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Abstract—Multichannel radar depth sounding systems are able
to produce two-dimensional (2D) and three-dimensional (3D) im-
agery of the internal structure of polar ice sheets. Information such
as ice thickness and surface elevation is extracted from these data
and applied to research in ice flow modeling and ice mass balance
calculations. Due to a large amount of data collected, we seek
to automate the ice-bottom layer tracking and allow for efficient
manual corrections when errors occur in the automated method.
We present improvements made to previous implementations of the
Viterbi and sequential tree-reweighted message passing (TRW-S)
algorithms for ice-bottom extraction in 2D and 3D radar imagery.
These improvements are in the form of novel cost functions that
allow for the integration of further domain-specific knowledge
into the cost calculations and provide additional evidence of the
characteristics of the ice sheets surveyed. Along with an expla-
nation of our modifications, we demonstrate the results obtained
by our modified implementations of the two algorithms and by
previously proposed solutions to this problem, when compared to
manually corrected ground truth data. Furthermore, we perform
a self-assessment of tracking results by analyzing differences in
the estimated ice-bottom for surveyed locations where flight paths
have crossed and, thus, two separate measurements have been
made at the same location. Using our modified cost functions and
preprocessing routines, we obtain significantly decreased mean
error measurements from both algorithms, such as a 47% reduction
in average tracking error in the case of 3D imagery between the
original and our proposed implementation of TRW-S.

Index Terms—Feature extraction, glaciology, ice thickness, ice
tracking, radar tomography.

I. INTRODUCTION

THE Center for Remote Sensing of Ice Sheets (CReSIS),
based at the University of Kansas, designs and develops

radar instrumentation that allows for wide-coverage remote
sounding and imaging of the ice sheets, snow, and sea ice in polar
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regions. The data acquired by these sensors provide information
about the basal topography of the ice structures of the surveyed
region, from which measurements such as ice thickness can be
derived. Analysis of these polar topography data helps determine
the contribution of these icy bodies to the present sea level
using the surface mass balance and discharge method and can
be factored into ice-flow modeling studies to predict their future
impact on sea level [1].

We use Multichannel Coherent Radar Depth Sounder [2]
data to form images of the subterranean ice topography. The
radar employs a cross-track antenna array where each antenna
element is individually sampled. The data from each element
is independently pulse compressed to resolve targets in range
and synthetic aperture radar (SAR) processed to resolve targets
in along-track. Finally, the individual SAR images from each
element are combined using array processing to resolve targets
in the elevation angle dimension [3]. Data products include two-
dimensional (2D) SAR images where only the nadir elevation
angle is resolved and three-dimensional (3D) SAR tomographic
images where targets from all angles are resolved. In both of
these data product formats, the most relevant features are the
ice-surface and ice-bottom layers. The former is the interface
between the air and the ice; the latter is the interface between
the ice and the bedrock or liquid water underneath. The location
of these layers in each echogram is used in the calculation of the
ice thickness of the surveyed area, and thus some form of layer
tracking is required.

In a typical deployment of the CReSIS depth sounding sys-
tems, thousands of kilometers of terrain are covered per day.
Accurate manual tracking of 2D echograms at this scale is a slow
and time-consuming process, and effectively impossible in the
case of 3D imagery where hundreds of thousands of images are
generated (if we view the 3D imagery as a stack of 2D images).

Automated ice-layer tracking on 2D radar imagery has re-
ceived attention from researchers including Gifford et al. [4],
who proposed edge-based and active-contour-based iterative
methods for tracking the interfaces. A distance-regularized
level-set technique was proposed by Rahnemoonfar et al. [5],
while Crandall et al. [6] posed this tracking as an inference
problem on a probabilistic graphical model, a hidden Markov
model (HMM), to incorporate several known constraints of the
ice layers, and used the Viterbi algorithm [7] to solve it. A
similar, more general model was suggested by Lee et al. [8],
but they used Markov Chain Monte Carlo (MCMC) to solve the
inference problem more accurately. All of the aforementioned
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techniques allowed for the ice-surface and ice-bottom layers to
be simultaneously detected.

Carrer and Bruzzone [9] propose a technique for extracting
internal ice layers in radar imagery using a local scale HMM and
performing inference with the Viterbi algorithm. However, this
method is not suitable for explicit extraction of the ice-bottom
layer because it identifies several similar boundaries within
the ice, whereas the solutions proposed in this paper aim to
track only the ice-bottom layer while purposely ignoring other
boundaries. Smock and Wilson [10] also present a method
for identifying the ground surface and other layer boundaries
in ground-penetrating radar data, using a reciprocal pointer
chain technique designed as an improvement over the standard
Viterbi algorithm. However, their task is not specialized to ice
sheet layer tracking, and, thus, the models they use are very
different.

Specifically for ice-bottom tracking in 3D imagery, Xu et al.
[11] define an inference problem using a Markov random field
(MRF) and apply sequential tree-reweighted message passing
(TRW-S) [12] to solve it. The performance is compared to a
Viterbi algorithm with modifications specific for the 3D imagery.
They later proposed a deep convolutional and recurrent neural
network that achieved improved results [13].

In this paper, we present adaptations to the aforementioned
HMM-based and MRF-based solutions described in [11], ad-
justing the cost functions to include additional domain-specific
knowledge and evidence regarding polar ice sheets. We apply the
adapted algorithms to CReSIS data, and perform an assessment
in terms of tracking accuracy, calculated as the average absolute
difference between our automated results and manually tracked
ground truth data, and compare against previously proposed
algorithms. We also check the self-consistency of the 3D al-
gorithms by comparing results where flightlines cross, such that
two independent measurements have been made at the same
location.

For the solutions proposed in this paper, we make the as-
sumption that the ice-surface layer is known a priori since
there generally exist accurate ice-surface estimates (such as
ArcticDEM [14] and Bedmap2 [15]) based on satellite imagery
for surveyed locations. The location of the ice-surface is used as
an input to the ice-bottom trackers and defines portions of the
cost function as explained in Section III.

The remainder of this paper is organized as follows. In
Section II, we describe the 2D and 3D formats of data on which
layer tracking is performed, along with an overview of the track-
ing framework. In Section III, we define our modifications to the
original models, and in Section IV we present our algorithms
used to perform inference on these models. In Section V, we
present and analyze experimental results. In Section VI, we
briefly look at a geostatistical analysis of our tracked results.
The conclusions are then summarized in Section VII.

II. BACKGROUND

A. 2D Imagery

In a 2D image or echogram (e.g., Fig. 1), the subterranean ice
structures are captured along the flight profile. The horizontal

Fig. 1. Example of 2D echogram. Notice that the ice-surface and ice-bottom
merge on the right when no ice is present.

Fig. 2. Illustration depicting the axes of the images relative to the radar
platform. The 2D echograms are vertically oriented and lie in the plane formed
by the fast time and along-track axes at zero cross track.

axis represents the along-track dimension, where each column
is a range-line. The vertical axis corresponds to the fast-time
dimension, where each row is a range bin. The vertical dimension
is directly related to the depth of the subterranean ice structure.
Fig. 2 illustrates the image axes with respect to the aircraft.
The pixel intensity of the radar image is proportional to radar
scattering intensity, with darker representing a stronger scat-
tering signal. The array processing algorithm for 2D imagery
uses a filter to estimate the intensity of targets in the nadir
direction while suppressing targets from off nadir. The minimum
variance distortionless response (MVDR) algorithm is used for
2D images in this paper [16].

