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Order «, contributions to the energy shifts in gluonia are studied in the MIT bag model. The
naive result that M0~ ") > M(0" ) is preserved for a, <3, although M0~ ") < M(2* ™) results
for ;= 0.54. The 0~ * and 2* * can thus be identified with ¢(1440) and #(1640) for reasonable
values of a, and bag size, in which case the 0% mass is predicted to be ~ 1.0 GeV.

1. Introduction

Recently there has been an upsurge of interest in gluonia — color singlet bound
states of two or more gluons — and speculation that low-lying 0~ * and 2+ states
may already have been manifested at 1440 and 1640 MeV [1-3]. The MIT bag
model has been cited as a guide to gluonium masses [4]; it yields degenerate
0" *,2%* states at ~1 GeV and 0~ 7,27 * states at ~ 1300 MeV before hyperfine
splitting effects arising from single gluon exchange and the four-gluon interaction
are included.

The recently developed formalism for QCD perturbation theory in a finite
spherical cavity [5-10] enables the effects of gluon exchange to be computed
directly. To date this has been applied only to quarklei and now for the first time we
apply it to gluonia. We find that the 0" *,2%* degeneracy is lifted, and that it is
possible to fit the 0~ * and 2" * states with plausible parameter values a, = 0.75, a™!
=0.22 GeV. (This radius is essentially the anticipated value from quark bag
phenomenology.) With these parameters, the model predicts a scalar glueball at 1.05
GeV.

The paper is organized as follows.

We begin with the QCD hamiltonian, working in the Coulomb gauge, and define
the gluon and quark modes in a cavity. Interaction vertices for gluons and /or quarks
are then discussed.
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In sect. 3 the derivation of the three-gluon and four-gluon contact and Coulomb
vertices is shown in detail, and specific cases are evaluated numerically for lowest
mode TE and TM gluons. Application of these results to the second-order energy
shift in gg — gg is made in sect. 4. The phenomenological consequences of the mass
shifts in (TE)? and (TE)YTM) gluonia — 0" *, 2% % and 0~ states — are discussed
in sect. 5.

Finally, in sect. 6 we briefly summarize our results and conclusions, and we follow
this with mathematical appendices on vector spherical harmonics, vector Fierz
transforms, cavity Coulomb integrals, and cavity gluon vertices.

2. Definitions and preliminaries

2.1. HAMILTONIAN

The hamiltonian for quarks and gluons may be written
Hocp :fdxi {Ho(A) +Hy(¢) +3gf“*H- (4" X 4°)

+%g2fabcfade(/‘b'Ad)(AC'Ae)

a

—gdy 4 Sy) i+ g [ [axdye(a)G(s e (r), @)
where H(A), Hy(¢) are the “free” gluon and quark hamiltonia
Hy(A4) =3 4°° + 3| v x4,
Hy(y) =iy, (2.2)

and the charge density to lowest order is

pt= :g{\b*%w—f””w’-fi"}: (2.3)

(Small latin indices are SU(3) 8 color labels.) Higher order corrections arise from
ghost loops (covariant gauges) and/or modifications to G(x, y) in the Coulomb
gauge. Throughout this work we shall employ the Coulomb gauge.

In some earlier bag model applications the empirical magnitude of g has been
reduced by using g" = g (thus g’f***H* - A® X A° appears in the first line of Hycp).
We think that it is better for future applications if we adopt the more conventional
normalization forthwith. Consequently some factors of two or four may appear
relative to ref. [5-9].
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The gluon and quark field operators will be expanded in classical modes as
follows:

A%(x, 1) = e {4, (x)e~“na? + A%(x)e*riast} | (2.4)

Ve(x, 1) = 2 {da(x)e by + iy (x)erdt (2.5)
n
where e and ¢ are unit color 8-vectors and 3-spinors and the sums are over the

mode functions y,,, 4,. These fields are normalized so that a one-particle state which
is free but confined to the cavity has energy «,,,

Hozfdx:Ho(A)+H0(¢):: S w,attal + 2 (beTbe+detde),  (2.6)

and hence

[dxar d,=58,.  [dxyid,=5,,. 2.7)

