2]c3cxCxICxICx ICx]

IF1[F2|F3 [Fx| P [P P Fx]

both ways
Icx|C1ic2|C3|Cx | CxlCxICx]
IFLIF2|F3 |Fx|Px | Fx| Px | Fx]

both ways

10xICxIC11C21C31CxICx ICx|

NB - 1 two-way steps

Ac is shifted NB - 1 from starting position

are using .+ but the is very &



N-body calculation using the modified Euler method, vbwode, Fem
uhAeh is globally 2nd-order.
£105 organization to caloulate accelerations.
bata arzays (position, velocity, acceleration, mass)
aze’organt

1 " particle nunber (1)

The parameter N and common blocks /NBODYFE/, /NBODYPE/ with arrays

X0, X1 - Current, next positions
Vo, V1 - velocities
M, Gu . Gemase (zedundant)
e i - array coordina
and
N8 - integer ual no. of bodies

2 real?"tne gravitationai constant

are defined in the file nbmode.h

@eoncnnnnnnnanncnncnn0an0an

File: nbmode.fem

- setup()
subroutine setup()
INCLUDE *nbmode .h*

¢ initialize coordinaces

B3l 2w
El

§ 2 Sereab (i1,
eod subeoutine setep

- tntq) -

Load initial positions, velocities, also masses,
gravitational const. are read’from logical
Unit 10, Replicates masses over x,y,

aco o

subroutine init()

INCLUDE *nbmode .h*

integer k

! For unused particles

N
4 XML, K, X0, K, X0, K

o, k =1, N8
ead (10, %) VO(1, K), VO(2, k), VO3, k)
end do

M=0.0 ! For unused particles



o
¢
¢
¢

road o, 4
nd subroutine inte

- mkast (nx, ar, am)

Insert nx asteroids at radius ar with total mass am.

This assumes that an orbit of radius 1 about origin
corresponds to speed 24pi (.g., au-earth-yr units).
gubroutne skast oy, ar, um)
int Number of new asteroids
real’sz, am I orbit radivs, mass
INCLUDE nbmode .h*
THOPI = 6.2831853
) i ox, arg
2 " asteroids, radius ",
L F8.5)
nd. (L <= om) )
10 (3= NB) ) /m
where ((NB < 1) .and. (i <= nn) .and. (¢ == 1) )
X0 e
ond vhere
vheze ( (N8 < 4) and. (L <= an) and. (e == 2) )
Yo oo
end where
where ( (NB < 1) .and. (1 <= nn) .and. (c == 3) )
X0 = 0.0
vo = 0.0
end where
where ( (NB < 1) .and. (1 <= nn) )
X0 = X0tar
V0 = Vosspd
M = an/nx
end where
N8 = nn
end subroutine mkast
C--==--- print_state(?X) -

© print current state of system according to
¢

subroutine print_state(PX)
integer PX 1 Print control

INCLUDE * nbmode . h*

integer k, np

p =
Lf ((BX >= 0) .and. (PX < NB) ) np = BX
print 21

21 Fomwr (/ " x ¥y

comments for main program for PX settings.



w vy v an)
do, & e
beter 25,78, 0, X0@m, X0,
(k)L VO(2,k) L VO(3,K) ) MLk

o print_x(ax, na, nf) -

C Print ax(:, na:nf), nf-na <= 9 (for testing)

subroutine print_x(ax, na, nf)
CLUDE ?rbeods
L, array (s, 1
hoed ax
Qs Barour ax()
ger na, n

integer u,
n = mf, "na9)
do, =
pedng 3, axta, nasim
21 romar ((10(1x’: £9.2 1) )

end do
end subroutine print_x

Print_c(Xf, Xe, Af, Ac, na, nb)

© Print conveyor status in positions na:nb (for testing)

R

nteger na, nf
Lose
Tint 22, ke W= na, o)
22 romm Cioak:Trs

pris

S prine s x(KE, na, nf)

prine *, " - XC

call print x(xc, na, nf)

print , 2

<all print x(af, na, nf)
R e

call print _x(Ac, na, nf)
ond subrouEine print_c

< Grav(xe)
© Calculate accelerations (Newtonian gravitation)
C Uses systolic ring calculation, taking advantage
C of anti-symetric force. Data be oing cizculated
C on ‘conveyor’ are marked ‘c’, fixed it e
° function Grav(xe)
INCLUDE *nbmode .h’

xe, Grav

real, array(1:3, 1:N)
XE

S LAYOUT XE(

)
real, array(1:3, LiN) :: Af, Ac, D, R, Xe, Mc




integer k, m

Step conveyor

2
He2)

e csuxr'rw:, SHIFT=-1, DIM~2)

X), Similarly Mc and MG
:untnb\nlu to particle i-k

R = .qmsmmsumn-o, SO
0.0

end do ! for 2-way accel.
© Ac(i) corresponds to Af(i-lm)
it (N8 > N/ » Final 1-vay accel.
DIMe2) 1 Step conveyor
D1me2)

