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Working in the Schrodinger representation and Ay =0 gauge, an approximate
Yang-Mills ground-state wave functional W[A] is constructed in the following way: we
begin by constructing the vacuum wave functional W[ A] of an Abelian gauge-field
with global SU(2) symmetry, and then modify and generalize Wy[A] so that it becomes
invariant under local SU(2) gauge transformations. This ansatz leads to a solution of
the Schrodinger equation HW[A]= ¢, W[A] for the Yang-Mills vacuum, which,
although approximate, may correctly describe its confinement properties.

Given W[A], it is argued that the vacuum expectation values of the Wilson loop
integral A(C) and of 't Hooft’s flux-tube operator B(C) satisfy the Wilson—"t Hooft
criteria (A(C))~e ** @ (B(C))~e """ (O o1 the confinement phase of a gauge
field. The confinement mechanism is essentially identical to the one discovered by
Polyakov in 3-dimensional compact QED. The reason for the similarity is that there is
an ‘“‘analog-gas” approximation to fixed-time vacuum expectation values (¥|Q|¥): the
analog gas in this case is a plasma of smoothed Wu-Yang monopoles.

1. Introduction

It is generally recognized that the confinement properties of a non-Abelian
gauge theory are intimately related to the structure of the ground state, or
“vacuum”, of the theory. In fact, it has recently been shown by 't Hooft [1] that
the phases of a quantized gauge field can be classified according to the vacuum
expectation values (VEVs) of two operators A(C) and B(C), where A(C) is the
Wilson loop integral for the closed curve C, and where B(C) acts on states like a
singular gauge transformation, creating a line of magnetic flux along the curve C.
The confinement phase of a gauge field, with no spontaneous symmetry breaking, is
characterized by

(A(Q))~e ™, (1.1a)
<B(C)> ~e —perimeter{C) . (1 1b)
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470 J.P. Greensite | Yang—Mills vacuum wave functional

If the curve C is chosen to lie entirely in 3-space at fixed time ¢, then the VEV of
A(C), B(C), and in general the VEV of any operator Q evaluated at fixed time,
‘depends only on the ground state of the theory, since

(Q) =(¥|QW), (1.2)

where ( ), denotes the fixed time (or, for N-point functions, equal times) VEV, and
where V¥ represents the ground-state wave functional.

The purpose of this paper is to construct an approximate non-perturbative
expression for the Yang-Mills ground-state wave functional ¥, and use this
expression to test the confinement properties of the theory. We will work in the
Schrodinger representation with a pure Yang-Mills field, SU(2) gauge symmetry,
canonically quantized in the Ay =0 gauge. The problem, then, is to solve for the
ground state of the Schrodinger wave-functional equation

2

[ 3 5 }

4 { — O BL(x)|WA]= &V L.

H o] s pa B HAL= Ev1AL, 13)
subject to the Ao =0 gauge subsidiary condition (Gauss’s Law)

[6% 0k + geancAL(x)] 5 A( \P[A] 0. (1.4)

Our approach to solving (1.3) non-perturbatively is guided by the following
considerations: if we were to set the bare coupling g to zero, then (1.3) would
reduce to the Schrédinger equation of an Abelian gauge field. Also, for arbitrary g,
(1.4) implies that W[ A] is invariant under local, infinitesimal, SU(2) gauge trans-
formations. So it is reasonable to construct trial wave functionals based on the idea
that the form of the ground-state solution of the Abelian theory should be
combined with the requirement of local gauge invariance in the'simplest possible
way. The strategy adopted in this paper is therefore to begin by solving for the
vacuum wave functional Wo[A] of an Abelian gauge field with global SU(2) sym-
metry, and then modify and generalize this state so that it becomes invariant under
local SU(2) gauge transformations. By a careful choice of parameters in the trial
wave functional, this approach leads to an approximate solution of the Yang-Mills
Schridinger equation (1.3), which also satisfies the Gauss’ law constraint (1.4).

Using this expression for the ground-state W[A], we verify that the confinement
criteria of eq. (1.1) are satisfied. The physical mechanism underlying the
confinement phenomenon is essentially identical to the one discovered by Polyakov
[2] for compact QED in 2+1 dimensions. The reason for this similarity is that
fixed-time VEVs in the 3+ 1 dimensional Yang-Mills theory are found to be closely
related to the vacuum-to-vacuum amplitudes of Yang-Mills theory formulated in
3-dimensional Euclidean space. In fact, the basic result of our analysis will be that
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a first approximation to the VEV (Q), at fixed time is given by

J BAX)Q exp [ 1 I d3x[32(x)]2]
()~ = : (L5)
[ 2awexs| - [ axtmicor]
u

where the exponent (1/u) [ d>xB” is the action of the 3-dimensional theory. The
residual gauge freedom in (1.5) must be extracted by the standard techniques. As in
3-dimensional compact QED there is an analog-gas approximation to (1.5); in this
case the analog gas consists of a plasma of smoothed Wu-Yang monopoles. This
picture is not unlike Mandelstam’s [3] picture of the vacuum as a coherent state of
monopoles, and is also probably compatible with the meron picture of Callen,
Dashen and Gross [4].

The organization of this paper is as follows: in sect. 2 we quantize and solve the
free Maxwell field theory in wave-functional formalism. Nothing new is contained
in this section, but since the wave-functional formalism is rarely used and may be
unfamiliar to the reader, the solution of the Abelian theory is carried out in detail.
In sect. 3, non-Abelian, locally gauge-invariant wave functionals are constructed,
and a solution for the Yang-Mills ground state is obtained. In sect. 4 we set up a
crude analog-gas approximation to (1.5), verify the confinement criteria, and discuss
the physical picture associated with our vacuum wave functional.

2. The Abelian vacuum

The Hamiltonian of the free Maxwell field A, (x) is given by

H =} [ @B +bRw, 2.1
where
bi(x) = €xy0:A;(x) . (2.2)

In quantizing the Maxwell field in A, =0 gauge, we impose the equal-time com-
mutators

[Ei(x), A;(x")] = i8,6>(x —x"), (2.3)

and seek solutions to the Schrodinger wave-functional equation
ad
H\I'[A]ZIE Y[A], (2.4)

subject to the A, =0 gauge subsidiary condition

[0kEW W[A]=0. (2.5)
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Working in a basis where A, (x) is diagonal, the conjugate momentum operator
E, has the form

é
E(x)=1 . 2.6
K(x)=i AL (2.6)
So the problem is to find solutions to the time-independent Schrodinger equation
62
3| & ———+ 2] Al=%8V[A 2.7
b ] s e [9ta] - 914, 27
with
0 —2—WA]=0 2.8)
15Ai(x) . .