In Fig. 1, the very dark, continuous line near the top is the
ice surface, and the dark erratic line near the middle is the
ice-bottom boundary. Notice that these two interfaces merge
around range-line 1900, indicating the beginning of a region
with no ice. Furthermore, notice the layer under the ice-surface
that follows its shape: this is the first surface multiple and is
always located at twice the time delay as the surface. This is an
artifact that may confuse the tracker and create a false positive,
complicating the layer tracking process. A simple solution for
mitigating the effects of this undesirable feature is described in
Section III.
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Fig. 3. Example of a 3D image slice. Elevation angle bin 33 is the nadir.

Fig. 4. Sequence of cross-track slices generates a 3D image of the surveyed
terrain.

B. 3D Imagery

The 3D images represent a sequence of cross-track images (or
“slices”) of the terrain. In each slice, the horizontal axis displays
the cross-track elevation angles discretized into direction-of-
arrival bins, and the vertical axis depicts the fast-time dimen-
sion in the same manner as a 2D echogram where each row
corresponds to a range-bin. Fig. 3 shows a sample image slice,
and Fig. 4 shows how the slices fit together relative to the radar
platform coordinate system. The multiple signal classification
(MUSIC) array processing algorithm is used to generate the
images [17]. The color of each pixel represents the MUSIC
cepstrum, which is loosely related to how likely a scatterer is
present. In Fig. 3, yellow indicates a larger cepstrum value,
which is associated with increased likelihood, and blue indicates
a lower cepstrum value. The first surface multiple is also present
in most slices of the 3D imagery but tends to be less detrimental
to automated tracking as compared to 2D imagery because it is
seen only in the nadir elevation angle bin.

C. Layer Tracking Framework for 2D and 3D Imagery

While both formats of radar imagery capture the subterranean
ice sheet structure of the surveyed area, an important difference
between the two is that there exists a strong correlation in two
dimensions for the ice-bottom in the 3D image: It tends to vary

Fig. 5. Diagram illustrating the main inputs of the automated layer-tracking
systems. The location of the ice-bottom layer, shown here as a continuous blue
line overlaid on a 2D echogram, is the output for both 2D and 3D trackers.

smoothly in both elevation angle and along-track dimensions.
On the other hand, no “third dimension” is available for the 2D
echograms. The 2D image is a subset of the 3D image and does
not have an elevation angle dimension; it corresponds to just the
nadir elevation angle bin (bin 33 in Fig. 3) from each 3D slice.

As such, different algorithms produce optimal layer tracking
results for each image type. In the 2D case, the reduced dimen-
sionality of the data allows for an exact solution to the cost
minimization to be found using the Viterbi algorithm (although
less information is supplied to the minimization, and so the result
is generally worse than the 3D case [11]). In the 3D case, the
algorithm with the best results in this study exploits the layer
correlation in both dimensions.

We constrain the ice-bottom layer to be single-valued every-
where with respect to the elevation angle and along-track di-
mension, meaning that only one row can be the correct boundary
position in each column of the image matrix. In a physical sense,
this is the same as assuming that the subterranean ice structure
contains no overhangs or cave-like features from the perspective
of the radar. Fig. 5 provides a summary of the other inputs and
constraints to the layer tracking software.

III. GRAPHICAL MODEL FOR LAYER TRACKING

First consider the 2D labeling problem, where the goal is to
trace the location of the ice bed. More concretely, given a Nr-
by-Nx radar echogram intensity image matrix I , our goal is to
identify, for each column (or range line) c of I , the corresponding
row coordinate sc through which the ice bed passes. The tracking
output S = (s1, s2, . . . , sNx

) is, thus, in the form of an Nx-
dimensional vector, where Nx is the number of range-lines in
the input image and si ∈ {1, . . . , Nr} where Nr is the number
of rows or range bins. This ensures that exactly one row will be
selected as the ice-bottom label for every column of the image.
A simple approach is to define a model that encourages each
column to simply choose the row with the strongest intensity
within that column, in other words,

sc = arg minr {−I (r, c)} . (1)

The overall cost function for N columns is

E (S) =
N∑

c=1

−I(sc, c). (2)
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However, radar echograms are noisy observations of the true
ice structure, and this simple technique will often lead to layer
boundaries that are physically implausible (e.g., that are discon-
tinuous). Successful layer tracking, thus, requires balancing the
noisy evidence from the echogram with known prior information
about the typical properties of polar ice. In previously published
work, Crandall et al. [6] poses the echogram layer-tracking
problem as an inference problem on a statistical graphical
model, which is designed for combining evidence from multiple
sources. For both 2D and 3D imagery, the authors assign a unary
cost ψU to every valid pixel, which represents the cost for the
ice-bottom layer to pass through that pixel, just as in the simple
model above. This unary cost is augmented to encode additional
constraints, such as marking a labeling as invalid (infinite cost)
if the boundary passes above the known ice-surface layer, or
if it is at the same position as the ice-surface layer at a point
where a nonzero ice thickness is known to exist. In addition, a
binary cost function assigns a cost ψB to every pair of adjacent
columns (range-lines). This binary cost enforces “smoothness”
of the layer boundary by penalizing sharp discontinuities (very
different rows assigned to adjacent columns).

This formulation suggests an alternative optimization prob-
lem that should find an S to minimize the sum of all of these
unary and pairwise costs:

E (S) =

N∑

c=1

ψU (sc, c) +

p∈P∑

p=(ci,cj)

ψB

(
sci , scj

)
(3)

where P is the set of all 2-tuples that represent neighboring
columns.

This combination of unary and binary cost functions defines
a HMM, which can be solved efficiently and exactly with the
Viterbi algorithm, as we discuss below. Note that the form of
(3) follows the minimization of the negative logarithm of the
probabilities which is equivalent to the maximization of the
posterior probability. This form of the inference can also be
viewed as a cost minimization problem.

In the case of a Nr-by-Nd-by-Nx 3D image, the tracking
output is a Nd-by-Nx matrix where each element represents
the output for a given column and Nd represents the number
of elevation angle bins in the 3D image matrix. The value of
Nr still represents the number of range-bins, and the value of
Nx still represents the number of range-lines which is equal
to the number of Nr-by-Nd slices that compose the 3D space.
In this case, the pairwise term enforces smoothness between
adjacent columns in the slice (elevation-angle bins) and between
adjacent columns between slices (range-lines). One can visual-
ize these constraints as a grid graph since the label of every
column now depends on its neighbors both within and across
slices. This is a MRF, which, unlike an HMM, cannot be solved
efficiently using Viterbi. In fact, MRF inference is NP-hard
in general, which means that no efficient exact algorithm is
known to exist. Fortunately, very good approximate algorithms
are known, including the TRW-S algorithm used by [11].

Next, we present an expanded explanation of this cost as-
signment process, as well as our proposed modifications to the
Viterbi and TRW-S algorithms used in [11].

A. Unary Cost Function

The unary cost function ψU assigns a cost for labeling
an individual column with a given row label. Intuitively, this
cost function encourages the estimated layer boundary to pass
through high-response areas of the echogram, while also enforc-
ing physical constraints about ice layers that can be expressed
within single columns of the echogram. In particular, our unary
cost function consists of five types of terms.