DIMe2)
In gives shift of Ac
R .qmsnmnsumn'n, i

0.0

o s
ent ! for final accel.
o eadt'prine caxe, xe, ar, o280
Ac = CSHIFT(he, |SHIFT=Ln, DIN-2] 't Back to corzect position
o Gl print c(XE, Xe Ay her 1
C  combine accels for final resuit
-AE + A

end function Grav

- modeul(h, ns) -

© Berforn ns steps of modiied Suler wich tine-step h.
C X0, VO are taken to be current state, and are update:
C itn'tinal state. "Kly Vi are uscd ih the process

subroutine modeul (h, ns)

real h

integer ns

INCLUDE *nbmode .h*

INTERFAC

CMFS  LAYODT Xe(,
END INTERFACE

2
integer k



2

ns o 1 h/2, for conventence
=

ok =1, "ns ! ns steps
“l = xb ! Half-way positions
ViZuoe nz»mu(xuy ! Half-vay velocitics
X0 = X0+ ! Next positions
Vo D U0 L heGravixny i Next belosities

do .
end subroutine modeul

xeads provien and control snformation
time

rogr
£rom data file named by user, performs and
atior

55 nmber given
program nbmode
INCLUDE *nbmode .h’

ns, np, v, Kk, X
6 £

print ¢ ("/ Data file> "§)¢ ! Request data file

print ©(* Print ctl> "5’ ! Request print control
x
pen (10, file=fom, status = "OLD"
t

Setup geometric structw
adta for individual bodies

* read (10, %) ns, np, dt ! Integration parameters
0f

print 21, N3,
Boruns (7, 14, * bodtes, geonetry allows *, 14)
print 22,’6,
Foruat (G - © delta-t = %, £12.5)
Point e v simalated tine - 0"

Call print_state(PX)

call GM_timer_stop(1)
call GM_timer print (1)
print 23, kena*dt
FORMAT (/ " simulated time = ", F9.3)
call print_state (PX)

end do

end program nbmode



@ocenecaaannnnncaccac0ac0a0000

Data £iles:

N No. of explicit bodies

Xy Position of body 1

xyz Position of body N

vx vy va Velocity of body 1

wx vy va Velocity of body N

m Mass of body 1

n Mass of body N

9 Gravitational constant

ax Number,

ar an radius, mass of asteroid group
: more groups

nx Number,

ar am xxdiux, mass of asteroid group

= Sto

s Nomber of time steps per phase

o Number of phases

a Geltat(per tine step)

Further data in the file will be ignored.




000000000000000000000000N000000000000000N00000NNNN00N00

N-body calculation using the modified Euler method.
processors to calculate accele:

Uses 0°2)

whamede. feum

ation

Daca arrays (position, velocity, scceleration, mass)
N, ze

N, 3), organi

W

(©
/

ftdSpvns

Corrent,

and common block /NBODYF}

N -
.

are defined in the file

System wide conventions

Batries (4, 1, )
except  GI (:, 3 1)
This is intentionally re
perform many redundant c:
File: nb2mode.fem

setup() -
Initialize coordinates,
subroutine setup()

INCLUDE *nb2mode .h?

'SPREAD (SPREAD (1

Particle (3)

ozdr

active in

integer <
real, the

next positions

Grmass (3)

entries
acceleration

B/ with

- N, act

ual no.

“y/7777777777777777|

and common block /NBODYPE/

of bodies

gravitational constant

nb2mode.h

regarding data:

coma:

- data for particle &
s (3)

dundant, and the programs

alculations.

logical flags

N, 2, W, 3, 3)




acce o

3 = SPREAD(SPREAD([1:N], 1, N), 3, 3)
c = SPRERD(SPREAD ((1:3) 1, W), 2, W)
dtag = (L em ) -

e subioutine setup

- nie() -
Load dnitisl positions; velocitiss, also masse
gravitational o AL are read from logical’
ates masses over H.yes:
Data for particte L are Tere i 1
subroutine init()
INCLUDE nb2mode. b
integer k
X0'= 0.0 ! For unused particle:
vo = 0
do, k=1, NB
ead (10, *) X0(k, 1, 1), X0(x, 1, 2), X0(k, 1,
end do
do, k =1, N8
Tead (10, %) VO(k, 1, 1), VO(x, 1, 2), VO(k, 1,
! For unused particles
1,
i
nd subroutine init”
- mkast (nx, ar, am)
rt nx asteroids at radius ar with total mass am.
iis sommes that an orbit of radive 1 Shoutorigin
corresponds to (e.g., au-earth-yr units).
fotiprsiolivira ot K i

subroutine mkast (nx, az, am)

integer nx Number of new asteroids

! Orbit radius, total mass

INCLUDE *b2mode. h* .