Separate A.(x) into transverse and longitudinal parts

Adx)=AT(x)+ Al (x)

1 .
= [ kAT + AR, 29
(2m)
where
GAT=0, Ar=d0. (2.10)
Then
8’ 8’ > T
=3 | k] - - +k*A ()A] —k}.
H 2,(‘”‘{ SAT()SAN (—k) SAT(k)SAF(—k) (k)A: (~k)
(2.11)
The subsidiary condition becomes
5
= 2.12
akéAk(x)q}[A] 0, (2.12)
which implies that ¥[A]=¥[A"], and therefore
2
H«Ilej 3k[———+k2A,-T AT (—k Jqf
2| SK AT wsAT (k) 0A; (—k)
(2.13)
=&V,
Now introduce
1 T
alh A) = —= € (k)] ———+kATW) |
2k U lsaT (< k)
+ l i T
a (k,/\)=——e’(k)[— kA,-(—k):l, (2.14)
N SAT (k)



J.P. Greensite /| Yang-Mills vacuum wave functional 473

where €,, €, are polarization vectors orthogonal to each other and to k so that

[altk,A), a (k';A)] =88 (k—k'),

1 3k 2 . .
A,T(x):(—;—);;f% Y entklalk,A)e™ “+a (kA)e ™, (2.15)
m A=1

2
H= J ECkk Y [a"(k A)alk,A)+38°0)].
A=1

The creation-annihilation operators in (2.14) supply the correspondence between
the usual formalism and the wave-functional formalism.

Eq. (2.13) is simply the Schrodinger equation for an infinite-dimensional
harmonic oscillator; the ground-state solution is easily seen to be

Wo[A]=N exp| = j ik kA,»T(k)A;T(—k)]

=N exp ——%J‘d3k%(k><A(k))-(kxA(—k))]

-

1 1
=N exp = J d*x, dxy bn(x2)bn(x1) —] . (2.16)

2
L T [xz—x1|

This solution is given by Wheeler [5]. Excited states are constructed by operating
successively on Wo[A] with the creation operator a " (k, A) of eq. (2.14).

Generalization of (2.16) to the case of an Abelian field theory with a global
SU(2) invariance is trivial. In that case the Hamiltonian is

62
_1 3 o c 2
H—zjd x[ 3 Ck(x)2+bk(X) ] , (2.17)

where superscript ¢ =1, 2, 3 is the isospin index, and the ground-state wave

functional is just

1 3 3 1
W[A]=N exp [ 5 [ a: at Te b ettt m—‘] , (2.18)

where
bn(x)zenijaiAj(x):szu :bz%'ra, (219)

with 7, the Pauli matrices. Eq. (2.18) is the starting point of our work in the
following sections. It can be readily verified that

HUV[A]=&,¥o[A]
= {%X 2(spin) X 3(isospin) X 53(0) X J d3k k}\p()[A] a (220)

which is the appropriate zero-point energy for this free-field theory.
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3. The Yang-Mills vacuum

We now confront the problem of solving the Schrodinger equation for the
Yang-Mills field:

2

1 3 5 2]

5| d [———+B° P[A]=&,V[A], 3.1

1 S B |¥AT= E0A) (3.1)
where

B.=BiL,= fnij(aiAj ‘igAiAf) s (3.2)
subject to the A, =0 gauge subsidiary condition

é
8% Ok + geapcAL Y[A]=0. .
[ k T 8€ab k(X)]SAi(x) [A]=0 (3.3)

Our approach is to reconcile the form of the Abelian vacuum (2.18) with the
requirement of local SU(2) gauge invariance imposed by (3.3). This leads to the
following ansatz for the Yang-Mills ground state:

Y[A]=N exp [ —j d*x2 d°x1 Tr [B, (x2) Va1 B, (x1) Via)d (x2, x1)]

=Ne Rl (3.4)
where N is a normalization factor, and where V,,; is the path-ordered line integral

Vo = V(xa, x5 A(x)) =P exp [ig jxaAk(z) dzk] , (3.5)

with the path between x, and x, chosen to be a straight line. The function
& (x2, x1) is to be determined.

Substituting the trial wave functional (3.4) in the Schrodinger equation (3.1)
gives

;[d3x[6:£§)2—{S:SX)}zwi(xﬁ]\p: SoW . (3.6)

In the Abelian case, the zero-point energy €, comes from the §°R/SA” term,
while the quadratic (6R/ 8A)® term cancels the “potential energy”’ B” term. Before
evaluating (3.6) in the non-Abelian case, we first introduce some notation:

5Bn(zl) (z,) ; 3
o8B, = =€nuctdi VL. —iglAs L J}67 (x — ’
TeAL) o ol Jor=z)
8V(z2, 21, A) 8 [ rz k]
8V = = P Ardz7]. 3.7
2 SAL(x) sALx) PL'® o : o7

To evaluate § V>, let (1, p)=(7, r, ) represent coordinates in a cylindrical coor-
dinate system centered on the line passing through points z; and z,. Coordinate 7
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runs along this line, with 7y =1(z) <71, = 7(z2), while p=(r, 6) labels the position
perpendicular to this line. Then

z

5V21=1'gJ’ dz"6nk53(zAx)exp[igJ‘ &A-dz’}Lc exp[igJ- A-dz’]

A dz’]LC exp [igJ’ A- dz’]

21

= igJ‘ dr f728(7 — )87 (px) exp [igj

71

= igfi*26%(py) exp [igj A dz']Lc exp [igj A- dz’:l , (3.8)

1

where the line integrals are path-ordered (the P is omitted for simplicity) and

. dz"(r) ..
fitz(r)= q =—fi2" (7). (3.9
T
Then,
SR 3 3
——=2 | dx2d"x;1 Tr[6B2V21B1 Via + B26Va1 B1 Vil {xz, x1),  (3.10)
SAL(x)

where we have used & (22, z1) = (21, z2), since @ (x2, x;) is necessarily an even
function, so that altogether

H\P[A]Z {J d3X2 d3X1 d3x ¢(X2, X1)

X{Tr[6B,V216B1V12] [ZP]
+Tr [325(6V21)B1 Vlz] [ZPI}
+Tr[B26V21B18Vi2] [ZP-]
+2TI’[B2{V215315V12+5V215Bl V12}]} [ZP3]

-2 j &xy dxy d’xh xf Pxep(xa, x1)B (x5, x1)
X{Tr[6B2V21B1V12]Tr[6B> V5B Vi, ] [Qo]
+TI‘ [325V21B1 V1‘2] Tr [B25V,ZIBIV,12] [Ql]
+2Tr[8B2Va1B1 Vi2) Tr [B2dV51 B Vis |} [Q2)

+J' d*x Tr [B,,(x)B,,(x)]} Y[A]. [PE] (3.11)

At this stage, it may look doubtful that all the terms multiplying ¥ on the r.h.s.
of (3.11) would add up to a constant; moreover, terms ZP, and ZP, are highly
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singular. In fact,
ZP, = J &, dxy &x Tr[B26>Vay By Viald (xa, x1), (3.12)

where

B
82V =———8V.
21 SAL(x) 21

=(ig)(fi’fi*)8%(0:)8°(p)B(r.)

