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ABSTRACT

The temporal evolution of a two-dimensional soap froth is compared to
the predictions of the large Q-state Potts model computer simulation. This
study was conducted using identical initial states in both the experiment
and Potts model. Overall agreement is found between the soap froth and
the large Q Potts model results with respect to pattern evolution, dynamics,
distribution functions, and topological correlations.

1. INTRODUCTION

The complete prediction of microstructural development in polycrystalline
solids as a function of time is a major objective in materials science.[1, 2, 3]
Progress in this area has been quite slow owing to the complexity of the
grain interactions. While a general analytical solution is not yet available,
two powerful methodologies have been successfully applied to the investiga-
tion of this multivariable problem. The first one is the computer simulation
based on the Potts model.[4, 5, 6, 7, 8, 9, 10, 11] This approach has success-
fully incorporated many aspects of the grain interactions and can predict the
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Figure 1: A polycrystalline microstructure is discretized with a triangular
lattice. The integral spin numbers denote crystallographic orientations, and
the lines represent grain boundaries.

main features of the microstructural temporal evolution. The other method-
ologyis the two-dimensional soap froth experiment first proposed by Smith
for studying grain growth phenomena.[12] Using this approach Stavans et
al demonstrated that the dynamics of the soap bubble evolution obeys the
von Neumann’s law.[13, 14] In this paper we review some of our recent work
in comparing the similarities and differences between the soap froth exper-
iment and the two-dimensional large-Q Potts model in simulating the evo-
lution of two-dimensional polycrystalline microstructure under grain growth
conditions.[15]

2. METHODOLOGY
2.1 Potts model based on Monte Carlo technique

The polycrystalline microstructure is mapped onto a lattice. In two-
dimension this lattice can be either square or triangular (see figure 1). To
each site is assigned a spin number, S; : 1 < S; £ @, that denotes the
orientation of the grain in which the site is embedded. Here Q is the largest
spin number used in the lattice. The total Hamiltonian for this spin system

is defined as:[11}
H=JZZ(1—55.-S,-) (1)
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Figure 2: Wulff plots showing the energy of unit length grain boundary with
respect to the underlying lattice, for both nearest (k = 1) and next-nearest
neighbor (k = 2) interactions. The energies are normalized to unity in the
0° direction. (a) square, and (b) triangular-lattices.

where J is a positive constant related to the grain boundary energy, 4, is
the Kronecker delta function, }°; is summed over all sites within the kth
nearest neighbor shell of the ¢ site, which is in turn summed over all sites in
the lattice with 3°;.

Depending on the particular lattice used, the Hamiltonian in equation 1
exhibit orientational anisotropy as shown in figure 2, which are the Wulff
plots for the square and triangular lattices. These are the polar plots of grain
boundary energies in different orientations. The energies are all normalized to
have unit magnitude in the 0° direction. The actual magnitude of the energies
in the 0° direction, for the square and triangular lattices respectively, are J
and 2J for k£ = 1, and 3J and 4J for k£ = 2. It can be seen that the square
lattice exhibit strong anisotropy when only the nearest neighbor interaction
is considered. Since an anisotropic Hamiltonian reduces the effective force
driving boundary motion,[16] we therefore work with the k = 1 triangular,
and k = 2 square lattices.

The kinetics of boundary migration are simulated using a Monte Carlo
technique in which a site, selected at random, is reoriented to a randomly
chosen new orientation. In the zero temperature regime, this reorientation
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attempt is accepted only if the resulting energy is less than or equal to
zero. A time of one Monte Carlo Step (MCS) corresponds to a number of
reorientation attempts equal to the number of lattice sites.

2.2 Soap froth experiment

A cell of 8.5 in.x11.5 in.x1/8 in. is used.[17] Employing air as working
gas, the cell is filled with a well ordered array of small bubbles, which typically
numbered in the range of 10,000 initially. The 1/8 in. thickness of the cell
is adequately small that the bubbles are in contact with both the top and
bottom plates, resulting in a two-dimensional bubble network resembling
polycrystalline grain structure. The top and bottom plates are made of clear
plastic which allows the use of a photocopier to record the coarsening of the
grain structure as a function of time. The soap froth images were digitized
using an IBAS image analyzer, such that the same 30% area of every image
is resolved into 600x500 pixels on a square lattice. The resulting digitized
images were then subjected to further statistical analysis.