1, parameter:: TWOPT = 6.2631853

real; array(L:N, 1:N, 1:3) i: sx, cx, arg
real’ sp:

{teger nn

print 21, nx, ar, am
FORMAT (" Making ", 14, " asteroids, radius
B F10.5, " ¥8.5)

An = NB + nx

spd = THOPI/sqr (az)

where ("3 < 1) Land. (1 <= nn) )
arg = (TWoPI* (1 = NB))/
ax = sin(arg)

3

3




x = cos(arg)
end where
.m. Clm < s and (4 <en and (@ o)

where ( m <4) .and. (1 <e nm) Land. (e == 2) )
X0 =

Voo ax
nd where

where ( (N8 < i) .and. (i <= n) .and. (¢ == 3) )
X0 = 0.0
0.0

and. (4 <= nn)

B = o
end subroutine mkast

print_state(?X) -

© Print current state of system according to PX
See comments for main program for PX settings

broutine print_state (eX)
Tnceger P Print control
Y INCLUDE nb2mode. h*
integer k, np
np = KB
if ((PX >= 0) .and. (X < NB) ) np = BX
print 2
21 FomwAT (/ " x ¥y .
B e vy v aj

do, k =1, np
Print 23,k X000 1,1), X004 1,20, K00 L3),
(1107 VO(k,1,2), VO(k,1)3); MICk,1,1)

end do
22 FORMAT (X, I3, 6F10.5, E10.2)
end subrout ine’print_state

-

print_x(ax, mx, ox)

© Print ax(linx, linx, cx), ax <= 10 (for testing)
subroutine print_x(ax, nx, cx)

INCLUDE  nbZmode. h*

integer nx, ox

integer
m = min(nx, 10)
do, u in
print 21, ax(u, 1:im, o,
20 Fomwr (‘100X : 3.2 3
do



end subroutine print_x

Grav (x£)

tions (Newtonian gravitation)
€ Uses tompletely parailel caiculation, 'ignoring
ymetsy of force. Acceleration for body i is

G heceroration on pody 4 B0t body 3 1s catcutated
C in entries B

function Grav(xe)
INCLUDE * nb2mode. h*
real, array(L:N, L:N, 1:3) :: XE, Grav

cMPE ONDRD XE
CMES  LAYOUT XE(,,)

real, array(
integer k, m

L LN, 1:3) 55 Ae, D, R, X3

©  Spresd Xt across 3 from diagonal:
Where ( diag
-

uhere
3 = -1830 ! Bnormously negative
end where

X3 = STREAD (AXVAL (X3, 1), 1, W)

7, 1) ! For testing
X003,

! Displacement

! Protects from div by 0

Trer testing
R = sar :(svkw(sunm-n 3,3, 3)
rine

Ga1l print. g T For testing

1

Prints, wMINGR) - uno (R

Shere Cacev) A = GIDIRES
e £ L

1) ! For testing
2,2 M
end function Grav

c modeul (h, ns)
C Perform ns steps of modified Euler with time-step h.
€ X0, VO are taken to be current state, and are updatid
€ yifn fimal state; X1, V1 are used in the process.
C Note that X's, V's are calculated redundantly
subroutne modoulh, ns)
real h
Totoger ne

INCLODE * nb2mode. b’



INTERFACE
function Grav (xe)

1 o
V1 -0+ h2tGravixo) !

INCLUDE * nb2mode. h
real, array 1 : xe, Grav
CMPF ONDRD XE
CUFS  LAYOUTXE(,)
END INTERFACE' -
1 h/2, for convenience
teps
o
o 1t Eer testing
| Haleuay positions

Hi)f-vay velocities
| Next positions
| et Salscitis

© - just performance data
11

¢ a)
c >0 - number given
program nb2mode

INCLUDE rnbZmode. h’

integer ns, np, v, k, PX
real dt, ar,

Charactersst fam

kA

prine "/ Data th1e> "¢

Request data file

Tead *,
. print '(~ Print ctl> ")’ ! Request print control
Fead *
© Begin initiatisati
open(10, file=fnm, status = "OLD")
read (10, *) NB
call setup() ! Setup geometric structure
call init() | Read data for individual bodies
©  Read "asteroid” descriptions from
read (10, *)
do while' (ns > 0 )
read (10, *) ar,
call mkast (ns, ar, am)
read (10, )
nd d
read (10, *) ns, np, dt ! Integration parameters
close (10)
print 21, NB,
21 Bommr (7,"%, T4, * bosies, geometey allows %, 16)
print 22,6, at
22 FORMAT (" G = " E13.6, " delta-t = ", E12.5)
pris similated tine = 0"
call print_state(pX)
€ soale masexand dlstzibute, set scty

where



! Enormously negative

Y GJ = SPREAD (MAXVAL(G3, 1), 1,
A t

7, 1) I For testing
actv = (i Z= NB) .and. (j <= NB) .and. .not. diag
print *, acty-: "

=11
print *; actv(k, 1:7, 1)

coooo oo
2

call GM timerstart (1)
call modeul (E, ns)
call CM_timer_stop(1)
call GM_timerprint (1)
print 23, kenstdt
23 FORMAT (/ " simulated time = ", F9.3)
call prine_state (PX)
end do

end program nb2mode

C Data files: See nbmode.f




C Header file for nb2mode.fem . See that file for
C explanation.

sntegex, pacaneter
Taat, aichy (A
@ cor oword o, u,
S s o T Mmoo
ool 30! ),
)

