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It is shown that the hypothesis that the imaginary parts of exchanged Regge contributions must cancel in 
channels which contain no resonances implies restrictions on the way in which SU(3) may be mixted and 
broken in the vector and tensor meson nonets; for example, the mixing angle should satisfy tan2 0 = i. 

There is an intriguing possibility that S matrix 
principles, such as analyticity and crossing, may 
imply restrictions on the possible symmetry 
groups of strong interactions (e.g. ref. 1). In this 
note, we explore some consequences of a con- 
sistency condition recently proposed by Harari 
(ref. 2), and also implied by work of Van Hove 
(ref. 3) and Henzi (ref. 4), which is an extension 
of the idea of exchange degeneracy (ref. 5). In 
particular, we calculate the mixing angles for the 
vector and tensor meson nonets. 

It has been suggested by Harari (ref. 2) that 
the contributions of Regge trajectories, exclud- 
ing the Pomeron, in the f channel may be built up, 
in the sense of finite-energy sum rules, by res- 
onances in the s channel. In this note we are in- 
terested in a special case of this suggestion: 
when there are no resonances in the s channel, 
then the sum of the imaginary parts of the ex- 
changed trajectories (again excluding the Pomeron) 
should vanish. This requirement is a generaliza- 
tion of the hypothesis of exchange degeneracy 
proposed by Arnold (ref. 5), and may be con- 
sidered to be a consistency condition which s 

channel information can impose on the t channel 
trajectories. 

This condition can also be motivated, without 
any reference to finite-energy sum rules, from 
ideas discussed by Van Hove (ref. 3 ) and Henzi 
(ref. 4). These authors compare elastic scatter- 
ing amplitudes, such as the pp (or Kp) elastic 
amplitudes, with the amplitudes for the u channel 
reactions pp (or Ep). They argue that the part of 
the overlap function which survives at infinite 
energy comes from those inelastic channels which 
can be produced by exchange of vacuum quantum 
numbers, and so is the same for pp and pp; in 
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addition, there is a part of the pp (or Kp) over- 
lap function coming from baryon (or strangeness) 
annihilation channels which has no counterpart in 
pp (or Kp), and which must disappear as the 
energy increases. Thus they predict that the 
overlap functions, and hence the total cross- 
sections in channels such as pp or Kp have a 
much smaller energy-dependent part than they do 
in channels such as pp or Ep. When this beha- 
viour is described in Regge language, it implies 
that the imaginary parts of the exchanged trajec- 
tories (excluding the Pomeron) cancel for those 
channels which do not permit annihilation. Since 
(at least in the examples we shall consider), the 
channels which do not permit annihilation are 
those which do not contain resonances, we are 
led back to the consistency condition proposed by 
Harari (ref. 2). We shall now show that, in the 
approximation that this condition is satisfied 
exactly, there are restrictions on the mixing and 
breaking of SU(3) for the vector and tensor nonets. 

In a reaction in which, for example, only the 
p and the A2 trajectories may be exchanged, we 
have, at high energies 

A(s,t) = fip(t) (1 - exp (-inolp(,))}S”P(t) + 
(1) 

+ PAa (1 +exp (inaA2(t))}saA2@) . 

The condition ImA( s,t ) = 0 then requires Z cup(t) = 
= CIA,(~), and Pp(t) = PA,(t). In the following, we 

do not specify the value of the variable t, since 
our results will be valid for any t (including for 

