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Spatially Coherent States in Fractally Coupled Map Lattices
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We study coupled map lattices with a scaling form of connectivity and show that the dynamics
of these systems exhibit a transition from spatial disorder to spatially uniform, temporal chaos as
the scaling is varied. We numerically investigate the eigenvalue spectrum of the random matrix
characterizing fluctuations from spatial uniformity, and find that the spectrum is real, bounded, and
has a gap between the largest eigenvalue (corresponding to the uniform solution) and the remaining
N — 1 eigenvalues (nonuniform solutions). The width of this gap depends on the scaling exponent.
We associate the transition to the coherent state with the appearance of this gap.

PACS numbers: 87.10.+e, 05.45.+b, 47.20.—k

Animal brains are complex networks of elements thatwhere the index denotes the time andthe position on
can perform a broad variety of information processinga linear chain oN sites. Each pair of site$,andj, are
tasks. Specialized areas of the brain, such as the motoepnnected according to the probability distribution
and visual cortex, are wired in specific, identifiable ways
to carry out their functions [1]. It is much harder,  p(Cjj) = p(ij)8(Cij — 1) + [1 — p(ij)]6(Cij), (2)
however, to determine the structure of the network in o ] ] )
higher brain regions, which often seem rather amorphoudvherep(ij) is given by a simple scaling assumption for
but are able to perform different types of computationsthe connection neighborhood
without any significant change in synaptic coupling. Not . C .
only is the computational activity in these higher brain p) =Iri — ™,  jJ==*L=*2..., (3
regions localized f_or agiven task. [2], regions aIIotte_d tOwhere ri and r; are the coordinates of thih and jth
different computations, such as hippocampal place fields,. ; ; L

. ; o .—_Sites, respectively. This form of connectivity is different
often overlap [3]. This dynamic partitioning of nodes into L X .
) ) ) — . . from random connectivity models with a fixed value of
domains of fixed point, oscillating, and chaotic domains Th i .
X L : i - e probability that two sites are connected depends
has been observed as a generic behavior in simulations gf . ' . . :
: n the intersite distance and number of connections in
neural networks, coupled oscillators, and coupled maps. d-di ional sph f radi il | d—a

This segregation of activity in networks is strongly‘s:c —llmensmna ﬁpl ere or ra #RhW' s(tj:af_e asR f |

dependent on the way the network is connected [4]. Mos or large enough lattices), which we define as fracta

existing studies employ either coupling restricted to Somé:onnectlvny. The coupled lattice is thus given by

neighborhood of a site or global coupling, which is a Xos1(i) = 1 (%, (i)

mean field extension of local models. However, most n+i A +1 n

dendritic branching is fractal [5]. The omnipresence of .

fractally connected neurons in biological neural networks + _E%nn F(xn @) | 4)
suggests that fractal coupling may be necessary for greater _ ! . _
efficiency in performing higher order computations. whereA; is the number of connections at tité site, and

Coupled map lattices (CMLs) are simple, Computation.the sum ovelj runs over all the sites connected to dite
ally tractable dynamical networks that display behaviorWe have two parameters at our disposalwhich is like
qualitatively similar to that of more complicated mod- @ forcing parameter for a reaction-diffusion equation, and
els [6—10]. Chaotic maps like the logistic map capturee, which defines the connection neighborhood as well as
some essential features of neuronal dynamics, such &8e strength of the interaction between sites.
fixed point, oscillatory, or chaotic behavior [11], depend- We impose periodic boundary conditions on the lattice,
ing upon the applied stimulus, and have been used tb€-, X(1) = x(N + 1). The form of the probability dis-
study clustering phenomena and coding in neural ensenttibution for site-site coupling allows us to smoothly vary
bles [12]. We use these networks as simplified models ofhe interaction neighborhood of a site. Thus « is the
neural ensembles to study the effect of connection archiréarest-neighbor coupling limit, and — 0 is the global

tecture on network behavior. coupling limit.
We consider a CML with local dynamics described by ~For the limiting cases ot — « anda — 0, the lat-
the logistic map tice exhibits a fairly well understood range of behavior,
including pattern selection, intermittency, and spatiotem-
Xn+1(i) = F(xa(i)) = 1 — ax2(i), (1) poral chaos [13]. In this Letter, we are mainly concerned