"X exp [igJ A dz] (%LCLC +%LCLC) exp [igJ‘ A dz]

1

— 05 e expig | Az, (3.13)
with 1
1, <1 <7y
0(r: :{ . 3.14
() 0, otherwise ( )
so that

ZP, =—3g°8%(0) J d’x2 d*xy Tr (B2 V21B1 Vizlé (x2, x1) J d*x 8%(p.)0(7,)

= —%g252(0) J d3)62 d3x1 Tr [Bz VaiB, V12]¢(X2, x1)|x2—x1) . (3.15)

Likewise,

ZP2 = J d3X2 dBX1 d3x Tr [B25V21B15V12]¢(X2, x1)
=g [ s & x5 005%000172)

XTr[B;_ exp[igj A dz]LC expl:igJ’ A dz]Bl

1

xexp[igj A dz]LC exp[igj A dz” , (3.16)

2

and, using

Tr [B; exp[igJ‘ A- dz]Lc exp[igJ‘ A- dz]Bl exp[igj A dz]Lc

xexp[igJ‘ A dzH

2

= _% Tr [Bz V21B1 V2],
ficfe =-1, (3.17)
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ZP, becomes
ZP, = —3g°8°(0) J &’xy d*x1 Tr[B2 Va1 By Via) (x2, x0)lx2 — x4, (3.18)
and therefore

ZP,+2ZP;=-g8%(0) J x> &’xy TH[Ba Va1 By Vsl (xa, x)lxa—x1] . (3.19)

So already the simple form (3.4) has led to an area singularity in (3.11). Apart
from this short-distance singularity in (3.11), there is also the possibility of diver-
gences from the integrations over large distances in (3.19). Suppose, for example,
that ¢ (x) decreases like Ix|~2 at large distances, as in the Abelian theory. Then
R[A] is finite, and likewise W[A] is non-zero, only for configurations A(x) falling
faster than |x|"'. On the other hand ZP, + ZP; is (infrared) finite only for A(x)
falling faster than |x|™*2. So there are configurations for which W[A] is non-zero,
while ZP, + ZP; diverges (the fact that the Yang-Mills energy density of the axial-
gauge perturbation vacuum is infrared divergent, and the relevance of infrared
finite states for confinement, was first pointed out by Mandelstam in ref. [3]). In
order to avoid such infrared-divergent contributions to the energy, ¢(x) can be
chosen to fall off exponentially at large x. In fact, if ¢(x) is a function sharply
peaked at x =0, there is the hope of cancelling ZP; and ZP, against the potential
energy [B” term.

In order to proceed it will be necessary first to regularize the terms in (3.11),
and then to show, as in perturbation theory, that all infinities can be absorbed into
infinite rescalings of the bare coupling g and field A(x). We will regularize by using
the definition [6] of the functional derivative

s 1 ;
—— F[A]=lim lim — {F[A{(z)+ €8, 8°83(z — x)] - F[A%}}, (3.20)
5Ak(x) A>0e>0€

where 85 (z) is a 5-sequence which is chosen such that

83(2)=0,  |z]>a,
Jd%ai(z):l. (3.21)

It will be convenient to use

1
N ot ]z\<)\,
S1(z)=13m (3.22)
(0, lz]>A.
Now define
B 1 .
*— F[A]=lim ~ {F[A{(z) + e5;8°83 (z —x)] - F[A?]}, (3.23)

5/\Ai(x) e->0 €
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and let
H=Ilim H,
A—=>0
) é 2
=i lJ’d3 [—-———* +B‘]. -
o) Sl AL sAr 329

It is not hard to show that H,, like H, is a hermitian operator. First note that

.8 d
<\1r1, I&A—*(x) w2> = I gAqr;k[A]za V,[A+e63)

e=0

d
= iE J' DAVT[A -5, ]V,[A]

€=

:,[ 9’4{ _iaA,iA(x)W}%[A]

- <(i5AjA(x) ")), (3.25)

so that i8,/8,A is hermitian. Further, by expanding an arbitrary functional F[A] in
a functional Taylor series, it is easy to see that

b i
[’5A(x)’ ’5AA(x')]F[A]‘O' (3.26)

Since i8,/8,A is hermitian, and commutes with i(5/6A, it follows that H, is hermi-
tian. On the other hand, H, breaks gauge invariance to order A. This is an
unpleasant feature of our regularization scheme, but it will not introduce any
special difficulties in what follows.

Having introduced the regularized Hamiltonian H,, the problem is now to find a
sequence of wave functionals W, [A] satisfying

A0 A—=0
That is, for each A,
H\V,\[A]= (& +m[ADV,[A], (3.28)

where, for any A(x)
lim n [A]¥.[A]=0. (3.29)
A->0

The approximation in this procedure is due to the fact that, for each A, ¥,[A] is an
eigenstate of H, only up to a functional n,[A]. And while n,[A] is small for any
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given A(x), it may nevertheless have an infinite expectation value. In other words,
eq. (3.29) does rot imply that

lim {(q[A]y=0. (3.30)

A=0
For this reason, it is not necessarily true that &, of eq. (3.27) is the exact vacuum
energy, or that W[A] is the exact eigenstate. On the other hand, a solution ¥[A] of
eq. (3.27) may be an exact eigenstate of H; and in fact it is quite simple to con-
struct examples of a sequence ¥, converging to a known solution ¥, of a soluble
theory, satisfying (3.27) but not {3.30). One such example is given in the appendix.
The point is that in systems with infinitely many degrees of freedom, a small devia-
tion of the wave functional ¥ from the true solution can produce infinite cor-
rections to the energy expectation value. But providing that n,[A] is significant
only for the very high frequency components of A, a solution W,[A] of eq. (3.27)
should be an excellent approximation, at least in the infrared regime, to the true
solution of the Schrodinger equation.

It will be simplest to first state the answer to the problem posed above, and then

verify it. The solution to (3.27) is provided by the sequence of wave functionals

V,[A]=N, exp[ —j d3x2 d3x1 Tr [Bn(x2) V21 B, (x1) Via] Mxéill)] s
(3.31)

where
1 e¥x2//\§

(R 3

J dx a,(x) =1, (3.32)

and where Z, a dimensionless constant, and u, a constant with dimensions of mass,
are related to A, and to A; =A by

A=h=1/(uZ*?),
Aa=a/(wZ*?) +i5VmAy (3.33)
with a another dimensionless constant whose value will be determined below.

