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High Rayleigh Number Turbulence of a Low Prandtl Number
Fluid

T. Segawa, M. Sano, A. Naert, and J. A. Glazier}

Research Institute of Electrical Communication, Tohoku University, Sendai 980,
Japan
1 Department of Physics, University of Notre Dame, Notre Dame, IN

Abstract. We have studied the scaling properties of thermal
turbulence in a low Prandtl number, Pr, fluid using liquid Hg
(Pr = 0.024). The length scale of thermal and viscous boundary
layers are analyzed from time series of movable thermistors
near the boundary. It revealed that the thermal and viscous layer
had crossed over the observed range of Rayleigh numbers

(109 < Ra < 108). The frequency spectrum of the temperature
fluctuations and the scaling of the cutoff frequency differed
from those of He. The cascade range was smaller than
expected. Characters of high Rayleigh number flow of a low
Prandtl number fluid is discussed.

Introduction

Experimental studies on turbulence in thermal convection [1-5] have revealed a
distinctive turbulent state called hard turbulence. The hard turbulence is
characterized by: (1) The histogram of the temperature fluctuations at the center
of the fluid has an exponential distribution. (2) Large scale bulk circulation
coexists with turbulence. (3) The Nusselt number, Nu, the root mean square
temperature fluctuation and the mean velocity U of the large scale flow all have
power law dependence on the Rayleigh number, Ra, with scaling exponents
different from classical theory [6). (4) The temperature power spectrum decays

as the power law with a slope close to -1.4 for Ra < 10! and two slopes for
Ra> 10!,
The scaling relations for the hard turbulence are summarized as follows,

Nu ~ Ra?, (n
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% ~ Ra‘ )
k

where L is the box size, K is the thermal diffusivity, Y= 0.285 + 0.004 which is
close to (2/7), and € = 0.485 + 0.005. Theories explaining the scaling phenomena
of hard turbulence, assume distinct boundary layers for the temperature and the
velocity (viscous sublayer) fields, and that the entire temperature drop occurs
within the viscous sublayer [2, 6, 7]. The thickness of the thermal boundary
layer, AT, should scale as,

1
T ~wa ~RaV, (3

provided that the thermal boundary layer is purely diffusive (y = 2/7 in the
theory) [2, 7]. On the other hand, the thickness of the viscous boundary layer,
Ay, can be estimated by dimensional analysis as

Ay

1
I "~ Re ~ Ra€. “)

Relation between two exponents (€ > y) implies that at high Rayleigh numbers,
the viscous boundary layer may become thinner than the thermal boundary layer,
violating the hypothesis that the thermal boundary layer is diffusion limited.
Shraiman and Siggia [7] conjectured that hard turbulence is unstable if crossing
occurs. Therefore hard turbulence may not be asymptotic for high Ra, but an
intermediate. The relation, Nu ~ Ral’2 was predicted for the new state [6, 7, 8].
Recent direct measurements of boundary layers in pressurized SF¢ confirmed the

dependence of AT and Ay on Ra, and showed that the crossing should take place

around Ra ~ 1014, though these Ra were not obtained [10]. However, the Prandtl
numbers of Belmonte et al.’s fluids were fairly high: Pr=0.7 for Helium and
compressed gas, 2 < Pr <7 for water. The lower the Prandtl number, the smaller
the ratio of the boundary thicknesses, Ay/AT, since the Reynolds number is
higher. The critical Rayleigh number for this turbulence transition for liquid Hg
(Pr=0.024) should be Ra~103-107 [7]. In this paper, we examine the
statistical and scaling properties of low Prandtl number fluid (Hg) turbulence.
We compare our results to hard turbulence in Helium and pressurized gas. The
Reynolds number of the flow is about 10 times higher than for He at the same
Ra. The power spectrum has a peculiar scaling, which results from the viscous
boundary layer being as thin or thinner than the thermal boundary layer [9].
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Experimental Setup

The experimental cell is a vertical cylinder 10 cm in height (L) and 10 cm in
diameter (aspect ratio 1) as shown in Figure 1. The top and bottom plates are
made of nickel plated copper 2 cm thick. The side wall cylinder is made of
stainless steel 2 mm thick to match the thermal conductivity of Hg. The high
thermal conductivity of mercury requires special heating and cooling. In the
bottom plate, an insulated manganin wire heater (diameter 0.3 mm) is embedded
with thermal conducting paste in a spiral groove of semicircular section, width
0.4 mm and spacing 0.6 mm.