0031-900795/74(16)/3297(4)$06.00  © 1995 The American Physical Society 3297



VOLUME 74, NUMBER 16 PHYSICAL REVIEW LETTERS 17 ARIL 1995

with the study of the lattice dynamics far values of
O(1). This implies that the coupling between sites is no
longer strictly short range or infinite range. This kind of
scaling of the connectivity occurs in animal brains [14],
and the particular range of values efresults in rather
dilute connectivity which is biologically realistic.

We show the temporal evolution of the lattice in
Fig. 1 for a lattice of size 100 with the value of the
map parameter set to the band-periodic region of the
logistic map & = 1.44). We see that the lattice splits
into almost periodic domains for large (local limit) with
the selection of some characteristic stable wavelength.
The domain boundaries do not move with time. As
a is decreased, the number of domains decreases and
the motion within a domain becomes more chaotic. As
a is lowered further, the lattice trajectories are almost
band periodic and there is little spatial order within
domains, suggestive of phase turbulence, where a slow
chaotic mode prevents the system from locking. Past a
critical value of«, the lattice becomes spatially uniform.
The uniform state is stable for all parameta) ¢alues
of the uncoupled logistic map (fixed point, periodic,
semiperiodic, and chaotic) though the critical value of
a shifts slightly depending upoa. Scaling forms of
connectivity might result in domains with fractal structure,
which we have not explored in this Letter.

In order to locate the critical value of at which
the uniform state becomes stable, we sweepwhile
holding a steady, and record the size of the coherent
domain. The size of the coherent domain is defined
as the number of sites such thixt — xj 1| < §, with
6 taken to be107''. We average over 500 different
initial conditions for eachr and 100 time steps for each
initial condition after discarding transients. We show the
average coherent domain size for lattice sizes f26m2*0
for two parameter valuesa(= 1.44 anda = 1.9) of the
logistic map in Fig. 2.

We see that for different values af the critical value
for a at which the size of the coherent domain diverges,

shifts, depending on whether the single logistic map is 0.51
band periodic or chaotic. The uniform state appears to )
be attracting and globally stable past the critical value of * o

a. The transition from an initial uncorrelated state to a
spatially uniform one becomes sharper as the system size

increases. This behavior resembles a phase transition, -0.5¢
where continuous variation in a parameter, results in , , (@
a discontinuous jump in an order parameter, here, the size 0 20 40 60 80 100

of the coherent domain. !
The emergence of coherent structures in CMLs ha§!G. 1. Space-time diagram for fractal CML with = 1.44

been studied by stability analysis and statistical mechanic®d @ =15, (b) & = 2.0, (¢) & = 1.3, and (d)a = 1.1 for

A . . fandom initial conditions.

[15-19]. While, in general, temporally chaotic states in

systems with short range interactions lead to a loss of

spatial coherence with exponentially decaying correlations

in space [20], in models with asymmetric coupling and/interactions, which are statistically symmetric, can exhibit

or open boundary conditions, a stable uniform statdong range spatial order with temporal chaos.

can be observed [15,16]. We show below that chaotic We examine the stability of the uniform state by means

temporal states of systems with probabilistic, long rangef a linear stability analysis about the uniform solution.