2w,

2.2. GLUON MODES

The normalized classical gluon modes are of TE (““magnetic”’) and TM (“electric”)

type:
TE:
=0 (wr)Y,,, (2.8)
_ m+1
A%,= ()" 4, ., (2.9)
iafE
[Ijm:ﬁ{ .]+ ]_1((07') Ji—1lm \/.]_.jj+l(wr))§'j+lm}’ (210)
_ m+1 .
HE=(—)" H_,; (2.11)
T™:
o™
Ajm:\/Zj:-i———l—{ Jt 1]}—1(‘*"’)ij—1m_‘/;J)+|(wr)y;j+lm} , (2.12)
_(_\m
45,=(=)"4; _,, (2.13)
H,, =i Mwj(wr)Y,,, (2.14)

=(—)"H, _,, (2.15)
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with the normalization

_ JjG+1)

J

-172 A

—1/2; -1 _
a;MZIXjI/2Jj+1(Xj) a”'l. (2.17)

The mode numbers x ; = w;a and modes are those given by Barnes [11], although
his gluon normalizations {a;} are y2 too large.
The mode numbers for the first few modes are

TE: J-1(x)= J-_{J_—lf}+l(X) (2.18)
Jr X
1+ 2.744 6.117 (2.19)
2” 3.870 7.443

T™: Jix)=0 (2.20)
J? X
1~ 4.493 7.725 @:21)
2* 5.763 9.905

As we shall repeatedly consider the lowest TE and TM modes, their properties are
of special interest. They are explicitly

Al =aj(wr)Y,, (2.22)

. —l — _l . . 3 N
a,=1819a"", w=274a"", =i oo FXe,, (2.23)
Al = ai{‘/?fo( W)Yo, — \/%_jz(‘*”r)ylzm} (2.24)

aj . , : ’ : \a ~
=——((2jy(w'r) —jy(w'T))e,, + 3j(w'r)F-e,P}, (2.25)
V24T

«=2172a"", & =4493a"". (2.26)

Some properties of the vector spherical harmonics are given in a brief appendix.
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3. Vertices

3.1. QUARK-GLUON VERTEX

In ref. [5] it was shown that the emission vertex for a TE “magnetic” gluon from
an S-wave quark mode in a cavity can be written as (with our normalization)

a 1
H= —fdx.lnm-AzZiga-e*%e“{—";'(X)}a_', (3.1)
VomX

where o and $A° give the spatial and color properties of the quark current, and e and
e“ are the spatial and color orientations of the gluon. On integrating over the cavity,
the spatial dependence of J - A* yielded the I,,,,(x), which is a function of the modes
n, m of the initial and final quarks and the gluon mode number x = w,a.

When the gluon is in the lowest TE mode (x = 2.744) and the S-wave quarks are
massless, we find

I
=0.1389¢. 3.2
g{m} g G2

To fit the hyperfine splittings of quark systems, a value a, = 2.2 was required in
ref. [12]. From the structure of H; in (3.1), we see that the effective expansion
parameter is gl / m , which is small even though «, is large. This provides some
a posteriori justification for the applicability of lowest order perturbation theory in
the bag model with large values of ag, although there is reason to believe that the
very large e = 2.2 found by the MIT group is an overestimate (see sect. 5) and [13].
As we shall see, gluon bags do not require such a large «a.

3.2. THREE-GLUON VERTEX

The three-gluon part of H; in terms of field operators is*
H{”I%gf“”"fdx:HA-(ABXAC): (3.3)

Inserting the gluon field expansion in bag modes (2.4), we may separate the part
of H, that creates two gluons (A4, B) from one (C):

H{Ng - gg) =38f**M,p cahalac, (3.4)

* Capital letters implicitly are color, mode, and polarization labels, if appropriate. Small letters refer to
color only.
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where
Mg o= [dx{H"*- (4% X AC) — HP* - (4" X AC) + HE - (4" X 47)*}.