The top plate forms the bottom of a large copper container with many
copper fins embedded to promote good thermal exchange with the cooling water.
Temperature controlled water enters the container through five inlets and exits
from four outlets. The heater is supplied with constant power ranging from one
watt to several hundred watts depending on the target Rayleigh number. The
temperature of the cooling water is controlled in stages: first by a refrigerator
and an electric heater, second by a 20 liter ballast tank, and finally by Peltier
elements for precise control. The worst temperature stability occurs for maximal
heating and is 1% of the total temperature difference, AT, between the top and
bottom plates. The best stability occurs for minimal heating and is of the order of

104 K. To measure the local temperature fluctuations, we used five thermistors
(Thermometric BO7PA) whose size is 300 pm in diameter with insulation though
the bare size is 200 pm. Their response time is sufficiently shorter than the
flow’s typical minimum time scale of 100-200 msec.

q Copper

- Stalnless
Mercury

T e

Figure 1. Convection cell.
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As shown in Figure 2, one [A] is placed at the center of the cell at
midheight, two are vertically aligned. at 1 cm from the side wall, one at
midheight [B1], and the other 2 mm above [B2] to measure the mean flow
velocity. Two thermistors ([C] and [D]) are fixed on the fine stainless tube that is
tied to micro-translational stage, controlled by a stepper motor, and can be
moved vertically along the center line of the cylinder. Each thermistor
constitutes one arm of an AC capacitance bridge whose output is fed to a lock-in
amplifier (PAR 124A). The output signal is first digitized and stored in an HP
digital spectrum analyzer (HP3563A) then analyzed by computer.

Experimental Results

The histogram of the temperature fluctuations is close to an exponential

distribution for accessible Rayleigh numbers, 106 < Ra < 108, verifying that the
turbulence is well developed. Figure 2 shows the histogram of the temperature

fluctuations at the center of the cell [A] for Ra =7.54 x 107.

10!
[ ! 08\2
2 -
107 A Bi
g |
107
10* 1 2 1 N
0.1 AT perdiv,

(T-T, )/ AT

Figure 2. Nearly exponential histogram of temperature fluctuations measured by

the center thermistor [A] at Ra = 7.54 x 107. The inset shows a schematic
drawing of the experimental cell with the positions of the thermistors.

Large scale circulation persists over the same range of Rayleigh numbers.
We measured the mean flow velocity of the large scale circulation with two
adjacent thermistors [B1, B2] near the side wall. We estimated the group
velocity of temperature fluctuations passing through the two detectors from the
phase delay of the cross spectrum of the two signals [3]. The mean flow velocity

was about 2 cm/sec at Ra = 107. We obtained the Reynolds number at length L
from the mean flow velocity V; Re = VLA in Figure 3. The large scale circulation
causes the frequency peak of the temperature power spectrum, fp [3]. Thus fp
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also gives an estimate of the mean flow velocity, using relation V ~ nLfp We

also plot the dimensionless parameter, Re’+ fp * 7L2/v in Figure 3. Direct and
indirect measurements of mean flow velocity coincide. The scaling relation,

VAV/L) ~ 6.24 Ra0-47£0.02 )

resembles hard turbulence in He but with a coefficient 20 times larger.
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Figure 3. Scaling of the Reynolds number of the box, Re = VL/v, mecasured by
phase delay as a function of the Rayleigh number (rectangles). The mcan flow
velocity can be estimated from the frequency peak, fp. The Reynolds number is

compared to 1t pr2/v (circles). Both quantities fit the scaling
Re = 6.24Ra0-4620.02,

Reference [3] estimates that the transition to hard turbulence takes place
when the Reynolds number of the box exceeds 103. As shown in Figure 3, Re is

104 at Ra ~ 107. Thus, even the lowest Ra (106) in our experiment is well within
the hard turbulence regime. Extrapolating to lower Rayleigh number, suggests

that hard turbulence in mercury starts around Ra ~ 105, not far from the onset of
convection and chaos. Soft turbulence may occur over a narrow range or not
exist in low Pr number fluids.