1) A radar return strength term that encourages layers to lie
along response peaks of the echogram.

2) A hard constraint on the ice bed that forces it to be below
the ice surface unless the ice thickness is known to be zero.

3) Soft constraints on ice thickness that encourage the bed to
be not too close to the surface.

4) A term that strongly encourages the ice bed to be consistent
with known ground truth points, if available.

5) A term that weakly encourages agreement with weaker
evidence about ice thickness (e.g., based on mass conser-
vation models [18]). The unary cost for any column c is
just a sum of these five terms:

ψU (s, c) = ψSURF(s, c) + ψSINC(s, c) + wGTψGT(s, c)

+ ψEXTRA(s, c) + wREPψREP(s, c) (4)

where the w variables are weights that are tuned via hyperpa-
rameter optimization.

We now describe each of these terms in detail.
1) Radar Return Strength, ψSINC: Previous work [11]

measures the sum squared difference in the image pixel intensity
relative to a template of an ideal layer return. The template was
found through an automated training sequence using the a priori
surface information. Although it is data dependent, the template
invariably has a peak in the center with decreasing values toward
the edges of the template. Because the term measured the squared
distance to the template, a peak response in the imagery with the
exactly same intensity values produces the lowest cost.

We modified the previously proposed template term in order
to better use the dynamic range of the imagery. A problem
with using the squared distance to the template is that the peak
intensity from the ice-bottom layer varies and larger intensities
generally indicate a better measurement (since these correspond
to greater signal-to-noise ratios). This meant that values with
a larger peak intensity than the template would actually be
penalized. To better handle peak intensity variability, we now
use a correlation operation that multiplies the template with the
image:

ψSINC (s, c) = −
∑

p ∈ T

I (s+ p, c)μ (p) (5)

where I is the input image and p ∈ T = {−5,−4,−3, . . . , 5}
refers to the pixel index of the correlation function, and μ(p)
is the correlation function which is now fixed to sinc (p/3.33),
which for ±5 pixels approximately corresponds to the midpoint
in the first minimum on either side of the sinc function peak
at p = 0 as shown in Fig. 6. The truncated sinc waveform was
chosen because it is symmetric and has a single peak in the
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Fig. 6. Values of the correlation function μ(p) used in the unary cost calcula-
tion ψSINC.

center. Improved performance is likely possible by training on
the waveform shape.

2) Surface and Thickness Constraint, ψSURF : An obvious
physical constraint is that all points of the ice-bottom layer must
be at or below the ice-surface and that the two layers may only
be at the same range if no ice is present at that position. Since
ice-mask datasets, which show where ice is present, are available
for most regions surveyed by CReSIS (e.g., Randolph Glacier
Inventory [19]), we define ψSURF to:

1) merge the ice-bottom to the ice-surface where there is no
ice (i.e., Mice(c) = 0);

2) force the ice-bottom to lie in a certain range relative to the
surface if close to the ice margin (i.e., near the transition
between no-ice and ice);

3) have no effect when more than a certain distance away
from the ice margin.

In particular,

ψSURF (s, c) =

⎧
⎪⎨

⎪⎩

∞, s > rsurf(c) or (s �= ssurf(c)

and Mfilt(c) = 0)

0, ssurf(c) > s > ssurf(c) +Mfilt(c)
(6)

where s represents the row index of the pixel of interest, ssurf(c)
is the row index of the ice-surface layer at column c, andMfilt(c)
is a filtered version of the binary ice-maskMice(c). This filtered
version is obtained by the following:

1) eroding the mask by 2 pixels;
2) filtering with a weighted boxcar window;
3) setting values above 90 to infinity.
The filter for 2D imagery is scaled by (90/3.7) and is applied

only in the along-track dimension. The filter for 3D imagery is
scaled by (900.5/3.7) and is applied in the elevation angle di-
mension and then again in the along-track dimension effectively
creating a 2D filtering of the mask. The following shows the
effect of these steps on an ice edge boundary for 2D imagery. In
this case, the ice mask is a vector corresponding to each column
of the 2D image.

1) Erosion of the mask by 2 pixels: THE binary maskMice =
[0 0 1 1 1 1 1] becomes [0 0 0 0 1 1 1].

2) Filtering with a boxcar window: [0 0 0 0 1 1 1] becomes
[0 0 24 49 73 97 122].

3) Infinity threshold at 90: [0 0 24 49 73 97 122] becomes
Mfilt = [0 0 24 49 73 ∞∞].

This process takes into account the fact that a relatively
smooth transition is expected between icy and nonicy regions
of the terrain, and restricts the ice-bottom to a range of values
near the ice margin. The choice of the particular filter coefficients
and threshold were manually chosen and have not been tuned. A
geostatistical analysis of actual ice thickness distributions near
the ice margin would likely produce improved results and is
discussed in Section VI.

3) Ice Surface Repulsion, ψREP : Because the ice-surface
return usually generates a strong and consistent region of high-
intensity pixels in the imagery, as is the case in Fig. 1, an ice-
surface repulsion term ψREP is added to the unary cost function
to prevent the tracker from incorrectly labeling the ice-surface as
the ice-bottom. This is done by raising the unary cost of pixels
that are within a certain maximum sensory distance (αMSD)
from the ice-surface. An ice thickness close to zero would cause
a large increase in cost, defined by a maximum cost (αMC) pa-
rameter, which would prevent the tracker from selecting it as the
ice-bottom.

A shifted exponential decay function was chosen to ensure
a smooth cost increase as a function of proximity to the ice-
surface, as can be seen in Fig. 8. This term is calculated as

ψREP (s, c) =

{
0, ΔY > αMSD

αMC ∗ e−λ∗ΔY − αMC ∗ e−λ∗αMSD , otherwise
(7)

where ΔY = ssurf(c)− s is the vertical pixel distance between
ssurf(c), the row index of the ice-surface layer at column c, and
the pixel of interest s, and λ is a manually chosen exponential de-
cay constant. ψREP is different from ψSURF as it will gradually
increase the unary cost of pixels as they vertically approach the
given ice-surface layer regardless of the ice-mask value of the
column of interest, whereas ψSURF enforces a hard constraint
that is either positive infinity or zero and effectively restricts the
range of allowed values for s.

4) Ground Truth Constraints, ψGT : Known layer positions
may be available for some columns of an echogram. To account
for potential small inaccuracies in the ground truth, we do not
use a hard constraint, but instead use a squared distance term
that strongly encourages the estimated row for each column to
be close to the ground truth:

ψGT (s, c) = (s− sGT (c))2 (8)

where s represents the row index of the pixel of interest and sGT

is the row index of the ground truth point. When ground truth is
not available, this term of the unary cost function is simply set
to 0. The values of the ψGT term are demonstrated in Fig. 7.

These ground truth layer positions can come from a variety
of different sources. Ground truth can be manually added by
a human operator. For 2D imagery, this is not done before
the automated tracking is run. However, ground truth points
are automatically found by finding all intersections between
the flight path of interest and flight paths of previous surveys.
Frequently, a given location will have been imaged and labeled
before, and the point in which the new flightline crosses the old
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Fig. 7. Unary cost of every pixel in the input image is increased according to
the squared vertical distance to ground truth points in the same column of the
image matrix, if they exist.

