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Orthogonal Polynoat.

Abrasovitz and Stegua, Chapter 22.

Dennery and Krzywicki, Chapter III, Section 10.

G. Szeg8, "Orthogonal Polynoatals" (vhole book!).

&) Defintng Property

B) Recurrence Relation

P = (g % +3) 5, - Cp, ()
Lot k, = coeffictent of x* ta p,(x)

) = couttictent of ™! 1a 5 ()

Then A, =k, /k

2
1%

LN
LSl L



© Chrtstofte

oux Formul

Let K (x,y) = I (x) py ()
X ERAL NN

Theoren:

LY

PPy (X) = p (XDp ) (7)
) - o PaPatn®) - Py @oa ),
= o+l =y

Theorem: Asong all polynoatals 7 (x), of wnit norm, and degree n, L.

[y | vhere y 1a an

[ w)|x, |2 dx = 1, the one that mexisize
asbitrary complex potat 1o

AR NV )

where © 1s an arbitrary real nusber.

D) Zeros of Orthogonal Polynomtals

Theores: The zeros of p,(x) are real, distinct and all lie in the

tatertor of [a,b].

Theor

The zeros of p (x) and py,(x) interlace.

Theoren: Between any two zeros of p (x), there is & zero of p,(¥), = > n.

Theoremi Let (a,8) be any subinterval of the finite interval [a,b]. Then

for sutficiently large n, p,(x) vantshes at least once fn (,8).



Theores: d = ||£(x) -

|| 1o statatzed by 1) = E /R,
a0 = o /R

where oy = (5,0

Here 7,(x) 1s an arbiprary polynomtal of
>

@0 = [ v 8" £ ax
sl = Go*

) Gaussien Integration
Theorem: 1f x,...x, are the zeros of p (x) and m, ) (x) ts sy

polyncatal of degree Zu-1. Then

V) 1 dx e T Am (e
20-1 &) M2 )

where A = 1/ (x;,%,)



Classical Orthogonal Polynos:
These have all above properties plus

) Gemeralized Rodrigues Formila

P, = Cpgy @) = b & e

2 2 C@® TE@ n

here

(@) Cgyy () 18 a first degree polyncatal in x.

(11) 8(x) 18 & polynomtal fn x of
(110) w(x) is real positive, integrable sad

condittons:  w(a) a(a) = w(®) () = 0.

®) Differencial tquation
4 i
Lt oy = - v 0 @

2,
4 é
ca gy k@D




1 Examples of Classical Polynota:

(1) Beratte Polynontals K, (x)

Standardization X = D"
Constaats 2" 0 by = 2l
gt & (o
Rodrigues formula B, = D £ @)
o
i ¢
Differentisl equitton S5 800 - 2B W + 2,00 = 0
a
Recurrence formila By () = 2, - 208, () .

(D) Laguerere Folymontats 1)

Standardization K, =t
— e - Satpe
Rodrigues formila e = b L

& v, 4.y v
Differential aquation U@+ e @ s -0

Recurrence formula (ALY, () = GarH-nL () - (el ) ()



(11 Jacobt Potynoatats "0

Standardization X, = %t

_— e ), g

2 ) )
by = S Da sy

. .
NA— 10 + S ™ Lo

Ditferencial equation W )+ fueve ey 2V 0

+ a0 = 0

Recurrence formula 2(0) Garert) C2arei)? 1Y ()
= Qutvht) [2utvh) Qurvhin2)xri-u 120 ()

= 2(a+) (ah) Qmrrn2)e ) ()

"he aysbol () should be resd
:)_ r
. ) Ry

which for integer y and x redudes to the vell-known expression

B



(1) Gegenbauer Polynoatals Ch(x) (special case of (111))

Standarddzation £ - ot Hensaran

Constants LI Lol
ArEro
n - STy
Rodrigues foraula o) - CRIEI0M (2 &g a0y
ol T ) o
2
Ditferencial squation - A - @anx el +a@ncim =0
o
A Y A
Recorrence formila @k, () = 2@k - @Dk @)
) Legendre Polynontals ?,(x) (spectal case of (1)
Standardtzation

Constants

Roditgues formlat

Ihe generalized Rodrigues formila is & gensralization of this particulsr

formula, ortgiaally derived by Rodrigutez.



2 & 4
Differeatial equation ) S r 0 - 2 0 4 a7 -0
e
Recurreace formla @R, ) = Qe =2, () - 0R, ()

(1) Tchebichet Polynontals of the First Kind T,(x)  (spectal case of (111))

Standardtzation - et Lt
E;
Constants D R 1
oyt . ’
Rodetgues formile nm = ST 2 £ futyet]
i o

[P —— 10 k@ +alnw -0

Recurrance formula T @ = 20,00 - @
(V11) Tchebichat Polynontale of the Second Kind U.(x)  (apectal case of (111))
Scatardtaaton 5, - G

2%(e+1)t

Constants

. (1)°2 1) ¢ 2,
Todeigs formile o0 = R e £ o]

2
Differential equation u-x'y:—}- T - 3 U0 +a@ed) 1) = 0

Recurreace formla Ty (0 = 2 = U ()
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