Figure 4 shows the power spectrum of temperature fluctuations at

Ra=7.12 x 107. We fit the power spectrum with the function [4],
— L yo exp - ~
P = (750" exp (). (©)

By fitting power spectra for Ra numbers (107<Ra<108), we obtain
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o =1.58 + 0.09.
We determined the cutoff frequency, f¢, as a function of Ra. f, scales as
fe~ RaB, with B = 0.4 + 0.05. The exponent differs from that of He turbulence

where B = 0.78 by the same method [14]. We can understand the exponent 8 in
the He experiment as follows: the cutoff frequency depends on the smallest
spatial structure (plume) of size A advected by the mean flow velocity, V. Thus
fe ~ VIA. A should be of the same order as the thickness of the thermal boundary

layer, AT. Therefore fo ~ Ra¥*€ = y+¢ ~ 0.77 for He and SFg turbulence.
However, the argument fails for mercury turbulence.
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Figure 4. Frequency power spectrum of the side thermistor [B1] at
Ra=7.12x 107. The dotted line shows a fit to the function

P(fy = Po(fIfp) @ exp — (f/f o). o= 1.49.

As shown in Figure 3, the frequency peak f, p scales as f p~ Ra0-460.02,
Comparing the scaling exponents for fp and fc in Hg, shows that the entropy

cascade range [11, 12, 13] of the power spectrum unexpectedly shrinks with
increasing Ra. This difference in scaling is the main puzzle of turbulent
fluctuation of Hg.

We calculated the Nusselt number, Nu, from the power supplied to the
bottom plate heater. The convection cell is surrounded by a thermal insulator and
placed in a stainless steel outer jacket whose bottom temperature is set to the
temperature of the bottom plate heater of the cell to minimize heat leakage. The
maximum heat leakage was tested and found to be less than 0.5 W at highest
temperature difference attained in this experiment. Figure 5 shows the Nusselt

number as a function of Rayleigh number. The best fit gives Nu ~ 0.20Ra0-25
which is slightly higher from He.
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Figure 5. Scaling of Nusselt number as a function of Ra. The solid line is the
slope (1/4).

Measurement of Boundary Layers

We measured the thermal boundary layer and the viscous boundary layer
directly, using a thermistor suspended by a thin frame and moved vertically
along the center line of the cylindrical cell by a stepper motor. Figure 6 shows
probability distribution function (pdf) of temperature fluctuations at various
heights along the center line of the cylinder. When the thermistor is well within
the two boundary layers, the pdf is close to Gaussian, and approaches to an
Exponential like distribution as the detector moves toward the center.

10 .' T L T L] T
- 04088
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wil L hY ] L
0.1 0.2 03 04 0.5 0.6 0.7
(T-T, p)/ AT

Figure 6. Probability distribution function of temperature fluctuation at various
heights, /L.
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We plot the time average of the temperature, 7, as a function of the
distance from the top plate z in Figure 7(a). Temperature profiles fit the function
Tave(z) - Trop = mitanh(m)z), which satisfies the requirement of linearity near
to and saturation far from the boundary. We define the thermal boundary layer
thickness as A= 1/my from the fit. Thus A7 is the distance at which the
extrapolation of the linear part of the profile equals the central mean
temperature. The estimated thickness also agrees with the distance at which the
root mean square of the temperature fluctuations, Trg, reaches its maximum, as

shown in Figure 7(a). We find AT = 3.4 mm at Ra = 8.0 X 107.
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and SFg [10, 15} have validated this method. In Figure 7 (b), we show fj as a
function of the distance z. As the viscous boundary layer thickness we took the
distance at which fj, is maximal, to obtain A = 1.6 mm at Ra=8.0x 107, so
Ay ~0.5 AT This ratio differs in pressurized SFg for which A, is much larger
than AT (for instance Ay ~ 3 A7 ). Evidently the two boundary layers have

crossed at this Ra. The length scale of two boundary layers at various Rayleigh
number are shown in Figure 8. Two boundary layers are crossed in the whole
range of Ra we measured. The solid line in Figure 8 shows the slope -0.25 for
comparison.
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Figure 7. (a) Temperature profile (dots) and root mean square fluctuation
(circles) near the top plate, measured by the movable thermistor [C]. The solid
line is the best fit function, Tgaye(z) - Tyop = mitanh(myz). The guide line shows
the thermal boundary layer thickness. (b) The profile of the frequency, fj, as a
function of the distance, z, from the top plate. The distance at which f} reaches its
maximum approximates the viscous boundary layer thickness.