Fig. 8. Shifted exponential decay of theψREP term as a function of the vertical
distanceΔY between the pixel of interest and the ice-surface layer. The selected
parameter values are αMSD = 50, αMC = 200, and λ = 0.075.

will already have ice-bottom depth information associated with
it, which can then be used to help the tracker. These flightline
intersections are commonly known as crossovers, and can also
be used in determining the error associated with layer tracking
results.

For the 3D imagery, ground truth points are taken from the
2D tracking process by using the ice-bottom layer from the 2D
imagery in the nadir elevation angle bin of the 3D imagery.
Although this is not strictly required by the 3D algorithm, in all
the results presented in this paper, the nadir tracked bin from 2D
imagery is used as ground truth to the 3D imagery and we did
not evaluate the performance without this ground truth added in
for 3D imagery.

5) Ground Truth Estimates, ψEXTRA: Another potential
source of evidence is a priori estimates of the ice-bottom that
can be used as weak evidence by the tracking algorithms. These
estimates can be handled similarly to the ground truth constraints
above, except that they are added to the cost function with a lower
weighting to reflect their lower reliability. These estimates can
be obtained, for example, from existing ice thickness models
based on ice flow dynamics and mass conservation [18].

B. Binary Cost Function

The binary cost is a function of the row labels assigned to
adjacent columns and is designed to encourage smoothness
of estimated layer boundaries, increasing the likelihood that
transitions, which generate smoother layers, will be selected by
assigning these a lower cost. A smooth interface is generally a
reasonable assumption for the bottom of the ice sheet.

In previous efforts, the implementation of this binary cost
term was set to prioritize flat surfaces in the coordinate systems
of the 2D and 3D imagery. However, since the 3D imagery is
in a cylindrical coordinate system native to the radar sounder
processing, this “flat” surface did not represent a flat surface in
Cartesian space. A flat surface in Cartesian coordinates curves
downward toward the edges of the 3D imagery (see Fig. 3 for
an example of this effect). Also, if the aircraft altitude changes,
both the ice-surface and ice-bottom will change together with
altitude.

For this reason, in both 2D and 3D datasets, we modified the
cost function to assign the lowest transition costs to rows that
follow the range-slope of the ice-surface. In the 3D imagery
scenario, although this is still not a flat surface in the Cartesian
coordinate system, this is a flatter and more realistic approxima-
tion of the expected shape of the ice-bottom and computationally
simpler than calculating the exact shape of a flat ice-bottom in
Cartesian space, which would need to account for ice refraction
from a nonflat ice-surface layer. The new binary cost between
two adjacent columns ci and cj is given by

ψB (ci, cj , t) = wB ∗ (sci − scj − (Ssurf (ci)− Ssurf (cj))
)2

(9)
where sci and scj are row indices assigned to adjacent columns,
andSsurf(c) is the row assigned for the ice surface for a column c.
A scaling factor wB is used to define the weight of this smooth-
ing term. In the 2D imagery case, this modification is not as
helpful since a flat (i.e., perfectly horizontal) ice boundary in
a 2D echogram approximately depicts flat topography of the
surveyed terrain, because it does not account for the change
in radar wave propagation speed in ice versus air. However,
although it is a small correction, there is often a correlation
between the range-slope of the ice-surface and the shape of
the ice-bottom layer [20], [21]; thus, this cost term is still
used. A promising approach for removing this assumption from
both tracking frameworks involves using empirically discovered
column-to-column transition probability distributions based on
a geostatistical analysis of the manually corrected data (see
Section VI).

C. Data Preprocessing

The 2D image intensity exhibits a strong dependence on depth
in ice due to ice loss and spherical spreading loss which often
leads to a very large dynamic range between the surface and
bottom return intensities. In our modified version of the Viterbi,
we apply a simple detrending routine that normalizes the mean
intensity of each row or range bin. This helps the tracker in areas
where the bed echo is weak.

Authorized licensed use limited to: University of Kansas Libraries. Downloaded on March 30,2021 at 10:52:07 UTC from IEEE Xplore.  Restrictions apply. 



3278 IEEE JOURNAL OF SELECTED TOPICS IN APPLIED EARTH OBSERVATIONS AND REMOTE SENSING, VOL. 12, NO. 9, SEPTEMBER 2019

Fig. 9. (a) Example of labeled 2D echogram displaying the known ice-surface layer and the ice-bottom layer tracked by our implementation of the Viterbi
algorithm. This is the same data frame as presented in Fig. 1. Comparison between (b) old Viterbi and (c) new Viterbi implementations. The surface multiple
suppression and smoothness constraint enforced by the binary cost function allows for tracking even when discontinuities are present in the ice-bottom data, as
can be seen around the center of the echogram. (d) Echogram with weak bottom echoes and a comparison of (e) old Viterbi and (f) new Viterbi tracking. Data
detrending and surface multiple suppression allow for weak bed echoes to be accurately tracked.

Without detrending, clutter near the ice-surface is often so
strong that the ice-bottom layer tracker may jump to this signal
despite the surface-repulsion and layer smoothness constraints
enforced by the unary and binary cost functions of the tracking
algorithms. Fig. 9 be example of this. The first proposed Viterbi
solution [6], which worked with 2D images only, used image
gradients and cumulative max gradients to handle the dynamic
range.

While the 2D images are estimates of scatterer intensity from
MVDR, the 3D images output the MUSIC cepstrum and a
similar detrending procedure is not necessary because MUSIC
produces a muted dynamic range. In [11], which dealt with the
3D MUSIC images, a simple thresholding technique was used
to reduce the dynamic range. With this approach, every pixel
of the input image with a value greater than a certain manually
tuned threshold was made equal to the threshold value to reduce
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the difference between the pixel values of the ice-surface and
ice-bottom layers to prevent the automated tracker from select-
ing the (often) stronger ice-surface return as the ice-bottom.
The problem with thresholding is that the shape and strength of
the return are distorted by the thresholding and occasionally the
ice bottom would exceed this threshold and be clipped as well.
The thresholding step was removed for the 3D images in our
modified approach.

As previously mentioned, an undesirable feature present in the
2D imagery is the surface multiple, which is caused by a ringing
of the radar signal between the ice-surface and the aircraft. This
is also seen in the 3D imagery, but the tracking is not affected.
To mitigate the effect of the surface multiple in 2D imagery as a
false positive to the algorithms, we employed a simple method
of smoothing the input image around the areas in which the
surface multiple is located. This was achieved by replacing from
20 rows above to 20 rows below the surface multiple with a
blurred version of the image. The image is blurred with a 2D
Gaussian filter with standard deviation equal to 50 pixels and
kernel size equal to 201. It is possible to estimate the location of
the first surface multiple by doubling the two-way travel time of
the ice-surface. We have experimentally found that this approach
does not significantly slow down the tracking process or decrease
tracking accuracy even if the ice-bottom layer is located within
the rows to which the filtering was applied, due to the smoothness
and continuity constraints enforced by the unary cost function.
We did, however, find the rate of mislabeling the ice-bottom due
to the surface multiple to have been largely decreased.