61
G X0 X Vo, V1 WL G

g

oMPF ONDRU ¢, 4,

HFS LRYOUT €(0): 5000, 30
common /nBoDYRE/ €, 8,
logical, array(L:N, 1,

CMPF ONDRU diag, actv

CMFS  LAYOUT diag(,,), actv(,,)
‘oMMON /NBODYPE/ diag, " actv

B
COMMON' /NBODYFE/ NB.

dtag, actv

real G
COMMON /NBODYFE/ G



@

© Header file for nbmode.fon . See that file for

C explanatic

N -
i xa. X1, vo, vi, u, ou

gex, par:

real, array(1 )

S o, M vb,

e TAYOUT X0y K110 VDL, Vi Mg G
comon /usooies ko) 1,16,

N i

M ONDPG !
CMFS LAYOUT €(,), 1(
N /NBODYPE/ ¢, 1
integer N
N /NBODYFE/ NB.
real

COMMON /NBODYFE/ G



7

-0.2594970 -0.9809988  0.0000000
019996320 1.1499410  0.0000000
4145586 418663114 -0.0515851

010000000 0.0000000  0.0000000

19726963 -1.6298815  0.0000000
2815  3.8956787  0.1898075
216809127 08989233 -0.0565152
114776006 -1.5171660 0.0851270
019138937 -1.1634981 -0.0161611
110961944 02943595 -0.0193314
010000000 010000000 0.0000000

0.0001185684121

9
2.8 0.01
=

@ 25 0.01 000000

6.0 8.0 -4.5 4.5
EMISONG




b
~g.254570 -0.9809088  0.0000000
l148410

010000000 00000000 0.0000000
9726963 -1.6298815  0.0000000

312802815 318956787  0.1898075
216809127 08989233 -0.0565152
5171660  0.0851270

o

10 K
019138937 111634981 -0 0161611

012943595 -0.0193314
010000000 010000000 00000000

7.25
33298800
0.0001185684121

s
2.8 0.0
16

@

20 5 0.01 0.000002

-8.0 8.0 4.5 4.
EMISONG



2

“0.2594370 -0.9809988  0.0000000
3536320 1i1eoo410  0.0000000
Diilissee  slpessni -ol0sisest

@ oo sl olesers

61847650 1100041420 01396083
Siiee iz ol

010000000 00000000  0.0000000
5.9726963 -1.6298815  0.0000000
312802815  3.8956787  0.1898075
216809127 08989233 -0.0565152
114776006 -1.5171660  0.0851270
015138937 -1.1634981 -0.0161611

1.0961944 -0.2943595 -0.0193314
010000000 010000000 00000000

33298806
0.0001185684121

B
2.8 0.0
16

20 5 0.01 0.000001

-8.08.0 -4.5 4.5
EMISUNG



1

ol
317084
9517
1450
17.25

332958.00

0.0001185684121

s

2.8 0.01

1

2.5 0.01

3
2.7 0.01
i

200 5 0.001

-0.2594970 -0.9809988
019996320  1.1499410
114145586 4.8663114
618020321 * 61397428

1811847610 119941410
709557686 -29.2145712
010000000 010000000
5.9726963 -1.6298815
312802815 38956787
216809127 08385233
14776006 -1.5171660
015138937 11634981
110961944 -0.2943595
010000000 00000000

1.00

0000000

0000000
0000000

10000000



k]

-0.2594970 -0.9809988
019996320  1.1499410
114145586  4.8663114

5

B 2139712
010000000 0.0000000

5.9726963 -1.6298815
-3 318956787
216809127  0.8989233
114776006 -1.5171660

05138937 -1.1638561

110961943 -0.29435

010000000 00000000

1.00

332958.00

-
20 5 0.01 0.000001

-8.0 8.0 -4.5 4.5
EMISONO.

0.0000000
010000000
-0.0515851
165
10000000
0.0000000

0.0000000
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Some Essentials of Partial Differential Equation’s

These notes incorporate much material from notes by G.C. Fox for
2.

PY cps 615, Fall 199

Three classical, 2nd-order PDE's

Following earlier conventions, for a function Ulx, y, ...) we write

a2 0

e = (the second partial derivative)

e
and define the “Laplacian® of U
Lap(©) = Uxx + Oyy in 2 (space) dimensions
Lap@) = Uxx + Uyy + Uzz in 3 (space) dimensions

and so on for higher dimensions.

Alternate notation:

2 n
Lap@® = 7 U [ sometimes / \ U]
\/ -
@ oriecers mwation:
Lap(©) = 0 ( evlsptic ) °

Inhomogeneous for
Lap(©) = c(x,y) [ Poisson’s equation ]

Wave Equation:

ruee [ hyperbolic |

1
Lap(v) = -
o2
Here U is a function of t in addtion to x, y,
Diffusion Equation (or heat equation) :

1
Lap(®) = -+ U [ parabolic |
x

L —
o+ e + o000 = 600

where a, b, c, d are smooth functions.



Wherever a(x) 1= 0, if we know U(¥) and Ux(x) then
The equation gives Uxx(x)

Repeated differentiation of the equation yields all higher derivatives

U s completely determined in the neighborhood of x by U(x), U (x).