3298



VOLUME 74, NUMBER 16

PHYSICAL REVIEW LETTERS

17 ARIL 1995

_ (a)
8o
(7]
£
£
-1
]
]
= N=64
S =
-2 N=128 1
5 N=256
L N=512
o))
O-3r N=1024/
1 1.2 14 1.6
o
—_
b
To (b) |
(7]
£
£
-1
]
T
t
] N=64
-2
g N=128
S N=256
O
< N=512
0.3 N=1024 |

06 08 1 12 14 16
(04

are positive, since the connection neighborhood always
includes the nearest neighbors, and &) =0 Vi,j.
Condition b ensures that there exists an integgesuch
that MX is strictly positive. ThusM is irreducible and
primitive [21] and it has a nondegenerate, real positive
eigenvaluerna such that

Amax > |Ail, i=1...,N-1, (8)
where A; is any eigenvalue oM. Conditiona ensures
that Amax = 1 [21] and the corresponding eigenvector is
uniform. The matrixM belongs to the general class of
matrices known as stochastic matrices.

For the caser — «, each site is connected only to its
nearest neighbors and the matrix becomes symmetric and
tridiagonal, with additional entries in the upper right and
lower left corners due to the periodic boundary conditions.
In this case the eigenvalue spectrum of the matrix is

A(i)=ﬁ|:1+2co<2iﬁ>:|, i=01,....
)

For the eigenvalue spectrum of Eg. (9), the eigenvector
corresponding to the largest eigenvalue represents the

FIG. 2. Fraction of coherent sites. Results are plotted on &tate of unifprm fluctuations Whic_h is Un_Stab|ePU =1
log scale, averaged over 500 random initial conditions afteiSince the eigenvalue spectrum is continuous, there is a

discarding 10000 transient steps. &)} 1.44 (band-periodic
region of logistic map), and (by = 1.90 (chaotic region of
logistic map).

To linear order in the deviations, (i) = x,(i) — X,, we
have

T/(x(n))

en+1(i) = m{en(i) +

> en<j>] (5)

j€Econn

band of unstable nonuniform modes which destroys the
spatial coherence of the system.

For cases wheren is of O(1), we calculate the
eigenvalues of the stability matrik numerically for
a large number of matrices with fixed values af
in order to make general statements about the nature
of the uniform state. We find that the matrices have
all real eigenvalues and the largest eigenvalue is 1
corresponding to the uniform solution, as expected. The

where the connection HEIgthFhOOd is chosen accordingigenvalue Spectrum has a gap which Separates the |argest

to Eq. (3).
The trivial solution for Eq. (5) isen(x) = 0, which

eigenvalue from a continuous bandf— 1 eigenvalues
corresponding to nonuniform solutions (Fig. 3), which is

implies that if the lattice starts from a uniform state 5 surprising result. The size of the gap is determined by
Xo(J) = XVj, the sites stay uniform. We are interestedthe value ofa. Fora > 2, the gap goes smoothly to zero
in the long term behavior of a system perturbed infinitesiqnd the eigenvalue spectrum approaches that of Eq. (9) as

mally from the uniform state.
We can rewrite Eq. (5) as a matrix equation,

en+1 == fl(Xn)Men . (6)
If M is diagonalizable,e, = (poA)ax, Where Amax is

the largest eigenvalue & and Inpo) is the Lyapunov
exponent of the map whep is defined as

1/n
po = nliLnx(l‘hf/(xm) : (7)
|

a increases. For < 1, the gap is large. Intermediate
values ofa result in gaps which depend upon the system
size. In the thermodynamic limit of an infinite system,
we expect the gap to appear discontinuouslydfor ait
which is reflected in the divergence of coherent domain
size. While the size of the gap is related to the system
size, the actual appearance of the gap depends only on the
particular form of the coupling. The origin of the gap as a
result of the particular matrix structure is not entirely clear
but is an interesting unsolved problem from the standpoint
of random matrix theory.

M is an asymmetric matrix with entries picked randomly Thus, we can relate the stability of the spatially uniform
according to the probability distribution of Eq. (3). The but temporally chaotic states to the connectivity exponent

conditions imposed oM are (a) the entries in every «a.

If we consider a gap of widthy, then for states

row sum to 1 because the lattice dynamics has teuch thatp, > 1 and po(1 — g) < 1, the uniform mode

map the interval onto itself, (bM;i, Mii+1, and M;;i_;

is spatially stable (in the sense that any small initial
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