(3.5)

(Note the symmetry f*5“M, , .= f54“My, ..) This (g — gg) operator may be writ-
ten as a vertex

c..w@(< (3.6)
79 Mg °

For the special case of all gluons in the lowest TE mode (x = 2.744) and with
arbitrary polarizations e, e”, €, the overlap integral M, - is

, . 3ajw ra . . .
Tef ML= _l(eAXeB)*'eC%gf“"C‘[z;‘forzjl(wr)z(Jo(wr)+Jz(wr))dr
7
= —i(e? XeB)*-e“Lgf*c-ta7", (3.7)

where ¢, =0.1919.
As a simple application, consider the amplitude to go from a (+, ¢) lowest mode
TE gluon to a (+, a), (0, b) pair of gluons;

¢ A (+a)
(+.) 2! PERMS
B (o,b)

_ 8 3 g . 3
= S MOEL+ 5 rreeng)

[\

=gf M)
= —i(e, Xeg)* e gf*"ta!

= —gfe<(0.1919)a"". (3.8)

The polarization vectors are the usual spherical basis vectors e, = \/%— (=X —1p)
and e, = 2.
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The 3-gluon vertex function for different gluon modes simply changes the numeri-
cal coefficient (0.1919) found above for the lowest (TE)® vertex. Another vertex we
shall require is (TM) — (TE, TM), where the TE is again x =2.744 and the lowest
TM is x’ = 4.493. This vertex is

A(TM)
c(m)m{@(: = —i(e? X e®)* - echgf*tya, (3.9)
B(TE)
where ¢, = 0.1532.

3.3. FOUR-GLUON VERTEX

The four-gluon part of H; in terms of field operators is
H{® = g?febf*d [dx: (4" X A7) - (4 X 4P): (3.10)

As we are primarily interested in gg — gg amplitudes, we again expand the field
operators in bag modes (2.4) and keep the part of H{¥ proportional to at?a:

H%(gg - gg) =1 Z/dx{fxacfxbd(AA X AC*) . (48 X AP*)

fxabfxcd(AA AC*)(AB AD*)}aCaDaAaB (3_11)

The second term gives zero on color singlets; keeping only the first term, we write it
in the form

H{®(ggl - ggl) = %ngxacbedMAB,CDaTCaI)aAaB' (3.12)
The overlap integral is simply

MAB,CDZfdx(AAXAC*)-(ABXAD*). (3.13)

With four gluons in the lowest TE mode and with arbitrary polarizations e”,.. ., e?,
this integral may be evaluated to yield

M{EQ, = (e X eC*) - (eB X P¥)

3 (a a)
X 1677' : f J1(77) dn a -!

= (e X e*) (e X eP*)(6.177-107%)a"". (3.14)
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We may rewrite this as a spin-spin force, as the spin vectors are § = ie; X ef (see
appendix B):

M{E2,=— (8, 8,)(6.177-107%)a™ ", (3.15)

This shows that the 4-gluon contact term is pure spin-spin for (T E)? glueballs.
Attaching the color indices to this matrix element, we have for the (TE)* vertex and
lowest mode gluons the general result

TE TE

A C
= e s (3.16)
0

BTE TE

where f, =38.81-107>.
For (TE)}TM) glueballs we have two types of diagrams, a direct one and a crossed
one. The direct diagram is pure spin-spin;

A C
>< = — [ (S, - Sy )aa!, (3.17)
B D
where

1 ,. . , . , - —
5 =ﬁ(a1a)2(aia)2fo i (xn)’[2o(xn) —i(x'n)]*dn=11.44- 1073,
Xx=2744, X' =4.493. (3.18)

The crossed diagram has a rather complicated spin structure. We Fierz transform
it into products of bilinears in the first (e,, ¢*) and second (e,, e}) gluon polariza-
tion vectors, as discussed in appendix B. The bilinears are

scalar-scalar:
) (spin-independent) #192= (e4-e2)(ep-eb); (3.19)
spin-spin: . .
@ (spin-dependent) S8, = lieg xez) - (iey > ep): (20
( ) tensor-tensor: Tl . T2 — Tliszij

(spin-dependent)

_ ( eAieCj*+eAjeCi* _S’J'e,, -e("§ (A——)B)ij
2 3 C->DJ -

(3.21)
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In terms of these invariants and three overlap integrals, the crossed diagram is
TE ™