Evidently Z >0 as A >0 (u is fixed). To make sense of ¥,[A] in the A -0 limit,
introduce the rescaled coupling g, and field A" defined by

A=+VZA",

1,
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so that, in terms of the rescaled quantities

¥, [A] =N, exp[ - j &xa dxy THB, (x2) Vi

1 1 ef(xfx‘)z/)‘%
o I
(x1) 12]# 277-3/2/\2 (xz—x1)2

1.5
_.;jds[ S r2]. 3.35
Hy =3 | d's| -7 =25 2o+ ZB (3.35)

From here on we will drop the superscript “r”, and let A(x), g denote the rescaled,
rather than bare, field and coupling. The scaling behavior in (3.33) is different from
what one expects in the weak-coupling regime, which again suggests that ¥,[A] is
correctly describing only the infrared behavior of the theory.

It must first be shown that ¥,[A] is normalizable, i.e., that

R[A]= J’ d3X2 d3x1 Tr[B,V21B: V12]¢A2(X2—X1)/M

=2 J Ex EX Tr[B, (X —x) Va1 By (X +3)Vi2lb,20)/u>0.  (3.36)

Make the change of variables
x> (x,0,0)=(x ),

X->X"=[R(6,¢)IX

=(x1, X9, X5), (3.37)

where R(6, ) is a rotation matrix chosen such that the X3 axis points in the (6, ¢)
direction, while vectors X' = 0, X ? , X ?) are perpendicular to this direction. Then

R[A]=2 I dQ deJ' dX?J x2dx Tr[B, (XY —x, X Vs,
-0 (6]

X B, (XS +x XT)Vizlés,(2x)/u

=J‘deX?J’ dX?‘f dx Tr[B.(XT —x, XT)Vay

X B, (XT +x, X Vil ¢, (26) /. (3.38)

Now along any given line corresponding to fixed values of X, Q) there exists a
gauge transformation such that V,; > 1 and B,(X{ £x, X9)> BL(XY +x, X Q)
along this line*. Then it is always possible to re-express (3.38) as

R[A]=% J d0dX? dx$ dxBA (X —x, X2, Q)

X B (X +x, X°, 0) = -fTe*“““? . (3.39)
u 27 Az
* In other words, suppose L is a line in 3-space. Then it is always possible to find a gauge
transformation A(x)—> A'(x)= U 'A(x)U +iU VU such that A'(x)- & =0 for xeL,
where &, is a unit vector in the L direction. But if the component of A'(x) parallel to L
vanishes for x on L, then V5 1 for all points (x1, x) € L. There will, of course, be a
separate gauge transformation for each line L.
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The elimination of the line integrals V5, from (3.39) has, of course, a price: B, is
not a function of five variables (position +orientation), rather than three (position
only). Now let

1 « i Q4
BL“(X?rx,X?,Q)=FJ dkB!*(k, X?, Q) ek Xi=0 (3.40)
T~

Then

1 212
R[A]= I d0dX dk{B;" (k, XT, QB (k, X, Q) e A4/4
T
(3.41)

But since the integrand in (3.41) is positive definite, it follows that R[A]>0,
Q.E.D. So a sufficient condition for R[A]>0, and therefore for normalizability of
Y[A]in (3.31), is simply that the one-dimensional Fourier transform of x2¢,\ (x) be
positive definite; this condition is satisfied by ¢, in (3.32).

To verify that ¥,[A] defined by eq. (3.35) is a solution to (3.27), let H, operate
on V¥, and find

1 1
H\¥V,[A]= {E j d*xyd’xy d%; br,(x2—x1)

X{Tr [6x,B2V216B1Vi2] [ZPo)

+Tr [B26x,(8V21)B1 Vi2] [ZP,]

+Tr[B28,, V21B16V12] [ZP,]

+Tr [Bx{V216,,B18V12+8V216,,B1 Via}+ (85, < 8)}} [ZPs]
—% J d*x, d%x, dxh A} d3x% G (X2—x1)Pa, (x5 —x7)

X{Tr [6x,B2V21B1V12] Tr [6B» V5B V5] [Q0]

+Tr[B26x, V21B1V12] Ti[B28V51B1- Vs ] [Q:]

+(Tr [6x,B2V21B1V12] Tt{By6V 31 By Vip 1+ (8y, < 8))} [Q:]

+zf &x Tr [B,.(x)Ba (x) WA [A]. [PE]

(3.42)
First recompute ZP; and ZP-:

3,\1 5V21
S Ak(x) 6AL(x)

6/\15‘/21 =

X2 8 X2 X
_ dz%83(5 — A1 [ [ I ) ,] [ J' o
’ng PO |l ), A |Leexplig | A-dr
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X2

= igJ‘ dz*8%(z —x){ igJ dzi8s (z'—x) exp[igj

Xy x z'

xexp[igj A dx’]LC exp[igj A dx'}

1

A dx'}Lc

+igj dz}Léi’, (z”—x)exp[igj A-dx’]Lc exp[igj A-dx’}Lc

X exp[ig J’:” A- dx'jl } . (3.43)

1

Now,

exp [igJ’ A dx'](ﬁ)\z(xz—h) ={1+0A2)}dx,(x2—x1),

LL.=3-1. (3.44)
So
1,0Va1=Hi%5%0.)0(r.) | | dzif1283, ('~ x)[1 + O]

X1

4g 5 (px)e(Tx)4 3 2/\1[1+O(A2)]

9
. — ¢°5%(p.)6(7,) 2[1+O(A2)] (3.45)

Then,

ZP1 J' d X2 d X1 d3x Tr[Bzﬁ,\, 6V21)B] Vlz] ¢A2(XZ—X1)

1
z

19¢° 1 s o
:_ng d’x3 d7x; Tr[B2B1]da,(x2 — x1)

y j & 8%(0,)0(r {1 +O(A2)}
=——= —J’ &x, d’x; Tr[Bz]qﬁM x2=x1)lx2a=x1{l1 + OA2)}

1 9g Az

= 57 AlHd3xTr[132]+0(A%)}, (3.46)

where, since terms of order A, inside the integral are odd under x, = x,, (x, —x1)—>
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—(x2 —x1), surviving higher-order terms are O(A%). Next,
1 L opXix
2P = | ' & & eligfi ™ 6p0(7,)
Zu
XTr[B2L.B18x, Vi2]a,(x2—x1)(1 + O(A2))

. 22 Xy
:(IZL)J &x, d*x1 d’x {fizﬁz(px)ﬁ(n) J dzis3, (2’—x)}
M 2

XTr[B2LB1L Jda,(x2—x1)(1+O(A2))