Boundary conditions for PDE’s in 2 space dimensions:

In analosy to specifylng U(x), U (x) for 0DE, it is natural to specity
boundary conditions along a "eurve

Cauchy boundary dat:

U, d0/dn (normal derivative) specified on C

These sizendy decernine du/ds (derivative tangent to C), 8o they
could p be sufficient to determine the solution

Boundary data on a closed curve:

Giving U and d0/dn at both ends
Tooks Like overspecification.

Dirichlet boundary data:
U specified at every point of C
Neunann boundary data:
40/dn specified at every point of C

The appropriate boundary data depends on the nature of the equation.

Characteristics

Consider a general 2nd-order equation

® -

Cauchy data at a particular boundary point (x0, y0) in effect give

a%Uxx + brUxy + crUyy = B

& may involve U, Ux, Oy, x, and y.

U0, YOI, P = Ux(x0, ¥0), q = Uy(x0, yO)

These give E(x0, y0) directly.



write
£ = Uoc(x0, y0), s = Uxy(x0, yO), € = Uyy(x0, yO)
@ 1 (0 ¥0y) o an infinitesinal displacement ALONG C we have
dp = £rdx + srdy
dq = sdx + tady
E-rta v 4t
£, s, t are uniquely determined if the determinant
Jax ay 01
170 ax ay =0
la b el
Put another way, if
a%(dg)~2 + brdxrdy + ot (N2 = O
[Characteristic equation]
a%(dy/dx) "2 + bA(dy/di) + ¢ = O
then Cauchy data on C do not determine the solution at (x0, y0).
At any point (x0, y0), the ‘characteristic equation’ has 0, 1, or 2
Solutions defining the slope(s) dy/ax of the chazacteristic curves’
through (x0, y0). There are three cases:
B2 > 4rare

Wave equation: Uxx =

aeiben e e
Cwsanea - UeE or awrae = /e
)
b
® .....

Laplace’s equation: Uxx + Uyy = 0



a=1, b-0, c-1

(dy/dx)~2 = 0 = No solutions

@ on e b cosctually depend on x, y, ¢t the equation cen change charact
£rom one region to another.

Usual boundary conditions

Equation Boundary Curve  Boundary Data
Byperbolic Open Cauchy

BLptic Closed Dixichlet /Neunann
Paravolic open Dirichiet/Neunann

Hyperbolic Boundary Conditions

We may assume C

x+tm

Change coordinates to v, w using x + t =w, X - t=v, or
xm w2, tm -2
It is easy to see that the wave equation becomes
U = 0
which is solved by
U= £(v) +g(w, € andv any differentiable functions!
@  suvrose ve have Cauchy data on A—-B, namely U(x, O) and Ut(x, 0).

Then
U 0) = £+ g0

UE(x, 0) = £ () + g' (x)



We can obtain a solution by assuming that g(A) = £(A), so

9(x) "= £00.= INTEGRAL g* (r) = £ () dr = INTEGRAL Ut(r,0) dr
FEEY RSy

o ..

£00 = 0.500 UGk, 0) - (G - £ )
900 = 0.5%( Uk, 0) + (g0 = £6) ]

From the figure ve sue that the solution is deternined uniquely in
The aiamond ACBD but not outside

complicated situations can also be analyzed, but in general ti
Solation Lo Bcterained only in s boanded redion Linited by the extent
or the

Elliptic Boundary Conditions

have sizendy discussed Laplace’s Bquation. Dirichlet data cleacly
determine a unique sol

suppose.
- U1, U2 are solutions of Laplace’s equation in a region R

U1 = 02 on the boundary of R (a closed curve)

- U1 - 02 s a solution which is 0 on the boundary

= by the maximum principle, U1 - U2 = 0 in the interior.

ne Gan also show that Neumann data determine the solution up to an additive
Constanc. "Cauchy Gata clearly overdatesmine.the problen

Parabolic Boundary Conditions

For the diftusion equation, Uxx - Ut, the characteristics sre the
lines t = constant, .

Reasonable data:

Ulx, 0) or Ut(x, 0) for all x (not both)

Example:
T 0 for x < 0




Ve, 0 =
I_1forx>0

One easily checks that the solution is
. 1 x/sqrt (£)
T -+ "INTEGRAL exp(-v~2/4) dv
2%sqrt(pi) v = -inf

This can be derived from the scale invariance of the problem,
Tiom unich one sees that
Ulx, €) = £(w) for some function £, where w = x/sqrt(t)

uex, 0) vk, £, €30

Ulx, 0) for a <= x <= b with

bis, 1) and 0, 1 fox 0 <ot 1
[ S RS S s e

One could ins use Ut(x, 0), Ux(:
oraone mixture of values and derivatives.

ox(b, )



Hex wokeg

Iterative Methods for Sparse Systems

of Linear Equations

Useful for selution of sparse aystems such as those which arise
in the solution of PDE‘s by finite-difference method:

Point-Jacobi iteration for Laplace’s equation in a rectangle
is a classic example (discussed earlier)

- Require storage only proportional to N for a problem with N
grid points, rather than O(N'2) for typical direct method

- Many are amenable to efficient parallel implementation, at least
for’1arger problems

May suffer from slow convergence, especially with bad starting
quesses

Bach iteration suppresses rounding error from previous iterations,
methods are relatively insensitive to rounding e

Basic Iterative Methods

¥e illustrate using the discrete Laplace equation in  rectangle with
@ e fomidior s-point operat:

DL, 9 = (DU, 9) 4 DML, ) UG, 34 4 06, 3D M4

to be satisfied in the interior of U(0:M, O:N).