We estimated the profile of the viscous boundary layer from the highest
frequency, fh, of the temperature frequency spectrum. Measurements in water

10
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Figure 8. Thickness of thermal and viscous boundary layers as a function of Ra.
Thermal boundary layer length is determined by the fitting of average temperature
profile (0O), and by the maximum position of the rms fluctuations (+). Viscous
sublayer length is determined from the cutoff frequency fj of power spectrum

(square).

Discussion

We can estimate the Reynolds number of the shear flow based on boundary layer
thickness, A, defined as,

Re), = Uy , 0
v

By using the mean flow scaling, U L/ ~ 6.24Ra0-46 and the data for Ay, we plot

Re), as a function of Ra in Figure 9. Note that Re), ~ 500 at Ra ~ 7 x 107, so the
boundary layer is turbulent. Considering that the turbulent viscous boundary
layer is as thin as or thinner than the thermal boundary layer, the plumes are
stretched and mixed by the turbulent shear as soon as they detach from the
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thermal boundary layer and before they arrive at the center of the fluid.
Therefore simple plumes may not exist in low Prandtl number fluids.

1000 T T v

800} 1
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Figure 9. Reynolds number of the viscous sublayer, Re),y, = Uhyv.

Additionally, the surface (boundaries and side walls) and bulk flows lic in
different regimes. The typical temperature fluctuations (rms) at the center, 6, is
about 3% of the total temperature difference, AT thus #AT ~ 102 at Ra = 10.
The typical velocity is about 2 cm/sec at Ra ~ 107. The buoyancy force, ag8, of
the fluctuation at the center is much smaller than the inertial term,
AMluvula-~ vL; ag&’(UzlL) ~ 102, where o is the thermal expansion
coefficient and g is the gravitational acceleration. Therefore, in the center region,
buoyancy is negligible and temperature fluctuations resemble a passive scalar,
perhaps causing the scaling behavior of the spectrum. We obtain a correct
estimate (2 cm/sec) of the mean flow velocity by balancing the buoyancy of the
boundary layer, agAT, with the inertial term, UL, implying that most of the
detached boundary layer flows along the side wall in the large scale circulation,
which drives the turbulent flow in the center.

At larger scales, inertia balances the buoyancy term, while at smaller scales
inertia balances the energy transfer. The Bolgiano scale, LB, at which buoyancy
and energy transfer are of the same order, is given by
LB= Nul/ZU(Ra . Pr)1/4. [18] In the experiment LB ~ 2 cm at Ra = 107, which
corresponds to 1 Hz in the spectrum, narrowing the cascade range.

We did not observe a transition to Nu ~ Ra!/2. Further experimental study
of higher Ra number flow is in progress.

Summary

In thermal turbulence in low Prandtl number fluids like Hg, due to the small
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kinematic viscosity, the turbulent state is well developed over the observed range

of Ra (106 <Ra< 108) as shown by the histogram of temperature fluctuations
and Reynolds number. Scaling exponents of Nu is slightly smaller than that of
He. The scaling of the cutoff frequency, f¢, of the temperature frequency
spectrum is peculiar and results in narrowing of the cascade range. Measurement
of the boundary layer profile shows that the viscous and thermal boundary layers
have crossed. The detachments from the boundary layers are strongly affected by
the turbulent shear flow. This phenomena, combined with large scale circulation
causes the turbulent flow in the center part to be driven by shear. The
temperature fluctuations in the center behave as a passive scalar resulting the
peculiar scaling of the power spectrum. A transition to Nu ~Ral’2 was not
observed.
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