(ig)

ZM 4 j d3 X2 d X1 Tr[BzB1]¢A2( xl)

X [ &*xfi28%(px) j dz*83 (z = x)(1+0(A2))

X2

% g— 17 ” d3xTr[32]+0(A§)} . (3.47)

1

1
z

The leading contribution of the ZP; term is basically the same as ZP; and ZP,,
differing only by a numerical factor. ZP; is given by

1
ZPy=— j d’x; &x, dx Tr[Bn(xz) {V216B; vlz}]¢h(x2—x1)+<6Alea)
73

S,
8y, Akl(x)

1

1 *2

=— J d?x, &x,; d3x{ ig J dz'"6mk5i, (z —x)}
M X1

X €nite TH[Ba (x2) VarLe Vi (0iLe —ig[Aiy Le])x,87(x —x1) Vi

=B, (x2) V21(8:L, tg[Az,L ])xl (X—Xl)leLch2]¢A2(x2““x1)+(5A1<—’5),

(3.48)
which after some manipulations is found to be
1 3g% (A—ivm
ZP3=— gm( 2 T I)Hd3x Tr[B,,(x)z]JrO()\%)}. (3.49)
Z 477' /.L/\l
Sc now we have
ZP,+ZP,+ZP;+PE
1 9g2 (\,—1sVmA 1A
=[z-— gm( AR PARLL ‘)”d x Tr[B> -5 -5 2 ouz) (3.50)
Z 4 uA1 Z uA

where we have again added the subscript “r” to emphasize that it is the finite,
rescaled coupling that appears in (3.50). In order to have the r.h.s. of (3.50) vanish
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in the A » 0, Z > oo limit, let

47
a= 9gr2 (3.51)
in eq. (3.33), so that
9g; (A2—tavmhy)
Z’= , 3.52
Y 332
and therefore
ZP,+ZP,+ZPs+PE=0+0(Z ). (3.53)
The ZP, term contains, in the Abelian theory, the zero-point energy of eq.
(2.20). In the present case it is given by
1
ZPy = 2“ J d’x, d3X1 d’x Tr[6x,B2V218B1 Viala,(x2 — x1)
n
_ 1 3 3 3 . 3 R
—Z‘_ d X2d X1 d xTr[(aiLc—zg[A,-, LC])Xzﬁ,\l(xz—x)Vﬂ (354)
i

X (aiLc - lg[Ab Lc])xlaa(xl _X) VIZ]
X (Enik)2¢A2(x2 —-x1),

which becomes, after some integration by parts,
— L 3 3 2 3 2 _
ZPO_ZM d”xy d7x1 (€ ) {Tr(Le Va1 L V2183, (X2 — x1)( = 87)da,(x2 — x1)

+Tr[L(9; —igAi)x, VarL, Vlz]éil (x2—x1)87 @, (x2 —x1)(+1ike terms)

+Tr[L(0; — igAi)x, V21 (d; —igAi)s, V12]5i1 (x2=x1)a,(x2 —x1)(+like terms)} .
(3.55)

But notice that
{(8: —igAi)x, Var}didba, (x2—x1) = 0. (3.56)

This is because, if we let ¢ denote differentiation in the x, —x; direction, and let F] n
denote differentiation in the orthogonal directions, then (3 —igAy) V21 =0 and
d.br,(|x2—x1) = 0. Furthermore

{(6; — igAi)x, Var}dhay(x2—x1)
= [0+ (GigeniuBa(x2)fi 2 — 31| + Olx2 = x:[)]br, (62 - x1) , (3.57)
so that
ZPy=& +0(Z 3, (3.58)
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where &,, the zero-point energy, is given by

V[ 5 '
€ = j d’x83, (xX)(= V), (x)
Zup
s 9 4
am

which diverges as A >0 (V is the volume of 3-space), as expected.
Of the remaining terms, Q, and Q, go to zero faster than 1/Z, since both terms
contain a factor

1
F:Z Jd3X2 d3X1 Tr[Bz5V21Bl V12]¢A2(XZ—X1)
i

_g
Zp

But note that Tr B, (x2)L.B,(x2)]=0; therefore F =0+0(A,/Z), and likewise
Q,=0+0(12/2),
Q,=0+0(1;/2). (3.61)

j s Px1f126%(0) Tr{BaL Balbn, (2~ x1) + OA2/ Z). (3.60)

Finally, there is the Qq term (which, in the Abelian theory, with ¢(x; —x2) ~
1/(x1—x2)2 would cancel the potential energy bﬁ(x) term)

2 I ’ ! ’
Qo= “Za j @xy dxy &x b Axga, 62— 1) b, (x5 —x1)

XTr[8x,B2V21B1Vi2] Ti[6B2 V1B V12 ]
1
|- [ @ T8~ il A, B1AB, ~iglA, BN
"

X Erlikemjk}+o(/\2/z) . (362)

So Qg is O(1/2).
Putting everything together, we have

H W, [A]={& +0(Z V) +0(Z ) +..W,[A], (3.63)

where &, is given by eq. (3.59). The other terms in brackets in eq. (3.63), which are
all on the order of various inverse powers of Z, correspond to n,[A] in eq. (3.28).
Inspection of the actual terms in 7,[A] shows that the product n, ¥, is infrared
finite in the sense that the functional n,[AJ¥,[A] is finite regardless of the long-
distance behavior of A(x). If ni[A] diverges (which occurs for A(x) falling as x~
or slower) like (Volume)”, then W[A]- 0 like exp{— (Volume)}. For any
sufficiently smooth configuration A{x), the product n\[AT¥,[A]>0 in the A >0,
Z - limit, so that eq. (3.29) is satisfied (although the expectation value (5, } is

1/2
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infinite). The restriction to “sufficiently smooth™ (in this case twice differentiable)
configurations is necessary for this reason: if the derivative of the non-Abelian
magnetic field B, (x) is not everywhere finite, then it is possible for Qg[A] to be
infinite while W[A] remains finite, violating eq. (3.29). But with this one restriction
to differentiable. field-strengths, it has been shown that the sequence of gauge-
invariant wave functionals W,[A] in (3.35) does indeed satisfy (3.27), and in the
sense of eq. (3.27) represents an approximate eigenstate of the Yang-Mills Hamil-
tonian.