Point-Jacobi:

+ g
+ o

DL, 181 im 0.25%(C M, 1:8-1)
+ D(Lim- M1, 2 )

- Easy and efficient to implement in parallel

- Rather slow convergence



Gauss-Seidel.

- Many found the Jacobi iteration awkward in a sequential
implementation - 80 much so that several implemented Gauss-Seidel

Y imavertantly

Natural Sequential version:
do i =1, M1

L N1
U11,9) = 0.25%( U(L#L, §) + U(-L, ) + UL, 341) + UG, 31 )
13
i

- Each step uses most recently calculated values
-~ Gives better convergence than Jacobi with same effort
- Terrible for parallel calculation as stated

BUT: order of updates need not be the order just given!

Red/black ordering for Gauss-Seidel:

- Neighbors of "Red" points are all "Black"

- Neighbors of "Black points are all "Red"

- A correct version of Gauss-Seidel is to update all red points
simultancously, then update all black points using the red
Values just calculated

- Implementation discussed later

- Red/Black ordering for 3-D grid:

[ VIV



Succesive Over-Relaxation (SOR)

- Gauss-Seidel, though better than Jacobi, is usually too cautious

- A licele often
convergence.

quential SOR with relaxation parameter W:
ot nl
1
% ci1citate Gauss-Seide update for U(L, 3
i 0251 Uil 3 +UASL 3 Sl ) Ut 3
} Qvei-rela to Gotain SOR ub
. 10T Rt 9

- Metake 1.0< W < 2.0, the precise value deternined by numerical
experiments (more on this later).

- W= 1.0 gives Gauss-Seidel, W < 1.0 is pointless, W >= 2.0 destroys
Comvergence

- See redblack.f(em) for implementation.



Laplacian in Cylindrical Coordinates

Notation
U is the function in question,
Coordinates: X, ¥, R, A (2 is of no concern
X = Rtcos(h), ¥ = Resin(h)

Derivatives: Ux, U, Ua, Xz, Xa, Uxx

The derivation

Ur = OxeXr + OytYr

e = @eXKE + @R yeEE
- (OxKe + UytYE)XKE ¢ (UxtKE + UyeYE)yeYE
= OxxeXr + UxeXex + UyxeYs + OysYes) Xr
+ (UxyeXe + UxeXey + Dyy¥r + Uyexey)o¥e

Ua = Ux*Xa + Uy*¥a

= (Uayx*Xa + (Va)y*Ya
= (Ux*Xa + Uy*Ya)x*Xa + (Ux*Xa + Uy*Ya)y'Ya
= (UxxtXa + UxtXax + Uyx+Ya + Uy*Yax) *Xa

+ (Uxy*Xa + Ux*Xay + Uyy*¥a + UyeYay)*Ya

Yow
Xz = cos(a) Yr = stnm)
Xex = Xey = Yrx = Yy = 0
Xa = -Rsin(A) = ¥ Ya = Ricos(h) = X
xay = -1 Yax = 1
Xax = vay = 0

Ur = Uxtcos(A) + Dytsin(A)

‘ U = (UxxtXz + Uyx*¥r) *Xe + (Uxy*Xz + Oyys¥r)e¥r
- UxxAXEN2 4 290ky*XEtYE + Uyy*Yeo2

= Uxx*(cos(R))"2 + 2+Uxy*cos (A) *sin(A) + Uyy* (sin(A))"2

Daa = (Uxx*Xa + Uyx*Ya + Oy*Yax)*Xa + (Uxy*Xa + Ux*Xay + Uyy*Ya) *¥a

¢yl ustea



- UxxtXa®2 + 20UxyXaYa + UyyYa“2 + Uy*Yax‘Xa + UxtXay*Ya
Uxx*RA2 (310 (A)) "2 ~ 29Uxy*R°2+55n(A) *cos () + Uyy*R"2* (cos (A))~2

Clearly now,

UE/R 4 Urz + Daa/R*2 = Uxx + Uyy



Lena. noteg

The qrid, with boundary condition

Axis M Axis
4>

U linear:
U = (1000%1) /4

0+ (2000e11 /o o axts

Problem size for parallel computation:

Saoh of 1 union 12, 52 union X3 blg eaough €0 £111 computa,
o MiNx, NtMx > OK,

We can allow smaller problems for convenient testing.