Additionally, previous 2D tracking efforts performed layer
tracking on the 2D echograms of individual data frames. This
sometimes resulted in lower quality results near the edges of the
data frames because evidence from contiguous frames was not
being considered. For this reason, we horizontally concatenated
2D data frames before passing them to the Viterbi algorithm so
that all adjacent data frames (usually entire flights) are tracked
at once. This also increases the probability that the frames being
processed will include automated ground truth from crossovers,
although this tends to have a relatively local effect on improving
performance. The 2D echogram presented in Fig. 1 is composed
of two horizontally concatenated data frames (see title of figure).

D. Parameter Optimization

The weights and parameters in the cost functions (such as
the maximum sensory distance αMSD and maximum cost αMC

of the ψREP term described above) affect the accuracy of the
automated trackers, so their values were tuned for the best
possible performance of the algorithms. We used multistage
(multiresolution) grid-search and random-search [22] parameter
optimization techniques, supervised by the performance metric
of ice-bottom layer mean error (measured in absolute pixel
distance) when compared to a manually tracked training set.
Random search is a recent hyper-parameter global optimization
technique that has been shown to outperform exhaustive grid-
search methods in terms of accuracy and computational cost,
particularly for large parameter spaces where not all variables

TABLE I
PARAMETERS USED IN COST FUNCTION CALCULATIONS

have equal impact on the final error measurement and, therefore,
are not equally important to tune.

Due to the differences in image structure between the 2D
and 3D datasets, a different combination of optimal parameters
was found for each. Optimization was only performed using the
Viterbi algorithm for the 2D imagery and TRW-S for the 3D
imagery. The wGT and wREP weighting variables of the unary
cost function were tuned, as well as the scaling factorwB for the
binary cost function. The optimal values found from this process
are shown in Table I.

IV. ALGORITHMS APPLIED TO LAYER TRACKING

Once both unary and binary costs have been assigned in the
manner described in the previous section, we apply the Viterbi
algorithm to the 2D and 3D imagery and the TRW-S algorithm
to the 3D imagery to estimate the lowest-cost label of the ice-
bottom, which is taken to be the final result.

Regarding time complexity, in the general case, the computa-
tion time of both TRW-S and Viterbi is quadratic in the number
of possible values of the hidden states (i.e., number of rows of
the echogram in our case) because the binary cost term must
consider all possible pairs of transitions. However, the fact that
our binary cost function is a Gaussian allows for the messages
to be computed much more efficiently, in time linear to the
number of hidden states, using generalized distance transforms
(also called the minimum convolution operation) [6], [23]. On
a typical desktop machine, the Viterbi algorithm takes about 2 s
to process a 50-km 2D image. For 3D imagery, the same frame
takes 20 s for our Viterbi implementation and around 1800 s for
our TRW-S implementation. Since the processing of radar data
is trivially parallelized by assigning an independent job to each
data frame, the additional computation time of TRW-S is not an
issue for our application.

A. 2D Imagery and the Viterbi Algorithm

For the 2D imagery, we follow the solution proposed by
Crandall et al. [6] of solving the HMM inference problem using
the Viterbi algorithm [7] to perform exact inference. Viterbi is
an efficient dynamic programming algorithm for finding the
highest probability sequence of hidden states in a finite-state
discrete-time Markov process. This algorithm is guaranteed to
return the global maximum likelihood path (the “Viterbi path”)
of an HMM. Our modified implementation is most like the HMM
in [11] and the description of the modifications is relative to this
implementation rather than the implementation in [6].
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B. 3D Imagery and the TRW-S Algorithm

As described above, in order to take advantage of the strong
correlation between consecutive slices of 3D imagery, Xu et al.
[11] proposes an MRF model. An MRF is similar to an HMM,
in that it consists of unary and pairwise terms but an important
difference is that the graphical structure of pairwise terms in an
HMM forms a chain, whereas an MRF may have an arbitrary
graph structure. In the case of 3D ice imagery, the graphical
structure is a grid graph, where every column has four neighbors
(two within the slice and two across slices). Unfortunately,
while exact inference on HMMs is efficient using the Viterbi
algorithm, inference on MRFs is NP-hard in the general case.
Fortunately, a number of approximate inference algorithms have
been developed. Xu et al. [12] use sequential TRW-S, which
is the de facto state-of-the-art in approximate MRF inference.
TRW-S is an iterative message-passing algorithm similar to the
belief propagation algorithm. In belief propagation, messages
are exchanged among the nodes of the MRF. The messages con-
tain likelihood distributions that reflect each variable’s beliefs
about the labels of its neighbors, based on its own evidence and
the messages it has received in past iterations. Local evidence,
thus, propagates from neighbor to neighbor, spreading across
the entire graph given enough iterations. After iterating is com-
plete, each node chooses its label based on its local evidence and
the last set of messages it received from its neighbors. TRW-S is
also based on message passing, but the messages are exchanged
along carefully constructed subsets of the graph, and final be-
lief distributions are obtained by combining estimates across
these subsets together. Although TRW-S is still an approxima-
tion algorithm, these enhancements give TRW-S better conver-
gence and accuracy bounds than the classic belief propagation
algorithm.

Because of the interslice message passing capability, this
method is capable of preventing discontinuities in both along-
track and elevation angle dimensions during the layer re-
construction. While the intraslice message passing procedure
performs in a similar fashion to the Viterbi algorithm by
propagating evidence to its neighboring pixels to the left and
right (elevation-angle dimension), the interslice message pass-
ing propagates ice-bottom layer evidence between consecutive
slices of 3D imagery (along-track dimension). The implemen-
tation of this algorithm has been changed from [11] so that the
message passing of the current iteration’s messages along the
elevation-angle dimension is now always performed outward
from nadir, rather than switching from left-to-right and right-
to-left on each iteration of the algorithm. The issue with the
previous solution was that a strong preference was given to the
cost messages originating from the extreme elevation-angle bins
on either side, where the signal quality is usually the worst. Since
we have ground-truth data at nadir (usually from having tracked
the corresponding 2D dataset) and the signal quality is often
best at nadir, the direction of the current iteration’s message was
changed to be always outward from nadir, in such way that the
nadir column asserts the greatest influence on the final result.

Unlike the Viterbi algorithm, the TRW-S algorithm on an
MRF is not guaranteed to converge to a global optimum.

However, based on trial and error similar to [11], we found
that 50 iterations usually produce satisfactory results. More
systematic testing in the future may suggest convergence criteria
rather than a fixed number of iterations.

C. 3D Imagery and the Viterbi Algorithm

The layer tracking solution using the Viterbi algorithm can
also be applied to 3D imagery with no additional adaptations.
This is accomplished by passing in individual slices of the 3D
imagery to the algorithm. This input format differs from that of
the TRW-S algorithm, to which 3D matrices can be passed in.

As expected, when applied to 3D imagery, the Viterbi algo-
rithm is outperformed in accuracy by the TRW-S algorithm and
is more likely to generate discontinuities in results, particularly
along range-lines due to the absence of message-passing in
that dimension. In order to force propagation of layer evidence
through the range-line dimension, the tracking result of a given
slice may be passed in as ground truth to the next slice in the 3D
data frame, but we do not explore this possibility in this paper.
Note that such an approach would still be weaker than TRW-S
because it would make decisions in a sequential manner and
would consider slices sequentially instead of simultaneously.
For example, a bad decision in the first slice would negatively
impact inference on subsequent slices because that bad estimate
would be fed in as ground truth. In contrast, TRW-S considers
all evidence simultaneously, meaning that ambiguity in the first
slice may be resolved by evidence in later slices.