To summarize: we have found that satisfying Gauss’ law exactly as a constraint
on states introduces new, infinite contributions (ZP; and ZP,) to the energy
density, so that a gauge-invariant version of the perturbative ground state (i.e.,

G (x2, x1)~ 1/(x2—x1)2 in eq. (3.4)) is a very poor choice for the Yang-Mills
vacuum. However, with the ansatz (3.4) and a scheme for regularizing infinities and
rescaling the bare field and coupling, it is possible not only to eliminate the
unpleasant infinite terms, but even to construct a wave functional which is an
approximate eigenstate of the Yang-Mills Hamiltonian. As in renormalizable
perturbation theory, the regularization is to be removed only at the end of a cal-
culation; it can be seen, for example, that

lim H, V¥, # [ lim HA] [ lim lIf)‘] . (3.64)
A0 A=0 A0

In fact, since the bare coupling g is 0, taking the A -» 0 limit prematurely would
reduce the non-Abelian theory to an Abelian one.

4, Confinement properties of the Yang-Mills vacuum

The non-Abelian ground state ¥, of eq. (3.35) is, in the usual terminology, a
periodic # =0 vacuum. This fact was guaranteed at the outset, since ¥,, or any
wave functional of the form (3.4), is invariant under any finite, non-singular, gauge
transformation*. This means in particular that if g, (x) € SU(2) is a time-indepen-
dent topologically non-trivial gauge transformation in the nth homotopy class
(g.:$°~>$7), then

Vilg. - A]=V,[A], (4.1)

which is just the definition of 8 =0 vacuum periodicity.

The ansatz (3.4) does not specify the function ¢(x1, x2), which can only be
found by explicit calculation. In sect. 2 it was found for the Abelian theory that
¢ =1/27%(x,—x,)°, while for the non-Abelian theory we have seen that ¢ =
& (x2—x1)/u. This has an immediate consequence for the long-distance behavior

* The Gauss’ law constraint requires only that ¥ be invariant under infinitesimal gauge
transformations.
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of vacuum fluctuations. A comparison of W apeiian Of €q. (2.18) and ¥, [A] of eq.
(3.35) shows that, for the Abelian theory, only configurations falling faster than 1/r
at spatial infinity have non-zero amplitude, while for the non-Abelian theory it is
only necessary to fall faster than 1/vr. Now it is believed that configurations with
1/r (non-pure-gauge) long-distance behavior are necessary to satisfy the Wilson
confinement criterion. Such configurations are suppressed in the Abelian vacuum,
but are present with finite amplitude in the Yang-Mills vacuum. This fact is
suggestive concerning confinement, but not yet conclusive. The test of whether a
non-Abelian gauge field is in the unbroken confinement phase is whether or not the
Wilson-"t Hooft criteria of eq. (1.1a) (confinement) and (1.1b) (no symmetry
breaking) are actually satisfied.

Let Q[A] be an operator which depends of A(x) only at a fixed time r. Then,
using (3.35), the fixed-time VEV (Q[A]) is given by

{(Q[A) = liII?) (¥, IQ\%)

= lim N2 J FA(x)Q[A] exp[ —%J' d*x> d%x, Tr[B, V21BlV12]¢)‘2(x2—x1)] )

A0

4.2)

Of course, eq. (4.2) is only as good as the sequence ¥,, which may itself only
approximate the true ground state. Let us now make a further approximation to
(4.2) by taking the limit A -0 inside the functional integral

(Q[A)=N? j DA(x)Q[A] exp[ —% j d’x Tr[Bz]]

=N? J PA(x)Q[A] exp[ —i J' d’x Tr[F,-z,-]] . (4.3)

The validity of this last step is hard to estimate; in sect. 3 it was seen that taking
the A > 0 limit prematurely can be dangerous. But hopefully for those operators
Q[A] which are mainly sensitive to the large wavelength-long distance structure
of the theory, eq. (4.3) is a reasonable approximation. In other words, one expects
(4.3) to be valid when the scale of Q[A] (e.g., the dimensions of a Wilson loop) is
in a regime where the effective coupling is large. The residual gauge freedom in
{4.3) must be extracted by the standard techniques.

Eq. (4.3) is identical to an expression for the VEV of Q[A(x)] in a three Eucli-
dean dimensional Yang-Mills theory*. A rather similar problem has been studied
by Polyakov, in the context of three-dimensional compact QED (QED embedded
in the three-dimensional Georgi-Glashow model). The important feature of the
Georgi-Glashow model is the existence of 't Hooft-Polyakov monopoles, which are
pseudoparticles in the 3-dimensional theory. The functional integral corresponding

* The coupling is g"u'/*. There is no loss in generality in setting g" = 1.
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to (4.3) can be evaluated for this theory by saddiepoint methods around multi-
monopole configurations, and the result

(A(C))~e (4.4)

is obtained, where v is constant and S(C) is the surface area enclosed by C. The
behavior (4.4) implies the confinement of electric charge in the three-dimensional
Georgi-Glashow model.

The case of 3-dimensional Yang-Mills theory is very similar to that of the 3-
dimensional Georgi—Glashow model. As in the Georgi-Glashow model, the
functional integrals are to be performed around multi-monopole configurations.
However, the pseudoparticles of 3-dimensional pure Yang-Mills theory are Wu-
Yang, rather than 't Hooft-Polyakov, monopoles, and this leads to a few compli-
cations. Wu-Yang monopoles, of the form

X

Az(x)szjaﬁ, (4'5)

are infinite action solutions of the Euclidean field equations, due to the singularity
at 7 = |x| =0. These solutions correspond to maxima, rather than minima, of the
Euclidean action. For the purpose of constructing analog-gas approximations, it is
necessary to consider instead a smoothed Wu-Yang monopole

AMFM$WL (4.6)
where

£(0)=0,

fin=1, r>R. 4.7

Banks, Myerson and Kogut [7] have shown that a function f(r) exists such that
(4.6) is a solution of the Euclidean field equations everywhere except on a shell
r=R. The Euclidean action of the smoothed monopole is finite and depends on the
smoothing radius R; it will be denoted Sg. By an appropriate gauge transformation
the non-Abelian magnetic field due to (4.6) can be made to point along any arbi-
trary direction W in isospace, so that the transformed field at >R is

A a Xiltj

=qw €kii T >

k=4 “Tmrr(r—x - )
X rin

Bi=qw*=5+B"", (4.8)
r

where # is a unit vector pointing along the string direction, and ¢ =+1. Now
consider a superposition of N monopoles (g; = +1) and antimonopoles (g; =—1)
which are all aligned in the same direction W of isospace, and centered at points
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{x:}. Because of the alignment in isospace, the superposition of monopole-anti-
monopole configurations is itself a solution of the Euclidean field equations, in the
regions where |x —x;| > R,. Providing the monopole separations |x, — x,| are much
greater than the monopole smoothing radii, the action of this configuration is

Sy = Z Sr+8 Y q94i

i= iz |x: i

4.9)

where 8 =87/u .