A [of
X = —fRf SN (¢,9,) H6(I + 2L+ L)(S, - S,)
B D
™ TE
+ (3L AL HLLNT - T) et (3.22)
The three overlap integrals are
L, RY
I 1 (2jo(xn) — h(xn))
2 ’ 2 . 2 . ’ . ’ . ’
I | =3(eya) (aja) fonzjn(xn) (2Jo(x'n) —ja(x'))3/2(x'n) |dn
L 9r(xn)’
34.31
=| —33.56|-107>. (3.23)
72.32

With this result, we may write the crossed (TE)2(TM)? vertex in the relatively simple
form

ATE TMC
X = _fX"Cbed{fs( ‘1’1‘952) +f4(sl 'Sz) +fs(Tl : TZ)}aSa_‘, (3-24)
BTM TED
where
£,=1525-1073,
£,=6.59-1073,
f=12.48-1073. (3.25)

3.4, FOUR-GLUON COULOMB VERTEX

The instantaneous Coulomb interaction between gluons gives a contribution to the
hamiltonian of O(a,). In matrix elements between |gg) states in the bag, we may
write this as an effective four-gluon interaction. This interaction is not just a mass
shift, as might naively be expected, but has important spin-dependent contributions
as well.

The gluon color charge density is

p(x)=—gf* A, A

= "igfabc(wB + ""C)A,E(x) -AC(x)aEaC. (3.26)
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The charge density interacts with itself through a Coulomb potential which is a
modification of the free space G, = (R)~', due to the bag boundary conditions [10].
(This is discussed in appendix C.)

Heo =g [ [4xdy0(x)"G(x, »)p(5)", (3:272)

where G is

G(x, y):'?__l—yl—+a“1{§_‘—2—ln(——_§+ 12—.10\)}

« . —
v

Go(x, ¥) C(x, y)

p=cosb,,, A=rr/a*, E={1-2pA+N. (3.27b)

The relevant a%a? part of Hg,, is

fxacbed(‘*’A + wC)(wB + ‘*’D)ICouatcaI)aAaBs (3-28)

Ieo,= [f dxdyG(x, p)[A,(x)-A(x)][4s(3)-45(»)]. (329

Now consider the Coulomb interaction for (TE)? glueballs. For a general polariza-
tion the AF field in the lowest mode can be written

AT(x) =~ o wior)(FX ) = Nij(wr)(FXe,) (330

where the {e,,} are the usual spherical polarization vectors. Inserting these in (3.29),
we find the Coulomb integral

bag ry

X[(xxa) - (xxb)[[(yxe)- (yxd)]G(x.y). (331)

We have abbreviated e, = a,...,e} =d.
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It is convenient to consider a more general integral with the polarization vectors
factored out, which we may reduce to two coefficients:

. 2
_ Ji(wr) \2 qi(wr,)
Iijkl_ffdxdy( 1 r ) ( l r } xixjykylG(x’ y) (3-32)
bag x y
= J18ij8k1 + J2(81k + Stlajk) (3-33)

In terms of this the (TE)? Coulomb integral is
Ico(a,b,e,d)=|N|*{(4J,+2),)a-cb-d+J(a-bc-d+a-db-c)}.
(3.34)

To classify the interaction according to its spin dependence, we must Fierz
transform this expression into a product of bilinears in the first (e,, e*) gluon and
second (e,, e}) gluon polarization vectors, as we did previously for the (TE)2(TM)?
four-gluon vertex. We find that the Coulomb integral is a mixture of scalar-scalar
and tensor-tensor:

Icou(abed) =N} {(47, + 35 )( &, 6,) + 24(T, - 1)) - (3.35)

Replacing J, and J, by n,a’ and n,a’ (n, and n, are dimensionless), the general
(TE)* vertex in the lowest mode (wa = 2.744) is

TE TE

A rgeeern C 9 2 4a4
i :"fmcbed( X alz ) {(2"1+%"2)(¢1¢2)+”2(T1'Tz)}“sa_]
B b 167
TE TE —
(4.698)
= =2 ei($19) +oo(T) - T) e (3.36)

The numbers n, and n, are given by the following integrals over unit spheres:

9n, + 6n
ffdxdyaG(ax ay)Jl(xr) Jilxr,) [coszﬂcoszﬂ] [n11+2n22], (3.37)

(x=wa=2.744).
Numerical evaluation gives the results

i =(90=1)-1073, ¢, =(40.5+02)-1073. (3.38)
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The Coulomb interaction for (TE)(TM) glueballs may be treated similarly. The
required (TM) vector potential is

AM=N{(2)o(wr) = jwr))e, + 3j(wr)(?- e, )P} (3.39)

and we may similarly write the overlap integral (3.29) in the hamiltonian (3.27) in
terms of integrals times bilinear products of polarization tensors. The Coulomb
interaction is scalar-scalar and tensor-tensor for the direct (TE)(TM) - (TE)TM)
graph, and pure spin-spin for the crossed graph (TE)YTM) —» (TM)TE);

T,,..,.?...E ,.T,_\E 72,02 4
A ¢ xacfx Xxajara —
™M —f**f bd(—Szlw_;'——) {ny(¢19;) +ny(T,- ) }a,a™ (3.40)
(0.6093)
= _fxaCbed{ca( $10,) +co(T, - Tz)}asa_'. (3.41)

As before, we may write the numbers n, and n, in terms of double integrals over
unit spheres:

ny=2my+2m, +4m,, n,=—2m,, (3.42)

3m,= j(;[dxdyaG(ax, ay)jn(xrx)z[Zjo(x’ry) —jz(x’ry)]z, (3.43)

1
3m, +2m, 5
= [fdxdyaG(ax, ] 45,(x’r,) +ilx’
b, +%m2] fof xdyaG(ax, ay) j(xr.) [4io(x'r,) +ir(x7,)]
. ’ 1
Xja(x'r,) cos’§.cos?d, |’ (3.44)
which gives the numerical values (with x =2.744, x’ = 4.493) of
¢;=(122x3)-1073, c,=(1.5=0.1)-1073. (3.45)
Finally, the crossed interaction is pure spin-spin:
TE T
AW% (x+x' 2.2 02 4
! — __ fxacgxbd X X) @ a . —1
. o xf ( 12872 ) ns(S,-S,)aa (3.46)
™  E \ iy
(0.6471)

= —fracfxbde (§,-8,)aa" !, (3.47)
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1
ns= fof dxdyaG(ax, ap) {ji(xr)[2Jo(xr) —(xr )]} {r, = 1, }eos fcos .,

(3.48)
cs=(72.4+02)- 1072, (3.49)

This completes the set of Coulomb interaction effective four-gluon vertices we
require to calculate the O(ea ) energy shift (_)f low-lying (TE)*> and (TEXTM)
glueballs. This calculation is described in the following section.

4. gg — gg second-order energy shift

If | 9> =808, is a state of two bag-model gluons in a definite mode and |{') is
the physical glueball state including interactions, then to O(«,)

(Y| H|$)= 9| (Ho+ Heoy + H)| )

S| HOx)(x|HY| ¢)
(E¢—E¢g) =—w

e
= Ey(glue) + 8E(glue) = (A4, + A,a)a ', (4.1)

where H, is the free hamiltonian and H_,, H® and H® are the Coulomb
interaction, the three-gluon interaction, and the four-gluon interaction, respectively.

In a fixed cavity of radius a, the energy of the two-gluon system plus the bag is,
for both gluons in the lowest TE mode (x = 2.744),

E

glue +Ebag: Aakl + %773003 » (423)

bag energy

where A =A,+Aja + -+, and 4;,=2x=5.488. Minimizing this energy with
respect to a, we find that at the optimum radius a,, the bag plus glue energy is just %
times the glue energy Aa~! alone:

(Eglue + Ebag) ]a8=A/41rBO =Aa, ' +4nBya)= (%) ) (Aag‘) (4.2b)
—_—
glue + bag energy

For simplicity we assume that this radius g, is the same for all glueballs. In a strict
spherical bag calculation, the radii vary both with «, and from state to state. We find
that these model-dependent variations are typically ~ 10% effects, and that they do
not significantly alter our conclusions.
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We neglect other a ™! effects such as gluon self-energy diagrams (~a,a ') and

the Casimir contributions (~a '), which are not yet well understood [13, 14]*,
though we show elsewhere that they cannot be large on phenomenological grounds
23].