V. RESULTS AND DISCUSSION

A. 2D Imagery

We tested our modified Viterbi routine on 2D data from
several NASA Operation IceBridge campaigns. The algorithm
received no manual aid of any kind, and the only ground truth
points provided were the aforementioned automatically acquired
crossovers. Three examples of tracked radar imagery are shown
in Fig 9. Fig. 9(a) is the original frame from Fig. 1 that contained
an ice-free section on the right side where the two layers merge
because of the ice mask information. Fig. 9 compares the (b) old
[6] and (c) new Viterbi tracking. This example demonstrates the
surface multiple suppression and smoothness constraints help-
ing to bridge a gap through a section of no signal. Fig. 9(d)–(f)
shows another comparison between the (e) old and (f) new
algorithms where detrending and surface multiple suppression
helped the new algorithm track the whole ice-bottom. Finally,
Fig. 10(a) shows a comparison between the ground truth and our
automated result.

To compare the results to the other published algorithms, we
tested our modified Viterbi routine on the 2009 NASA Operation
IceBridge Antarctica campaign, the same dataset used by the
authors of Rahnemoonfar et al. [5], Crandall et al. [6], Lee et al.
[8]. We did not rerun the other algorithms for the 2D imagery;
rather we compare to the results published in [5], [6], and [8]. It is
crucial to note that the reported results in [5] and [8] discarded
appreciable amounts of echograms considered to be too poor
quality for tracking. In our results, we have utilized all range lines
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Fig. 10. Comparison of (a) 2D Viterbi tracking and (b) 3D TRW-S tracking
and manually selected ground truth.

TABLE II
2D IMAGE ICE-BOTTOM TRACKING ERROR RESULTS (IN PIXELS)

No median error was calculated in [6].

where ground truth labels were available. It is likely that these
poor quality sections increased the mean error measurement of
the new Viterbi algorithm relative to [5] and [8].

Table II shows the results for our modified implementation of
the Viterbi algorithm as well as results for previously proposed
solutions, in terms of absolute column-wise difference compared
to manually detected ground truth, measured in pixels and aver-
aged between all frames analyzed. For accuracy and precision,
we define a true positive for a particular image column to be a
tracked layer within three range bins of the ground truth. A true
negative and a false positive column are then any column for
which this is not the case. Therefore, the accuracy and precision
are identical and equivalent to the percentage of correctly labeled
columns which we found to be 85%.

Fig. 11. Example of tracking through discontinuities on a 3D slice.

It should be noted that the three previous solutions [5], [6],
[8] in Table II are able to automatically extract both ice-surface
and ice-bottom layers from a 2D echogram. Providing a layer
tracking algorithm with the location of the ice-surface boundary,
such as we propose, simplifies the tracking framework and
strengthens the location constraints for the ice-bottom. For the
ice surface used by our Viterbi algorithm on the 2D images
tracked in this paper, the tracking is done by a fully automated
threshold tracker aided by satellite-based ice-surface location
estimates. In the 2D imagery, the ice surface is usually the
dominant scatterer and is the first reflection, so the simple
automated threshold tracker tends to do very well.

Furthermore, all of the three previous solutions included here
[5], [6], [8] make use of less information than our proposed
solution. In all three, the a priori location of the ice-surface
and the ice-mask raster are not used by the algorithms; the
only input requirements of these techniques consist of the radar
echogram itself and a set of tunable hyper-parameters such as
weights and scaling factors. The original Viterbi implementation
[6] allows for ground truth points to be optionally added, either
automatically or by a human annotator, for both ice-surface and
ice-bottom layers. This is useful in cases where the automated
tracker makes a mistake: a human reviewer may then be able to
quickly add a small number of ground truth points and rerun the
algorithm. The published MCMC [8] and level-sets [5] methods
do not allow for corrections or improvements to be made by a
human annotator via the addition of ground truth points.

B. 3D Imagery

We executed both of our modified Viterbi and TRW-S algo-
rithm implementations on 3D imagery resulting from the 2014
NASA Operation IceBridge Canadian Arctic Archipelago cam-
paign. Previously published results included only seven frames,
whereas these results include all 102 frames from the dataset.
A comparison of the ground truth and the modified TRW-S
algorithm is shown in Fig. 10(b). A more difficult and interesting
result is shown in Fig. 11 where several discontinuities in the
ice-bottom are handled smoothly by the tracker.
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TABLE III
3D IMAGE ICE-BOTTOM TRACKING ERROR RESULTS (IN PIXELS)

TABLE IV
CROSSOVER ABSOLUTE ERROR RESULTS (IN METERS)

The ground truth against which these results are compared
was obtained by manual correction of the results primarily using
the TRW-S algorithm. Because the algorithms allow additional
ground truth to be passed in, manual ground truth points were
added until the bottom layer was tracked in a satisfactory way.
If the image quality was too poor to be manually tracked, then
a quality mask was set so that the results for that section of the
imagery would not be included in the comparison. The use of
the automated trackers to create the manually tracked result is
necessary for the 3D dataset due to its large size. For this reason,
it is likely that the results presented here are biased toward the
results output by the completely automated TRW-S algorithm.
This is not the case for 2D echogram results, as manual tracking
of these images is a far more tractable problem.

Table III shows the results for our modified implementations
of the algorithms, as well as results for the originally proposed
implementations, in terms of absolute column-wise difference
compared to manually detected ground truth, measured in pixels
and averaged between all frames analyzed. The accuracy and
precision of our TRW-S result is 87% using the same definition
as for 2D imagery.

C. Crossover Errors

Table IV presents the crossover errors where flightlines
crossed and two independent measurements were acquired over
the same location. The two independent measurements allow
the consistency of the approach to be analyzed. We present
results for both the automated TRW-S algorithm and for the
manually corrected ground truth data. The dataset used for this
calculation is the same as used for the 3D image tracking pre-
sented above. Crossover errors can be visualized by overlaying
the two (crossing) flightlines of interest in a digital elevation
model. Fig. 12(a) and (b) displays the flight paths (green and
blue lines) of two data frames from the 2014 NASA Operation
IceBridge deployment, as well as the swath imaged by each.
The region surrounded by the red line is the intersection of the
two swaths and represents the data points that were imaged both
times. Fig. 12(c) displays the vertical error between the results
obtained by tracking the ice-bottom layer at the intersection of
the two data frames shown. Table IV represents the average

Fig. 12. Crossover visualization and error map.

of all 20 crossovers in the dataset; the mean absolute error for
Fig. 12(c) is the worst among all the crossovers and is 71.6 m.

VI. GEOSTATISTICAL ANALYSIS

We perform an examination of the statistical properties of
the ice layers after tracking and validation of the results. This

Authorized licensed use limited to: University of Kansas Libraries. Downloaded on March 30,2021 at 10:52:07 UTC from IEEE Xplore.  Restrictions apply. 



BERGER et al.: AUTOMATED ICE-BOTTOM TRACKING OF 2D AND 3D ICE RADAR IMAGERY USING VITERBI AND TRW-S 3283

Fig. 13. Histogram of step sizes (in units of direction-of-arrival or DoA bins)
at elevation bin 20 (out of 64, as shown in Fig. 3) when the range bin is increased
by one. Vertical axis indicates number of occurrences. The red line is a fitted
Gaussian distribution over the data.