T We note that the inclusion of Regge cuts does not 
change these results. at least if the cuts are calcu- 
lated according to the hybrid model we have proposed 
earlier (ref. 6). To first order in inelastic transi- 
tions, the amplitude is real if and only if the Regge 
pole term is real. 
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e x a m p l e  t : m 2 )  a t  w h i c h  t h e  c o n s i s t e n c y  c o n d i -  
t i o n  i s  v a l i d  ~.~ 'When we a p p l y  t h i s  r e q u i r e m e n t  
to  b a r y o n - b a r y o n  s c a t t e r i n g ,  and  a s s u m e  t h e  a b -  
s e n c e  of s t a t e s  w i t h  b a r y o n  n u m b e r  2 ~ ,  we o b -  
t a i n  t h e  e x c h a n g e  d e g e n e r a c y  p r o p o s e d  by  A r n o l d  
( r e f .  5): t h e  t r a j e c t o r i e s  ( P , A 2 ) ,  ( K ' K * * ) ,  ( w , f  ° )  
a n d  ( (p , fo , )  a r e  p a i r w i s e  e q u a l ,  and  t h e i r  c o u p -  
l i n g s  to  t h e  b a r y o n s  a r e  a l s o  p a i r w i s e  e q u a l  

We c o n s i d e r  now p s e u d o s c a l a r  m e s o n - p s e u d o -  
s c a l a r  m e s o n  s c a t t e r i n g  a n d  i n i t i a l l y  a s s u m e  t h e  
v a l i d i t y  of SU(3). T h e  e x c h a n g e d  t r a j e c t o r i e s  a r e  
t h o s e  of t h e  v e c t o r  a n d  t h e  t e n s o r  m e s o n s .  A s  
o b s e r v e d  by  H a r a r i  ( r e f .  2),  if we a s s u m e  t h e  
a b s e n c e  of r e s o n a n c e s  in  t h e  [10] a n d  t he  [27] 
r e p r e s e n t a t i o n s ,  t h e  c o n s i s t e n c y  c o n d i t i o n  t e l l s  
u s  t h a t  t h e r e  m u s t  b e  a t e n s o r  SU(3) s i n g l e t  
d e g e n e r a t e  w i th  t h e  t e n s o r  o c t e t .  A l l o w i n g  t h e n  
a t e n s o r  n o n e t  ( in  a d d i t i o n  to t h e  P o m e r o n ) ,  t h e  
a b s e n c e  of [10] a n d  [27] r e s o n a n c e s  a l l o w s  u s  to  
c o m p u t e  t h e  r e l a t i v e  m a g n i t u d e  of t h e  c o u p l i n g s  
of t h e  v e c t o r  a n d  t e n s o r  o c t e t  a n d  t h e  t e n s o r  
s i n g l e t  to t he  p s e u d o s c a l a r  m e s o n s  ( the  v e c t o r  
s i n g l e t  d o e s  not  c o u p l e  a t  a l l ) .  T h i s  e n a b l e s  u s  to  
d e t e r m i n e  w h a t  l i n e a r  c o m b i n a t i o n  of t e n s o r  
s i n g l e t  and  o c t e t  d o e s  no t  c o u p l e  to  (uu). T h e  r e -  
s u l t  i s  t h a t  if  we  d e f i n e  t h e  s t a t e  

I f ' )  = s i n e  If1) + cosO If8) , (2) 

t h e n  f o r  If') no t  to c o u p l e  to  (~u) r e q u i r e s  t a n  2 0 =½. 
T h i s  r e s u l t  wou ld  a l s o  b e  e x p e c t e d  in  a m o d e l  of 
t h e  t e n s o r  m e s o n s  a s  l e x c i t e d  s t a t e s  of two 
q u a r k s .  