2.8 Potts simulations and soap froth ezperiment using identical initial states

Two types of Potts model simulations were conducted: the k¥ = 1 trian-
gular lattice simulation for gathering statistics in the power law regime (also
called the scaling state), and the k& = 2 square lattice simulation to provide
comparisons to the soap froth experiment.[15] For compatibility reasons, the
simulations were carried out using two-dimensional lattices. The triangu-
lar lattice simulation used @ = 48 on a 1000x1000 lattice having periodic
boundary conditions. The square lattice simulation, on the other hand, used
@ = Qumaz on a 600x500 lattice having open boundary condition (i.e. spins
on the border were assumed to interact with frozen impurities). Here Qmaz
equals the number of grains in the initial state. In doing the analysis, any
grains (or bubbles in the case of soap froth) touching the borders are ex-
cluded from the statistics. This is to reduce the effect on our analysis of the
different boundary conditions used in the soap froth and the Potts model
simulations.
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3. RESULTS AND DISCUSSIONS

3.1 Evolution and statistics of the grain structures

Figure 3 shows the evolution of the structures observed in the soap froth
(30% detail) as well as that obtained from the square lattice Potts simu-
lations. As can be seen in the froth, the t = 0 min. pattern is composed
almost entirely of small and ordered hexagonal grains of nearly equal areas,
whereas the { = 2044 min. pattern has evolved to a state in which a few
islands of these six-sided grains still remain. Two square lattice Potts model
simulations were carried out, employing as their respective initial states the
digitized froth images at t = 0 min. (Qmer = 2490) and £ = 2044 min.
(@maz = 1175). The qualitative features of the disordering observed in the
froth is similar to that found in the simulations.

A clear difference between these patterns of the two methodologies, how-
ever, is the angles at which the grains boundaries meet the border. In the
case of the Potts model, this angle is close to 90°. This is due to the fact
that open boundary conditions were used in the simulation. In the case of
the soap froth, the same boundaries cross the border at arbitrary angles. It
should be noted that the border in the case of the soap froth merely defines
the extent of the viewing window, which covers 30% of the whole cell surface
area. Consequently the border does not have actual physical interaction with
the grain structure. This difference in the boundary conditions results in an
increasing divergence with time between the patterns of the actual soap froth
and the simulations, as can be seen by comparing the bottom row simulation
structures to the corresponding froth image in figure 3.

Figure 4 shows the average grain size as a function of time, which is com-
pared between the froth and two triangular lattice Potts simulations using
different initial states. Since these initial states were both taken from images
of the same soap froth cell, there was no free parameter exist in assigning
grain areas (measured in pixels) in the Potts simulations. The multiplicative
constant relating the real time to the Monte Carlo steps, however, is a free
parameter. This was chosen to give the best fit to the ¢ = 2044 min. run, so
that trear (min) = 0.32tpc + 2044, where tp¢ is the number of Monte Carlo
Steps (MCS).

Based upon this best fit, it can be seen that all three sets of data exhibit
a slow initial growth, followed by a rapid transient, then a slower, approxi-



44 GRAIN GROWTH IN POLYCRYSTALLINE MATERIALS

soap froth

Potts model

Potts modet

14000 MCS 3263 Minutes

7258 Minutes

Figure 3: Comparison of the two-dimension structures of soap froth (center)
and Potts model simulations. The simulations use as their respective initial
states the digitized froth images at t = 0 min. (left) and ¢t = 2044 min.
(right).
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Figure 4: Comparison of average grain area (in pixels) as function of time.

mately power-law growth behavior in which the average grain area is a linear
function of time.[17] After this the data show fluctuations. The early tran-
sient in the froth is attributed to the annealing out of the initial fill state of
small ordered grains. It can also be seen from figure 4 that the soap froth
is faster than the Potts simulations in increasing its grain sizes in the ini-
tial transient, as well as quicker in entering a power law regime (or scaling
state). This suggests that the initial cluster of small hexagonal grains are
more stable in the Potts simulations than the corresponding bubbles in the
soap froth. We believe that this is a manifestation of the finite size effect,
caused by the fact that the initial short time grain size in the simulation is
not much larger than the lattice separation of the underlying grid.

In the scaling state, the grain statistics and various distributions are found
to be time invariant. Figure 5 compares the distributions of normalized grain
radius and area obtained from the soap froth, as well as Potts simulation
using a triangular lattice. Both curves display similar behavior. The radius
plot in figure 5(a) shows that the simulation results in more grains of average
size (i.e. 7/ < r >= 1, where < > indicates mean value) than that of the
soap froth. In the area plot, figure 5(b), both curves exhibit a monotonic
exponential decrease.