Fig. 14. 2D histogram of ice thickness (in units of range-bins) as a function
of distance from the nearest ice-margin (in units of meters).

analysis is valuable in detecting trends and biases of the detected
layers and has offered clues regarding potential improvements
to the cost functions used by the algorithms. We expect that it
will also be useful in future improvements of the layer tracking
technique, in which cost terms may be assigned based on the
probability distributions generated by this geostatistical anal-
ysis. We compute two distributions, both generated through
calculations performed on the 2014 NASA Operation IceBridge
dataset.

The first, shown in Fig. 13, is a distribution of direction-of-
arrival “step sizes” per unit change in range-bin. “Step size”
refers to the horizontal variation, in units of direction-of-arrival

bins, between two given layer points. In other words, this is a
distribution of direction-of-arrival bin variation of ice-bottom
layers when a unit change in range bin index is made.

The second distribution, shown in Fig. 14, contains informa-
tion regarding average ice thickness versus distance to nearest
ice-margin.

The term “ice-margin” refers to the meeting point between
icy and nonicy regions. The distance to the nearest ice-margin is
calculated using the Euclidean distance from each point on the
surface to the nearest nonicy region.

VII. CONCLUSION

We have demonstrated ice-bottom layer tracking in 2D SAR
images and 3D SAR tomographic images of polar ice sheets
using modified versions of two existing layer tracking solutions
based on the Viterbi and TRW-S algorithms from [11] and
compared our results to existing ice bottom tracking algorithms.
Based on the results obtained, the modified Viterbi algorithm
is optimal for tracking the ice bottom in 2D imagery and the
modified TRW-S is optimal for 3D surface reconstruction. The
Viterbi algorithm efficiently finds the exact global minimum
for the formulated HMM framework, and the TRW-S algorithm
iteratively performs statistical inference on the MRF formulated
from unary and binary cost functions while considering con-
straints between adjacent slices due to its 2D message passing
properties.

The improvements proposed here arise from refinements
made to the unary and binary cost functions used in the orig-
inal publications, which allow for the integration of further
domain-specific knowledge and sources of evidence. Additional
automated preprocessing steps are also applied on the 2D radar
echograms, such as data detrending, concatenation of adjacent
data frames, and blurring of the first surface multiple from the
image, which increase the accuracy of the tracker in adverse
scenarios such as noisy data and very weak ice bed returns.

The results obtained after our proposed modifications are
compared with the results from the original solutions using
Viterbi and TRW-S, as well as two more existing solutions
using MCMC and level-set techniques. Regarding the results
presented for the 2D imagery, it is noted that the previous 2D
solutions track both the ice-surface and ice-bottom simultane-
ously while using fewer sources of evidence. Also, the published
results for [5] and [8] excluded some imagery that was hard
to track, whereas we have included all imagery in our Viterbi
results. Even with these harder to track images included, the
modified Viterbi algorithm outperforms these other algorithms.
Nonetheless, a direct comparison of all algorithms on the same
image set is needed to provide a more precise comparison of the
algorithms.

We qualify the results from our modified implementation
of the TRW-S algorithm for 3D data when compared against
manually corrected data because the manually corrected data
is obtained from manually aiding the same TRW-S algorithm.
This was done due to the infeasibility of manually labeling
several tens of thousands of individual slices with no automated
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assistance, and for this reason, the results are likely biased
towards a lower mean error for TRW-S.

A self-assessment of the results output by the modified TRW-S
algorithm was performed at crossing points and suggests a mean
difference of 26 meters in elevation for the 3D SAR images. For
context, the manually corrected data exhibits a mean difference
of 23 m in the same crossover points.

Finally, a geostatistical analysis of the absolute and differ-
enced ice thickness after manual correction is also proposed.
The initial results obtained from it suggest relatively smooth
probability density functions that may be useful in improving
automated trackers in the future.

REFERENCES

[1] A. Gilbert et al., “Sensitivity of Barnes ice cap, Baffin Island, Canada,
to climate state and internal dynamics,” J. Geophys. Res., Earth Surface,
vol. 121, no. 8, 2016.

[2] F. Rodríguez-Morales et al., “Advanced multifrequency radar instrumen-
tation for polar research,” IEEE Trans. Geosci. Remote Sens., vol. 52, no. 5,
pp. 2824–2842, May 2014.

[3] M. Al-Ibadi et al., “Crossover analysis and automated layer-tracking
assessment of the extracted DEM of the basal topography of the Canadian
Arctic Archipelago ice-caps,” in Proc. IEEE Radar Conf., 2018, pp. 862–
867.

[4] C. M. Gifford, G. Finyom, M. Jefferson Jr., M. Reid, E. L. Akers,
and A. Agah, “Automated polar ice thickness estimation from radar
imagery,” IEEE Trans. Image Process., vol. 19, no. 9, pp. 2456–2469,
Sep. 2010.

[5] M. Rahnemoonfar, G. C. Fox, M. Yari, and J. Paden, “Automatic ice
surface and bottom boundaries estimation in radar imagery based on
level-set approach,” IEEE Trans. Geosci. Remote Sens., vol. 55, no. 9,
pp. 5115–5122, Sep. 2017.

[6] D. J. Crandall, G. C. Fox, and J. D. Paden, “Layer-finding in radar
echograms using probabilistic graphical models,” in Proc. 21st Int. Conf.
Pattern Recognit., 2012, pp. 1530–1533.

[7] A. Viterbi, “Error bounds for convolutional codes and an asymptotically
optimum decoding algorithm,” IEEE Trans. Inf. Theory, vol. 13, no. 2,
pp. 260–269, Apr. 1967.

[8] S. Lee, J. Mitchell, D. Crandall, and G. Fox, “Estimating bedrock and
surface layer boundaries and confidence intervals in ice sheet radar im-
agery using MCMC,” in Proc. Int. Conf. Image Process., 2014, pp. 111–
115.

[9] L. Carrer and L. Bruzzone, “Automatic enhancement and detection of
layering in radar sounder data based on a local scale hidden Markov model
and the Viterbi algorithm,” IEEE Trans. Geosci. Remote Sens., vol. 55,
no. 2, pp. 962–977, Feb. 2017.

[10] B. Smock and J. Wilson, “Reciprocal pointer chains for identifying layer
boundaries in ground-penetrating radar data,” in Proc. Int. Geosci. Remote
Sens. Symp., 2012, pp. 602–605.

[11] M. Xu, D. Crandall, G. Fox, and J. Paden, “Automatic estimation of ice
bottom subsurfaces from radar imagery,” in Proc. IEEE Int. Conf. Image
Process., 2017, pp. 340–344.

[12] V. Kolmogorov, “Convergent tree-reweighted message passing for energy
minimization,” IEEE Trans. Pattern Anal. Mach. Intell., vol. 28, no. 10,
pp. 1568–1583, Oct. 2006.

[13] M. Xu, C. Fan, J. Paden, G. C. Fox, and D. J. Crandall, “Multi-task
spatiotemporal neural networks for structured surface reconstruction,” in
Proc. IEEE Winter Conf. Appl. Comput. Vision, 2018, pp. 1273–1282.

[14] ArcticDEM. [Online]. Available: https://www.pgc.umn.edu/data/
arcticdem/. Accessed: Sep. 2, 2018.