We can  ge t  f u r t h e r  i n f o r m a t i o n  on  t h e  c o u p -  
l i n g s  of t he  t r a j e c t o r i e s  to  b a r y o n s  by  c o n s i d e r -  
ing  p s e u d o s c a l a r  b a r y o n  s c a t t e r i n g .  S ince  we e x -  
p e c t  no r e s o n a n c e s  in  t h e  (KN) s y s t e m  in any  
c h a r g e  s t a t e  ~$, t h e  i m a g i n a r y  p a r t s  of t h e  c o n -  
t r i b u t i o n s  of t h e  I = 0 a n d  t h e  I = 1 t r a j e c t o r i e s  
m u s t  s e p a r a t e l y  c a n c e l .  T h e  p o s s i b l e  I = 0 t r a -  
j e c t o r i e s  a r e  t h e  w8,  t he  f l  a n d  t he  f8. We h a v e  
a l r e a d y  d e t e r m i n e d  t h e  c o u p I i n g s  of t h e s e  t r a j e c -  
t o r i e s  to  t he  m e s o n s ;  f r o m  e x a m i n i n g  t he  b a r y o n -  
b a r y o n  p r o b l e m  we s e e  t h a t  t h e  c o u p l i n g s  of t he  
b a r y o n s  to w S and  to fs  a r e  equa l .  We c a n  t h e n  
u s e  t he  a b s e n c e  of r e s o n a n c e s  ( o r  a n n i h i l a t i o n )  in  

J- On the other  hand, one might be most  willing to be-  
l ieve in the validity of the consis tency condition for 
t not too fa r  f rom zero.  

JJ- What about the deuteron ? It is quite possible  that  
there  a re  no channels  which a re  absolutely f ree  of 
resonances .  A reasonable  c r i t e r ion  for applying the 
the consis tency condition is that  there  be many few-  
er  s t rongly coupled l o w - m a s s  s ta tes  (or many fewer 
avai lable  inelas t ic  channels)  in the s than in the 
u channel.  This  c r i t e r ion  should be understood when 
we wri te ,  for brevi ty ,  that  a channel  contains no 
resonances .  

t h e  (KN) s y s t e m  to  s o l v e  f o r  t h e  ( r e l a t i v e  m a g n i -  
t ude  of t h e )  c o u p l i n g  of t h e  f l  t o  n u c l e o n s .  T h i s  
in  t u r n  d e t e r m i n e s  t h e  c o m b i n a t i o n  of f l  and  f8 
w h i c h  d o e s  not  c o u p l e  to  n u c l e o n s ,  w h i c h  t u r n s  

1 ou t  to  b e  t he  s a m e  c o m b i n a t i o n  [ tan  2 0 = 2 in 
eq. (2)] w h i c h  i s  d e c o u p l e d  f r o m  (nu).  S ince  we 
know f r o m  t h e  b a r y o n - b a r y o n  p r o b l e m  t h a t  t h e  
b a r y o n  c o u p l i n g s  of t h e  v e c t o r  and  of t he  t e n s o r  
m e s o n  t r a j e c t o r i e s  a r e  t h e  s a m e ,  we c a n  s e e  t h a t  
t h i s  s a m e  a n g l e  w i l l  d e c o u p l e  a l i n e a r  c o m b i n a -  
t i o n  of Wl a n d  w8 f r o m  n u c l e o n s .  S i m i l a r l y ,  i t  
c a n  b e  shown,  by  l e t t i n g  t he  v e c t o r  m e s o n s  b e  
a l s o  e x t e r n a l  p a r t i c l e s ,  t h a t  t h i s  s a m e  c o m b i n a -  
t i o n  of o)1 a n d  w 8 d o e s  not  c o u p l e  to  (uP). A g a i n ,  
t h e s e  r e s u l t s  wou ld  b e  e x p e c t e d  in a q u a r k  m o d e l .  

So f a r  we h a v e  s h o w n  t h a t  l i n e a r  c o m b i n a t i o n s  
1 wi th  t a n  2 0 = ~ wi l l  d e c o u p l e  f r o m  (uu),  (uP) a n d  