[ ’1]"he three- and four-gluon interactions will generate spin-dependent energy shifts
proportional to a,a”!. Finally, the Coulomb interaction gives rise to comparable
spin-dependent shifts as well as relatively small spin-independent ones.

Now we shall derive the O(e,) corrections to the zeroth-order bag model (TE)? gg
state energies, using the diagrammatic techniques discussed in sect. 3. We proceed by
calculating the 4,a,a”! gluon energy shift in (4.2a); the total gluon plus bag energy
shift with our approximations is always % times this.

4.1, 2%+

First consider the lowest-lying 2% * gg state, and the effect of one transverse gluon
exchange. This energy shift is diagrammatically

ECGERIZRE e

A 8 ea _ 1
€ X Z(—tf‘ br(ec-X e )* eziga ')* 2y (2 835(—_“—)
D 2 —— ———t »
F AC EF
perms perms
X (—if/t(ex X ex)* - epiga™") (4.4)
xfd s xab 4"”12 N ® " -
= ey T (eAxeB)'ex(eoxeF)'exasa . (4-5)

This gives a transverse gluon exchange energy shift for the 2* % state of

241}
—S, - Sa.a”! Z——Xl—lasa”]. (4.6)

b”l

BE.(2") = 52 ( —prbape

Recalling the contribution of exchanging only the lowest TE mode from appendix D
(D.1),
7 t,=0.1919, (4.7)
we find
6ng“€(2++) =1.012aa"". (4.8)

* Baake [15] notes that the physical vacuum outside the perturbative bag will also contribute a Za™!
term to the zero-point energy, and that this exterior contribution is usually arbitrarily neglected.
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TE TE
Exchange of higher modes gives zero { Exﬂm }:0 or much smaller additional
contributions {%} ; the next highest (6.117; 17) TE exchange increases 8E T
(2* %) to
8E;,(271)=(1.012+0.008)a,a™". (4.9)

Exchange of angular excitations also gives very small contributions, due to small
angular overlap integrals.
The four-gluon contact term may be treated similarly, to give

1 . ! ' . 1
SER.(27 ") = ﬁ—g <Z meamweamﬂ 'E > 71_2 (4.10)

= £ @V (—ff .S, - S,aa") (4.11)

= —6fia,a” . (4.12)
Recalling the four-gluon overlap integral for (2.744) mode from appendix D (D.3),

we have
f,=38.81-107, (4.13)
SO

SEL.(2++) = —0.2329a,a7". (4.14)

The final contribution to the 2*™* energy shift is the Coulomb energy. We recall
the form of the effective four-gluon vertex due to Coulomb exchange for (TE)?
glueballs from appendix D (D.6).

TE TE
A e

b = (s F T Baa (@19)
e TE
For j =2, the tensor and scalar bilinear products are
QY ¢9,27T)=1, QYT -T2 )=4%. (4.16)

We now take the matrix element of (4.15) just as with the four-point interaction:
1 +a +b 1
smcon(t == (o [T T TS
glue Ji6 N I /16

:1—‘6(2!)2[(—f"“”f’“‘b)(c1 +%cz)asa_'] = —6(c, +icy)aa !,

BECo(2**) = — (0581 =0.006)asa”". (4.17)
glue
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As a check, we note that using the (incorrect) free space Gy = (R, y)_‘ gives
8E = —3.56a,a” ', which compares quite favorably with the naive estimate for a flat
charge distribution in free space:

8ECou(flat)=(%aSa_')‘ (-3) (2) =-3.6aa". (4.18)

8-8color fWo
Cslgltfgreed factgror gluons

Adding the three contributions — transverse, four-gluon, and Coulomb — we find
a 27" shift and total energy of