[15] P. Fretwell et al., “Bedmap2: Improved ice bed, surface and thickness
datasets for Antarctica,” Cryosphere, vol. 7, pp. 375–393, 2013.

[16] J. Li et al., “High-altitude radar measurements of ice thickness over the
Antarctic and Greenland ice sheets as a part of operation ice bridge,”
IEEE Trans. Geosci. Remote Sens., vol. 51, no. 2, pp. 742–754, Feb. 2012.
doi: 10.1109/TGRS.2012.2203822.

[17] J. Paden, T. Akins, D. Dunson, C. Allen, and P. Gogineni, “Ice-sheet bed
3-D tomography,” J. Glaciol., vol. 56, no. 195, pp. 3–11, 2010.

[18] M. Morlighem, E. Rignot, H. Seroussi, E. Larour, H. Ben Dhia, and
D. Aubry, “A mass conservation approach for mapping glacier ice
thickness,” Geophys. Res. Lett., vol. 38, no. 19, 2011. [Online]. Available:
https://doi.org/10.1029/2011GL048659

[19] A. Arendt et al., “Randolph glacier inventory [v2.0]: A dataset of global
glacier outlines,” in Global Land Ice Measurements from Space. Boulder,
CO, USA: Digital Media, 2012.

[20] N. F. McIntyre, “Antarctic ice-sheet topography and surface–bedrock
relationships,” Ann. Glaciol., vol. 8, pp. 124–128, 1986.

[21] J. De Rydt, G. H. Gudmundsson, H. F. J. Corr, and P. Christoffersen,
“Surface undulations of Antarctic ice streams tightly controlled by bedrock
topography,” Cryosphere Discuss., vol. 6, no. 6, pp. 4485–4516, Oct. 2012.

[22] J. Bergstra and Y. Bengio, “Random search for hyper-parameter optimiza-
tion,” J. Mach. Learn. Res., vol. 13, pp. 281–305, 2012.

[23] P. F. Felzenszwalb and D. P. Huttenlocher, “Distance transforms of
sampled functions,” Theory Comput., vol. 8, no. 1, pp. 415–428, 2012.

Victor Berger received the B.Sc. degree in computer
engineering and the M.S. degree in computer science
from the University of Kansas, Lawrence, KS, USA,
in 2017 and 2019, respectively.

He then joined the Center for Remote Sensing
of Ice Sheets as a Graduate Research Assistant. In
2019, he successfully defended his thesis, entitled
“Probabilistic graphical techniques for automated
ice-bottom tracking and comparison between state-
of-the-art solutions.” His research interests include a
field deployment in 2018 to assist with the processing

efforts of CReSIS polar radar data collected over Antarctica as part of NASA’s
Operation IceBridge.

Mingze Xu received the M.S. degree in computer
science from Indiana University, Bloomington, IN,
USA, in 2014, and the B.E. degree in software en-
gineering from Jilin University, Changchun, China,
in 2012. He is currently working toward the Ph.D.
degree in computer science with Indiana University.

His research interests include the area of computer
vision and deep learning, especially on action and
activity recognition, first-person (egocentric) vision,
image and video segmentation, and embodied visual
recognition.

Mohanad Al-Ibadi received the B.Sc. and M.Sc.
degrees in electrical engineering from the Univer-
sity of Technology in Baghdad, Baghdad, Iraq, in
2006 and 2009, respectively, and the Ph.D. degree in
electrical engineering from the University of Kansas,
Lawrence, KS, USA, in 2019.

He is currently a Faculty Member with the En-
gineering Technical College of Najaf at Al-Furat
Al-Awsat Technical University, Iraq. He was a Grad-
uate Research Assistant with the Center for Remote
Sensing of Ice-Sheets. His current research interests

include the area of radar array signal processing, mainly developing algorithms
for estimating and tracking the bottom of an ice-sheet using nonlinear filtering
techniques, wideband direction of arrival estimation, and wideband model order
estimation.

Authorized licensed use limited to: University of Kansas Libraries. Downloaded on March 30,2021 at 10:52:07 UTC from IEEE Xplore.  Restrictions apply. 

https://www.pgc.umn.edu/data/arcticdem/
https://dx.doi.org/10.1109/TGRS.2012.2203822


BERGER et al.: AUTOMATED ICE-BOTTOM TRACKING OF 2D AND 3D ICE RADAR IMAGERY USING VITERBI AND TRW-S 3285

Shane Chu received the B.A. degree in mathematics
from the University of Kansas, Lawrence, KS, USA,
in 2018. He is currently working toward the Ph.D.
degree in computer science with Washington Univer-
sity in St. Louis, St. Louis, MO, USA, where he is
researching the design of motif discovery algorithms
for protein-DNA interactions.

He was previously a Research Assistant with the
Signal and Data Processing Group, Center for Remote
Sensing of Ice Sheets.

David Crandall received the Ph.D. degree in com-
puter science from Cornell University, Ithaca, NY,
USA, in 2008, and the B.S. and M.S. degrees in
computer science and engineering from Pennsylvania
State University, State College, PA, USA, in 2001.

He is an Associate Professor with the School of
Informatics and Computing, Indiana University. His
research interests include computer vision, machine
learning, and data mining.

Dr. Crandall is the recipient of a National Science
Foundation CAREER Award and a Google Faculty

Research Award.

John Paden (S’95–M’06–SM’19) received the M.Sc.
and Ph.D. degrees in electrical engineering from the
University of Kansas (KU), Lawrence, KS, USA, in
2003 and 2006, respectively, studying radar signal and
data processing for remote sensing of the cryosphere.

After graduating, he joined Vexcel Corporation,
Boulder, CO, USA, a remote sensing company, where
he worked as a Systems Engineer and a SAR Engineer
for three and a half years before rejoining the Center
for Remote Sensing of Ice Sheets (CReSIS), KU,
in early 2010 to lead the signal and data processing

efforts.
Dr. Paden was the recipient of the American Geophysical Union Cryosphere

Early Career Award in 2016 and three NASA group achievement awards for
radioglaciology work. He is currently a Research Faculty Member at CReSIS.

Geoffrey Charles Fox received the Ph.D. de-
gree in theoretical physics from Cambridge Uni-
versity, Cambridge, U.K., where he was Senior
Wrangler.

He is currently a Distinguished Professor of
Engineering, Computing, and Physics with Indiana
University, Bloomington, IN, USA, where he
is the Director of the Digital Science Center.
He previously held positions at Caltech, Syra-
cuse University, and Florida State University after
being a Postdoc with the Institute for Advanced

Study at Princeton, Lawrence Berkeley Laboratory, and Peterhouse College
Cambridge. He has supervised the Ph.D. of 73 students and published around
1300 papers (more than 500 with at least ten citations) in physics and computing
with an h-index of 78 and more than 35 000 citations. He is involved in several
projects to enhance the capabilities of Minority Serving Institutions. He has
experience in online education and its use in MOOCs for areas such as data and
computational science.

Dr. Fox is a Fellow of APS (Physics) and ACM (Computing) and works on
the interdisciplinary interface between computing and applications.

Authorized licensed use limited to: University of Kansas Libraries. Downloaded on March 30,2021 at 10:52:07 UTC from IEEE Xplore.  Restrictions apply. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