Because the monopole smoothing radii R must be extracted by collective coor-
dinate methods, and because allowance should be made for variation in monopole
isospace alignment over large (relative to monopole separation) distances, the
quantitative evaluation of eq. (4.3) by analog-gas-saddlepoint methods is arduous
(although not impossible). But qualitative information may still be obtained from
(4.3) with the help of the following “‘semi-Abelian” simplifications. We consider
only those multimonopole configurations in which (i) all monopoles of a given
configuration are exactly aligned in isospace; and (ii) the smoothing radius of each
monopole is smaller than a fixed cutoff radius R.. These restrictions may not be too
unrealistic. If 2 multimonopole configuration is to be an approximate solution of
the field equations, it is necessary that the variation of isospace alignment be very
gradual, and the monopole smoothing radius small, on the scale of average mono-
pole separation. In that case the monopole interaction has the Coulomb form of eq.
(4.9), and depends only on positions |x; —x,|, and charges g..

Let A, represent a single monopole configuration of the form (4.8), centered at
point x;, with smoothing radius R,. The contribution of quantum fluctuations about
A to the 3-dimensional vacuum-to-vacuum amplitude is

Z= J Da(x)e SAm+a]
2

~ [ gatxrexs] ~80,-4 [y e 22| atw]. (4.10)

SA”

where
S[A] 22 J d*>z Ti[B?]. (4.11)
73

The operator | 58/ 8A”| A,, has zero modes corresponding to translation invariance
and global gauge rotations. There is also a negative eigenvalue corresponding to
variations of the smoothing radius. Integration over these modes can be replaced,
via the collective coordinate technique of introducing appropriate constraints [8],
by integration over x;, Ry, and w. Gauge-fixing by the Faddeev-Popov method is
also required. The result is simply

- [ aw [ ank, (4.12)
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where K, a constant depending on x and R., can be calculated in principle. For N
monopoles, we have approximately

KN
Zn zj dw J dx; .. din— ¥ exp[ —py 24 } (4.13)
N @ i=j |xz
and finally the contribution from all multimonopole configurations is
K~ 4
de ) ——j Il dxkexp[ —py 24 J (4.14)
N! i>j |xi —x,-[

(qn)

Eq. (4.14) is just the grand partition function for a Coulomb gas, which in this case
is a plasma of magnetic monopoles [2]. So in this rather crude analog-gas approx-
imation, eq. (4.3) becomes

(Q[A)=Z[0)/Z
-~ [aw s ﬁj M and| § Anio]en[ -5y 2], @1s)

{N} N! i i>j|xi_xj|
an

where A, (x) is the potential, of the form (4.8), due to the ith monopole.
Eq. (4.15) can now be used to evaluate the Wilson loop (A(C)) and 't Hooft’s
operator (B(C)). We have

(A(C)) = Nj DA Ti[P #4514l

=Z[AO)]/Z. (4.16)

Now,

Tr [P exp[i ) 39 A, - dl” =Tr [exp[i ) qu ds - |(;—_;ll w“La:” . @17

and therefore

2 . K
=3 {as) 3 5 Jas
{a n)
Xexp[%i Y q: j ds - (x—xi)3] exp[ -8y 44 ] , (4.18)
i ‘x_xi| i>j }x,——x,—I
where we have used the fact that
2t neven
“La"1={" ’ 4.19
Triw L") =] A (4.19)

and the fact that, because of the sum over {q;}, products of an odd number of ¢; in
(4.18) must vanish. The integral in eq. (4.18) has been evaluated by Polyakov; the
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details are presented in ref. [2]. The final result is that
(A(Ch~e ™7, (4.4)

and so (1.1a) 1s satisfied.
The ’t Hooft operator acts on states like a singular gauge transformation, so that

(B(C)=(¥[B(OY) = (Y[A]W[A'])

= NJ’ DA exp[ —i j d*x Tr[B,B, + BB, ]] , (4.20)
where
Aj(x) :Q*(x)AkQ(xHéQ*akn, (4.21)
and
QB=27)=e"UO=0), (4.22)

where 0= 6 <27 parametrizes a curve winding once around C. Operator B(C)
acting on physical states creates a tube of non-Abelian magnetic flux along the
curve C. The excited state B(C)¥ must also be gauge-invariant (i.e., physical). In
the monopole-gas approximation

1
S[A,] = J d3X Tr[B',z (x)Z] = Sﬂux loop + SI:Z Aml] >
I ;

:aL(C)+S[Z Am,] . (4.23)
There is no interaction between the flux loop and the monopoles since, if BY°" is
the magnetic field due to a set of isospin-aligned monopoles, the interaction would
be proportional to the loop integral

5{> BT dy =0 (4.24)
C

Saux100p 18 just the 3-dimensional Euclidean action of the flux loop, which is pro-
portional to the length L(C) of the loop. So, in the analog-gas approximation to eq.
(4.20)

(B(C)y=¢ M. (4.25)

This means that (B(C)) has a perimeter-law falloff, and so eq. (1.1b) is satisfied.
Thus, according to the arguments above, the expression (3.35) for the Yang-
Mills vacuum satisfies both the criteria (1.1) for the unbroken, confinement phase
of a quantized gauge field. Apart from the simplicity of this expression, it also
provides an attractive picture of the confinement mechanism in terms of the color
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magnetic properties of the vacuum. A basic property of a plasma of magnetic
monopoles is the tendency to screen magnetic fields, and it can be seen that in the
analog-gas approximation

(A(C)) =(Tr [P e 4]y = ¢ %roon | (4.26)

where €00 is the energy of an electric loop inserted into a monopole plasma (note
that, since all monopoles in a given configuration are aligned in isospace, the situa-
tion is essentially Abelian). By Ampere’s law, a current loop sets up a magnetic
field, which is screened by the plasma by formation of magnetic dipoles on a sur-
face enclosed by loop. The energy &0, required for screening is therefore propor-
tional to $(C), and this is the physical explanation of the result (4.4).

It is likely that the wave functional ¥, of (3.35) has much in common with the
trial ground state proposed by Mandelstam [3], which represents a coherent state of
smoothed Wu-Yang monopoles. Callan, Dashen and Gross have also speculated, in
their meron picture, that the vacuum wave functional is dominated by monopole-
like configurations [4]. In fact, the general idea of non-Abelian charge confinement
via the mechanism outlined in the last paragraph has been around for some time;
the wave functional (3.35) simply provides a specific realization of this idea. The
confining properties of wave functionals Gaussian in B(x) have also been discussed,
in the context of 2+ 1 dimensional QCD, by Halpern [9], who has noted that wave
functionals of the form

‘I’~exp[ - J d’x Tr[Bz]} 4.27)

will satisfy the Wilson criterion in the 2+ 1 dimensional theory.