(NN), bu t  we h a v e  not  ye t  s h o w n  t h a t  t h i s  s h o u l d  
b e  t he  a c t u a l  m i x i n g  ang le .  To do t h i s ,  we go 
b a c k  to t he  e x a m p l e  of m e s o n - m e s o n  s c a t t e r i n g .  
We c o n s i d e r  t he  e x c h a n g e  of n o n e t s  of v e c t o r  and  
t e n s o r  m e s o n  t r a j e c t o r i e s ,  bu t  do not  now a s -  
s u m e  SU(3) r e l a t i o n s  f o r  t h e  t r a j e c t o r y  f u n c t i o n s  
o r  r e s i d u e s .  By a p p l y i n g  t h e  c o n s i s t e n c y  c o n d i -  
t i o n  in u+u + s c a t t e r i n g ,  we s e e  t h a t  s o m e  physical 
f, s a y  t h e  fo,  h a s  t h e  s a m e  t r a j e c t o r y  f u n c t i o n  
a s  d o e s  t h e  p .  C o m b i n i n g  t h i s  i n f o r m a t i o n  w i th  
w h a t  we can  l e a r n  f r o m  b a r y o n - b a r y o n  s c a t t e r i n g ,  
we s e e  t h a t  t h e  t r a j e c t o r i e s  f a l l  in to  t h r e e  
g r o u p s  - ( P , A 2 ,  w , f ° ) ,  ((fl, fo,)  a n d  ( K * , K K * * )  - 
w i th  t h e  t r a j e c t o r y  f u n c t i o n s  w i t h i n  e a c h  g r o u p  
c o i n c i d i n g .  If t he  p a r t i c l e s  of t he  f i r s t  g r o u p  h a d  
t he  s a m e  t r a j e c t o r y  f u n c t i o n  as  t h o s e  of t h e  s e c -  
ond  g r o u p ,  t he  m i x i n g  a n g l e s  would  b e  u n d e f i n e d .  
Bu t  in  f a c t  the  fo,  t r a j e c t o r y  d o e s  not  c o i n c i d e  
w i t h  t h e  fo t r a j e c t o r y ,  and  by  r e m e m b e r i n g  t h a t  
t h e  c o n s i s t e n c y  c o n d i t i o n  i m p l i e s  a c a n c e l l a t i o n  
of t h e  c o n t r i b u t i o n s  of t r a j e c t o r i e s  w h i c h  do c o i n -  
c i d e ,  we s h a l l  now c a l c u l a t e  t h e  m i x i n g  a n g l e  b y  
d e m a n d i n g  c a n c e l l a t i o n s  a m o n g  t he  t r a j e c t o r i e s  
of t h e  f i r s t  g roup .  

In u+u + a n d  u+K + s c a t t e r i n g ,  we m u s t  h a v e  
c a n c e l l a t i o n s  b e t w e e n  t he  i m a g i n a r y  p a r t s  of t h e  
c o n t r i b u t i o n s  of t h e  p a n d  t he  fo,  a n d  in KK 
s c a t t e r i n g  w i t h  I t = 0, b e t w e e n  the  i m a g i n a r y  
p a r t s  of t he  c o n t r i b u t i o n s  of t he  w o a n d  t he  fo. 
T h e  r e q u i r e d  c a n c e l l a t i o n s  in  t h e s e  t h r e e  r e a c t i o n s  
c a n  on ly  o c c u r  i f  

2 2 
gp°KK = g w K i  (3) 

w h e r e  t h e  g ' s  a r e  t h e  c o u p l i n g s  of t h e  t r a j e c t o r i e s  
to  t he  e x t e r n a l  m e s o n s ;  if  we c h o o s e  t = m 2 = 
= m 2 ,  t h e n  t h e g ' s  a r e  t h e  a c t u a l  c o u p l i n g  ~'con- 
s t a n t s .  So f a r  we h a v e  not  u s e d  SU(3),  bu t  i f  we 
now w r i t e  t he  p h y s i c a l  w a s  I¢o) = c o s  O :Wl~ + 
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- sin01w8) , then s ince  IWl> does not couple to 
(KK), eq. (3) a l lows us to de t e rmine  the value of 

]°  0. The re su l t  is  tan20 = 3, th is  angle should 
t h e r e f o r e  be constant  along the t r a j e c t o r i e s .  