3.2 Topological statistics

The topological state of a grain structure can be described by the side dis-
tribution function, p(n), which gives the probability that a randomly selected



46

GRAIN GROWTH IN POLYCRYSTALLINE MATERIALS

N

Side distribution function

(o]
~

—~
Q
~
o
g

T 0.8 " ; -

7~ — soap froth

\ - soap froth
;0 - - - Potts model P

\ - - Potts model

08

04

Normalized area distribution —
P lal<a>)

Normalized radius distribution
p(H<r>)

{<r>)
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Figure 6: Side distribution function, p(n): (a) plotted at different times for
an initially ordered froth, and (b) in scaling state, comparison between the
soap froth and a Potts simulation using triangular lattice.
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grain has n sides. Figure 6(a) shows the evolution of the side distribution
for the soap froth in figure 3. At t = 0 min., the function sharply peaks
at n = 6, because the structure starts out as a well ordered arrays of
hexagonal grains. With increasing time, p(6) of six-sided grains is found to
decreases monotonically, whereas p(5) of five-sided grains increases monoton-
ically. After approximately 10,000 min., at which point the system achieves
the scaling state, the shape of the distribution function becomes essentially
time invariant, and p(5)/p(6) = 1.03. This observation agrees with the earlier
finding by Stavans et al.[14] In figure 6(b), the scaling state side distributions
are plotted for the froth and a Potts simulation using the triangular lattice.
It can be seen here that the froth curve shows more five- and six-sided grains,
whereas the simulation curve has more four- and eight-sided grains.

In order to better visualize the temporal development of the grain topol-
ogy, we define the mth moment of p(n):

= 3 p(n)(n= <0 >)" (2)

n=2

where < n > is the average number of sides for a grain in the structure.
In figure 7 we plot yz, which measures the r.m.s. width of the distribution,
against time for the soap froth and the t = 0 min. square lattice Potts simu-
lation. The scatter of data is attributed to the limited number of observable
grains due to the restricted size of the digitized images. It can be seen that
both curves display essentially the same pattern. At ¢t = 0, we observe low
p2 values which is due to the presence of large number of hexagonal grains,
that gives rise to a sharp side distribution functions, p(n). In the transient
state, the p,’s grow rapidly, indicating the broadening of p(n). Here it can
be seen that the u; of the Potts model grows at a slower rate, but eventually
reaches a higher value, than that of the froth. The systems enter the scaling
state at about ¢ = 10,000 min., at which point the g,’s drop back to more
stable values (up = 1.540.3 for froth, and 2.4+0.1 for Potts model). These
stable yy values indicate time invariant side distributions.

We next examine the relationship between grain size and topology. Two
different forms concerning cellular type arrays have been proposed. The first
form is the commonly used Lewis’ law,[18] in which the area of a grain is
assumed to be a linear function of its number of sides: < a, > = ¢ + & n,
where < a, > is the mean area of the grains having n-sides, and ¢;, c; are
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Figure 7: Time evolution of second moment of the side distribution, u,, for
the soap froth and the square lattice Potts model simulation using as initial
condition ¢t = 0 man. froth image.
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Figure 8: Plot of (a) normalized average area of n-sided grains versus n. The
line shows Lewis’ law prediction. (b) normalized average radius of n-sided
grains versus n. The line shows Feltham’s law prediction.
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Figure 9: (a) Nearest neighbor side correlation function, m(n), and (b) its
standard deviation. Both are plotted as function of n, the number of grain
sides.

constants. Figure 8(a) plots the normalized grain area as function of n for
the soap froth and Potts simulations, both square and triangular lattices
runs. The three results are indistinguishable within numerical uncertainty,
and all display a non-linear relationship. In particular, the areas of the grains
having fewer than six sides appear to be larger than that predicted by the
Lewis’ law.

The second form is the Feltham’s law,[19] in which the size of a grain is
assumed to be a linear function of its number of sides: <r, > = ¢ + ¢ n,
where < r,, > is the mean radius of the grains having n-sides. Figure 8(b)
plots the normalized grain radius as function of n. Again we see that all
three results are in good agreement with each other. In this case, however,
the radius of the grains having more than ten sides appear to be lower than
that predicted by the Feltham’s law.

Another important topological distribution that can be readily calculated
is the nearest neighbor side correlation function, m(n), which is the average-
number-of-sides of the neighboring grains to an n-sided grain, m(n).[20] This
function can be expressed in a form first proposed by Weaire: m(n) = ki +¢/n,
and is known as the Aboav-Weaire law.[21] Figure 9 presents the function
m(n) and its standard errors, obtained from the soap froth as well as the
Potts simulations. The three data sets are in good agreement with each
other, as well as with the Aboav-Weaire Law. They all show a monotonic
decrease, especially between n = 3 and 8. This indicates that few-sided
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grains tend to be near many-sided grains.
4. SUMMARY

It is found that the Potts model and the soap froth experiment show
excellent agreement, and they produce nearly identical distribution and cor-
relation functions. There are, however, a few subtle discrepancies. In the
early time behavior, the hexagonal grains in the Potts model are found to
be more stable than those in the soap froth. This effect is believed to be a
manifestation of the finite size effect. Also in the side distribution during the
scaling state, the longer tail of the Potts model shows that its many-sided
grains lose sides more slowly than those in the soap froth, and presumably
gain sides more frequently. At this moment it is not clear if these discrep-
ancies are specific to the methodologies employed, or are the manifestation
of some more fundamental underlying issues. Further investigation would be
necessary to answer this question.
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