Decomposing the region for data-parallel comp:

Axis calculation is a nuisance, though fortunately fatrly sinple.
To avoid doing it more than once, we consi

Region A = R2 union R3 Region B = Rl

What happens at the interface:

Closer view of grid near plate-tube corne:

o ¢ 2 Boundary
4+« 41 a-updsedina
Arzay B 5 C Upaste in B
. Ry
N b b b b 41k 4 b 4
Arzay A



UAO:Mx, 0:N)  updates (LiMx-1, L:N-1), (Litx-1, 0)
* 1 x PR

i

1)

i

UB(N-1:Nx, 0:M)  updates (N:NX-1, 1:
* 1 x

Why is UB "transposed™? ¥ is likely to be small; DECmpp works best
axis 1 is 126, axis 2 is 64 (or multiples mmn B L rere Feninte,
But "the transposition shouldn:t murt particularly

L 0:M) = UAO:M, N-1:N)

Overlap: UB (-
Program arrays:

2A(0:Ax, O:Rx) using 7A(0:Mx, 0:N)

corresponding to 1 = 0:Mx by k =

B(0:Bx, 0:Dx) using 7B(0:Nx-Nel, O:M)
. corresponding to k = N-1:Nx by i = 0:M

|
|
|
|
|
S

axts 2

Constraints on problem parameters:
0 <M< Dx M<mx <m Ax
0 <N < Rx 0 <Mk - N+ 1< Bx

Block SOR in the red/black ordering




Classification of points

Red/black in the interior of region A

Red/black on the axis in region A (Region "X")

Red/black in the interior of region B
(includes points k = N, 0 < i < M)

Rather than vpdate say A red, B red, then A black, B black, it is

ay
easier and quite proper to updat

it as six "colors" rather than two.

In any case, we have

ing
Vateh out for consistency in the woveriape between A and B.

Without trying to develop the theory, we should

Still pick W so that
1ew<z.

W =1 corresponds to "block Gauss-s

eddelr.

Computational effort, performance

For the programs len.fcm, lensor.fem. len

A dnterior: (N - 1)*(Mx - 1) points
B interior: (M - 1)*(NX - N - 1) points

X tnterio:

(4x 1) points
Normal update: § flops/point
Axis update: 6 flops/point
Arithmetic effort per update cycle:
(B4 (N-1) + 6)%(x-1) + 8+ (4-1)* (e - N - 1)

. £om:

= (8% - 2)%(4x-1) + BHE1) (N - N - 1)

Initialization for each group of iterations

3Ax + DtRx + 1)+ (Bx + )% 0x +
Maximun problem configuration:
M= Dx, Mx = Ax, N=Rr Nx=Bx

Tests so far use Ax = Bx = 127, Dx = Rx = 63,
are 128 by 64.

)

+Rx -1

50 array dimensions



Elsctzostaci lens calculstion, bused on chapter 7.
Uses block SOR with red/black order

Aaxiiliery ovtines in sensasx.

SOR function in lensor.f

File: lens.f  °  Included file: lens.h

Domain is represented by two groups of arrays

U - potential

0-1000

0-1000

Parameters and global entities are defined in
the file lens.h using common blocks

JLENSFE/ - scalars /uENSEE/ - arrays
Ax, Bx, Dx, Rx - Parameters for array dim's

M, Mx, N, NX - Problem geometr:
I KA 150 KB - problen Soorainate arrays
- The poten
Ared, ‘Bred  Mark zed interior entries

Ablk; Bblk -
Xred, Xblk - Mark red/black on axis
T < sor

Manage tests and examination of result.

progran testiens
INCLUDE * len

INTERFACE
logical function checklens()

END_INTERFACE

‘INTERFACE ! Compiler doesn’t seem to get it
zel function SoRtens (35)
integer

o0 TNaRREACE

character+S0 buff I For terminal input
integer iter, titer

real Up, ep:
double precision eltn | For elapsed time on Qi
logical more

b .,m. < more )
M, x, N, Nx > §)

Lora A



read *, M, Mx, N, Nx
more = .not. checklens()

end do
call setuplens()

O T N
c sm,? Fesuits untid user decides to quit:
Brine +. -specxty zanges in problem coordinates.”
s (e (AIBINIR)>"8"
W) ox. Gugeail) == a) )

P
. X1, K2)

o M N, T2, ) k)
end do
end progran testlens



Lo qux

Blectrestatic’lens calculation, based on chapter 7.
Initialization and output routine:
See lens.f for further notes.

Included file: lens.h

File: lens.faux

Check problem parameters for consistency and
res

3
8

$ pazamaters OK, FALSE othezwis

1ogical function checkions O

INCLUDE
Ineper nd
logical OK
- ToE.
nd = x - N+ 1
ie ( .n S cand 4 < D) ) chen
print must Satisty 0 <M & m ox
OK =
end
= Ax) ) then

3 ¢ not. < x and. 1
£int 1, T and dx must ‘sacioty
Ax

P
» T
OK = 3

end 1]

€ ( .not. (0 <N .and. N <= Rx) ) then
printt; W muse Satisfy o <R kem R
OK = .FALSE.

end 1t

12 (not. (1< nd and. nd <o B ) then
PEint *, "We require N < Nx
print *, " "
O = FhLsE.
end 4]

. eheckiens =
i Function eheckiens

Setup problem geometry - fills IA, KA, IB,
e used in Cureent provien.
for updated entries
5/

Uses problem parameters from /LENSE)

subroucine setupiens )
INCLUDE " Ler

Land.