S imi la r ly ,  one can show that the actual  mixing 
angle for  the t e n s o r  meson t r a j e c t o r i e s  i s  given 
by tan2 0 =~.~ We now know that  the phys ica l  f '  
and (o decouple f rom ( ~ ) ,  (yp) and (NN). Also ,  
a s suming  the usual  re la t ion  between mixing angle 
and m a s s e s  and the Gel l -Mann-Okubo fo rmula ,  
we can turn our  "coupl ing-cons tant  mixing angle"  
into a m a s s  formula :  

M K .  = g 

and of cou r se  we have 
2 2 

M w =Mp ; (5) 

s i m i l a r l y  for the t enso r  mesons .  These  re la t ions  
a r e  well  sa t i s f ied  exper imen ta l ly  ~. 

C l e a r l y  one can obtain o ther  in t e re s t ing  r e -  
sults.  F o r  example ,  the cons is tency  condition 
imposes  cons t ra in t s ,  such as eq. (3), on the 
Regge re s idue  functions which could be used to 
s impl i fy  h igh -ene rgy  analysis .  Also ,  eq. (4) and 
eq. (5), which should be t rue  along the t r a j e c t o -  
r i e s  at any fixed (not n e c e s s a r i l y  in tegra l )  spin, 
can impose  r e s t r i c t i o n s  on poss ib le  p a r a m e t r i z a -  
t ions of the meson t r a j e c t o r i e s .  We r e c o r d  h e r e  
a l inea r  p a r a m e t r i z a t i o n  of the t r a j e c t o r y  func-  
t ions,  which sa t i s f i e s  eqs. (4) and (5) and c lose ly  
r ep roduces  the obse rved  pa r t i c l e  m a s s e s :  

(0.48~ ! 
CA2 =Up =afo =~w = \ 1 . 0 8 !  + ~  ~ 0.44 + 0.93 t, 

t Using the masses given by A. H. Rosenfeld et al. (Jan. 
1968), eq. (4) reads (in GeV2), 0.80 = 0.81 for the 
vector mesons, and 2.01 = 1.99 for the tensors, while 
eq. (5) reads 0.61 = 0.59 for the vectors and 1.57 = 
= 1.70 for the tensors. 

(0.33 ~ t 
a K .  , = a K .  = \ ~ - g - !  + ~ ~ 0.29 + 0.87 t ,  (6) 

(0.18~ t 
and afo , =aq~ = \ ~ - 2 ]  + ~  ~ 0.15 + 0.82 t. 

We have shown that dynamics  can r e s t r i c t  the 
way in which SU(3) can be mixed and broken.  Of 
course ,  SU(3) might  be v io la ted  sl ightly and 
v io la te  the cons i s tency  condit ions slightly.  But 
if the violat ion of SU(3) is  suff ic ient ly g rea t  so 
that  i t  must  r e spec t  the cons i s tency  conditions,  
we then obtain the r e s t r i c t i o n s  (4) and (5). 

In summary ,  we have shown that  the cons i s -  
tency condit ions,  which is  an extension of the 
hypothesis  of exchange degeneracy ,  has as con-  
sequences :  

1) The vec to r  and t ensor  t r a j e c t o r i e s  occur  in 
these  groups:  (p, oJ,fO,A 2) (K*,K**) and (~o, fo,). 
Within each group the t r a j e c t o r i e s  a r e  degenera te ,  
but the groups need not be. The t r a j e c t o r i e s  a s -  
soc ia ted  with di f ferent  groups must  be equally 
spaced for  f ixed a [eq. (4)]. 

2) Under  the assumpt ion  of SU(3) s y m m e t r y  
for  the couplings,  the physical  fo, and ~o a r e  de-  
coupled f rom (~n), (~p) and (NI~). The resu l t  
fo, ~ ~n is independent of SU(3). 
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