The results achieved so far are encouraging. Starting from first principles (i.e.,
the Schrodinger equation + Gauss’ law), we have been able to construct an approx-
imate ground state of the theory and to verify the confinement criteria. However,
these results were arrived at by a series of approximations whose reliability is as yet
unknown. In particular:

(i) The analog-gas manipulations leading to (4.15) were not an actual cal-
culation, but only an argument regarding how the real calculation should go. This
argument needs to be checked quantitatively, to insure that the various assumptions
implicit in the analog-gas approximation are realistic.

(i) The functional integral (4.3) is not identical to (4.2). Taking the A - 0 limit
inside the integral sets V> 1, and this can have a drastic effect. We have seen,
e.g., that (§2/8A%)W, differs from (6°/8A%) lim, .o ¥, by an infinite amount. So
the extent to which (4.3) is a good approximation to (4.2) is unknown, and will no
doubt depend on the form of Q[A].

(ili) Suppose (4.3) were an exact expression for (). This would lead to the
following contradiction [10]: let D3(x; —x;) and D4(x} —x%) be gauge-invariant
2-point functions corresponding to the VEV (Q;Q,) in the 3- and 4-dimensional
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Yang-Mills theories, respectively. Then according to (4.3),
Di(xs—x1) = Da(x} —x5)]x9=x8 - (4.28)

But, on general principles, D3 and D, should both have spectral decompositions of
the form

Da(x)= J dm?ps(m*)As(x, m®),

D)= [ ampulm™)8ula", m, (4.29)
where
A 2)~Id"K e (4.30)
nlX, M - K2+ m2 . *

But if D3 and D, have the standard analytic structure in terms of cuts and poles,
then (4.29) is incompatible with (4.28). Now we have seen that (4.2) and (4.3) are
not identical, so hopefully this problem does not occur for N-point functions cal-
culated via (4.2). Until this resolution can be demonstrated, however, analyticity
remains a potential problem.

(iv) The extent to which {Q) in (4.2) depends on the choice of §-sequence, and
on how closely ¥, approximates the true ground state, is also unclear. Again, this
dependence will probably vary for different operators.

(v) It has been shown that ¥, approximates an eigenstate of the Yang-Mills
Hamiltonian, but this eigenstate is not necessarily the ground state. Nevertheless,
the extreme simplicity of ¥,, and its similarity in form to the Abelian vacuum,
favors the idea that ¥, is in fact the ground state.

(vi) The consistency of the limiting procedure used in sect. 3 needs to be
investigated further. It would be interesting, for example, to see if eq. (4.3) could
be recovered in a lattice formulation, where gauge invariance is preserved in the
regulated Hamiltonian.

Dangers exist; but assuming that our approximations are justifiable, gains in
understanding the confinement phase have been made. It is hoped that the approx-
imate ground state found here will lead to further insight into the confinement
phenomenon, and other properties of quantized Yang-Mills fields.

I would like to thank Professors Richard Brower, Sidney Coleman, Martin
Halpern and Michael Nauenberg, for helpful discussions and critical comments. I
am especially indebted to Professors Joel Primack and Jorge Willemsen for many
helpful discussions.
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Appendix

In this appendix we do two things: first, we show by a simple example why the
condition (3.30) is too strong to impose on a sequence of wave functionals ¥,
when dealing with a system of infinitely many degrees of freedom. Secondly, we
construct another exact solution of the Yang~Mills Schrodinger equation (1.3) with
finite bare coupling g. This solution is non-normalizable and therefore does not
correspond to a physical state; nevertheless, it is remarkable that an equation of
such complexity has such a mathematically straightforward solution.

Consider a denumerably infinite system of uncoupled harmonic oscillators {x;},
where x; is the displacement of the ith oscillator from equilibrium, and where

1o,
H:Z{————2+§ax,-} (A1)
; 2m ax;

is the Hamiltonian of the system. The ground-state wave function of this system is
just

Wl{x))=N exp| ~bmo Tx7] (A2)
with w = \/;/—m, and zero-point energy
€= 1Y 0. (A.3)
i=1

i=

Now consider the sequence of wave functions

Y, [{x} =N exp[ ~Y (Gmwx? +/\x?)] ) (A.4)

1t is clear that lim, o ¥\ =V¥,. Let H, = H,, and substitute into (3.27). The resuit
is

H U [{x}]= (Eo+ m D WA [{x}], (A.5)

where &, is given by (A.3), and where, to lowest order in A,

mx}=A Z (% x; ~4wx?> +higher orders . (A.6)
Although it is true that

lim 7, {x I {x}=0, (A7)

it is also true that, for any A arbitrarily small but non-zero,

{(mx}h =00, (A.8)
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since (n,) involves an infinite sum of terms of order A. Thus, while ¥, smoothly
approaches the exact solution W, the expectation value of the deviation (n,) is
unbounded. For this reason, the condition (3.30) is too strong to require of a
sequence W, converging to an exact solution ¥, of a system with infinitely many
degrees of freedom.

The second task of this appendix is to display another solution of the Yang-
Mills Schrodinger equation (1.3). The solution is (& =0)

YA]= exp[ - J &x Tr [e,-,-k<A,-a,~Ak —%’ A,-A,-Ak>]] , (A.9)

which may be readily verified by plugging (A.9) into (1.3) and doing a little algebra.
This functional also satisfies the Gauss’ law condition (1.4), since the exponent is
invariant under infinitesimal gauge transformations. In fact, the exponent in (A.9)
can be recognized as the expression for the winding number X877 in the Ag=0
gauge. As in sect. 3, the wave functional (A.9) is arrived at by starting with a
solution of the Schrédinger equation for the Maxwell field (2.1):

YolA]= exp[ - j d’x Tr[e,-,-kA,-a,-Ak]] , (A.10)

and then modifying ¥, so that it becomes invariant under local, infinitesimal SU(2)
gauge transformations.

Neither of the functionals in (A.9) and (A.10) are normalizable, since the
exponents are not negative definite. There are analogous solutions in quantum
mechanics. For example, the two-dimensional harmonic oscillator

2 2

1 J d .
|5 (o 3a) 7t )= ) (A1D)
has a solution
Glx, y)=e meCITYR2 (A.12)

which is not normalizable, and therefore does not correspond to a physical state.
The solution (A.10) is very analogous to (A.12) , with the x and y directions
replaced by field components of definite polarization.

So, because W[A] of eq. (A.9) is non-normalizable, it is probably of no physical
importance whatever. Still, it is quite remarkable that eq. (1.3), which is a partial
differential equation in infinitely many variables, and for which there is no obvious
way of separating variables, can have such a simple solution for finite, non-
infinitesimal coupling g. We regard this as further evidence of the value of using
exact gauge invariance plus the solutions to the Abelian theory in finding solutions
of the non-Abelian theory.
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