Interior
== 0)

(Tand (1A - KA, 1)
(-not. Ared)
©<m Land. (18 < wo)
Rxis interior
=0y

(rand(aa - o, 3
a)

0:5x. + N1
Land. (1B < M) .and.
and. (KB < Nx)

! Interior
Brec o4 and. (and (i3 - K8, 1) == 0)
Bblk = Bblk land. (ot Bred)

end subroutine setuplen:

tem



Initialize boundary values and interior for boundary
potential p (typically 1000.0). Uses problem
Paxametors and’ coordinate airays from JLENSIH/.

The update sequence is presumed to start with A

subroutine initlens )

Tnctobs “Tens ne’
! For interpolation

- 0.0 ! nveed encrios and mid-plane
Vhere Cnmm o ight
o and."0%< 1 and! TAC U
R (e ! Axis
ere ( KA == N .and. M <= IA .and. TA < MX )
s

N .and. 0 < IA .and. TA < M)

£t
! interior

UB = (1B%p) /M
and subsoutine iniciens

C Routines for printing UA, UB adjust coordinate

c
c
C Parameters are problem coordinates, not array
C coordinates.
c

Print UA(11:12, K1:k2) using F8.2 format.

gubroutine prA(l, 12, K1, K21
2

PH
21148
Rx

Kk, "UA(11:12, KK)
22 FomwaT (ix, 14, 9(F8.2%))

do
end subroutine prA
© Print UB(11:12, K1:k2) using F8.2 format.

gubroutine pra(il, 12, Kl ko)
inceger 11, "1z, ¥, k2




integer
i2 >

it

2)
sguen

print 22, Kk, uu4kk.u.x, 11142
Foruar (ix, 14, sre.2:

nd sebrontine prs




coooa

Electrostatic lens calculation, based on chapter 7.
SOR function for ler

Rixiiliary Toutines in’sensaus.fom

File: lensor.fem Included file: lens.h

zextorn it iterations of block SOR on the lens.
estimate determine =
ver this biock of iterations.
esult in UA, UB.
Update sequence is
zed,

Ablk, Xred, Xblk, Bred, Bolk.

feal function SORlens (it)
integer
“lens.ne
UAL, UA2, KAp,
UB1; U2, Kep, Kem

Tealq, omew, sixthu: ma, mb
= 0.osww For convenience
Sixthu = w/6.0
VAL = UA ! Initialize everywhere
UA2 = UA
where (KA >0 ) ! For cylindrical coords
p = 0.5/KA
elsenhere
o
end where
S10-mw 1 (1-1/20
KAp = 1.0+ KAp ! (1+1/20)
Bl - UB
B2 - UB
KBp = 0.5/KB ! For cylindrical coords
KBm - 1.0 - Kep 0 (1 - 1/2K)
wp ol vk (1120
do, 3 =
Cnace (' nred ) interior
s < "npebsnrer uni12) b
. + KAYCSHIFT (UAL, 2, -

w2 = oRy ConrrT (ond i, 1)« comrriont, 1,1
AL = quiUA2 + onew:

o 3 oL

Shere (o1
% { Sty conrzon i,

UnL S Sivemr g o oheuinL

wot, wD) 1t overtap

cs 1)
sz = U2+ CORERT (UL, 3, 1) + CoRIFT(WBL, 2, 1)

Loraor fem



UB1 = qutUB2 + onewrUBL
end where
where ( Bblk )
fpcsurrT (s 1. 1)
+ KBn*CSHIFT (UBI, 1,
usz = us2 + CsuIrT(uBd 51) + conrriost, 2,1
UB1 = que
end where
a

Mol M) = UBL(L, 1i-1) overlap

VAL
end do
a = maxval(abs (UAL = UA))
® = maxval(abs (UB1 - UB))
SORlens = max (mxa, mxb)
print *, "mxa,b, ans ", mxa, mxb, SORlens
ork

UA = UAL 1 print makes it wos

B = B!
end function SoRlens



c

curs.

curs.

Parameter and global
§ ThaTversions dofines sma) acaye for testing.

detn’s for Len

integer, parameter - 127, Rx - 63,

=127, bx - 63

integer M, Mx, N, Nk
real'w

COMMON /LENSFE/ M, Mx, N, Nx, W
real UA(O:Ax, 0:Rx), UB(0:Bx, 0:Dx)
couion/Lwsis/ un 'us

LAYOUT UA(,), UB:

integer, array(0:Ax, 0:Rx)

x, 0:Dx)
COMMON' /LENSPE/ IA, KA, IB,
TOUT TR, HACT, B0y, KBU)
Jogtont, smmyiounn, Ablk, Xred, Xblk
logical, ar Dx) : :Bre

ConmioN /LENSPE/ Ared, Ablk, Xred: XbIk, Bred, Bblk
LRXOOT Acad(, ), Mok, Xked (s ). X1kl

LAYOUT Bred(;); Bblk(
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