6Eglue(2++)= 1.012 —0.233 —0.581 |aa™!, (4.19)

transverse  f 1 }
our-gluon _ color
gluon exchange i eryction Coulomb

E (2"")= H (5.488 +0.198a,)a” ' = (7.32 +0.26a,)a""'. (4.20)
+ ba,
ghégergy &

42.0TF

The 0" * energy may be derived similarly, using the matrix elements of S, - S, and
T, - T, given in the appendix. Here we simply quote the result. One transverse gluon
exchange and the four-gluon interaction are pure spin-spin, and the Coulomb
interaction is mixed scalar-scalar (spin-independent) and tensor-tensor. With the
change to j = 0, the three contributions become

8E , (07F)={ —2.024 +0.466 —0.945 |aa™', (4.21)
transverse 4-gluon Coulomb

SO
E (07 ") =4(2xa ' +8E,, (0 ")) = (7.32 - 3.34a,)a"". (4.22)

Finally, we consider the odd-parity glueballs with J7=0"",2""% made of
(TE)(TM) gluons in the lowest mode. This problem will be discussed only schemati-
cally, as the techniques are the same as those used above in treating even parity
(TE)? glueballs.

43.2"7 ANDO ™™
The 2~ " and 0~ * (TE)(TM) glueball states are

8
27,007 = 2 %ITE”>|TM“>®C.G. coeffs. (4.23)
a=1
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As for the 07 and 2** glueballs, there are contributions to the O(e,) energy
shift due to (1) transverse gluon exchange, (2) the four-gluon interaction, and (3) the
color Coulomb interaction. Here, we shall first discuss (1) for the 2~ glueball,
following which we give a unified discussion of the terms (2) and (3) for both the
0~ " and 27 % states.

There are contributions to the 2~ * energy shift due to both (TE) and (TM) gluon
exchange, as the (TM)*(TE) vertex is non-zero as well as the (TE)® vertex. Recalling
these vertices (D.1), (D.2), we proceed as in the |2* *(TE)?) energy calculation:

T _ £a(TE. HTE)N,
‘SEglue(z +) ‘/—- Q(TM)T::( 2! m )IZ:'.b(TM (424)

3 1t
=24n] 2 + L2 laga'=1202aa'.  (4.25)
X X
x=TM x=TE
In contrast to the usual result that exchange of the lowest gluon modes gives the
total energy shift of the lowest glueballs to a very good accuracy, here we find that a
second excited mode gives an important contribution. Exchange of the second TE

mode (x = 6.117) gives an additional 0.388a.a ', which gives a combined shift
8ES,(277)=1.5%0a,a™". (4.26)

Repeating this calculation for general external polarizations, we find that this
interaction is pure spin-spin, as it was for (TE)? glueballs. This means the pseudo-
scalar matrix element is 8E(0~ *) = —3.180a,a ™!

The four gluon contact term produces both direct and crossed diagrams (D.4),

(D.5):
a(tE) b(TE (4.27)
a(T™) bTM)
1§ b a b
SEZ(ﬁZc—'{ :>< + ><} (4.28)
a b

™ ™ aTM 7eP
= —6(f2(sl 'Sz) +f3(¢1¢2) +f4(S1 'Sz) +f5(T1 . TZ))asa_l, (4-29)

and the Coulomb diagram also gives both direct and crossed contributions (D.7),
(D.8):

QTE TEb a TE TMb
8EC13161::% ! + : (430)
& Qv b PR SR,
™ ™ ™ TE

= _6(03( b1 ¢;) +eu(Ty - T,) +¢s(S, ‘Sz))asa_' . (4.31)
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Specializing these general matrix elements to j=0 and j=2, we find for the
complete O(a,a™') 27 * and 0~ glueball mass shifts

8E(277)=(3) (1590  —0212 —L17)aa™',  (4.32)

SE_(0-")= (%) —3.180 + 0. + 012 |aa’!', (433)

[ —_—
ba tr zgfsver s¢  four-gluon collor
g uon tefm Coulomb
ue ¢xchange

efiergy
E (27%)=(9.649+0.28a,)a"", (4.34)
E (0 *)=(9.649 — 4.080,)a"". (4.35)

5. Glueball phenomenology

There are at present two experimental glueball candidates, a pseudoscalar ¢(1440)
and a tensor §(1640) [3]. These are not in agreement with the zeroth-order bag model
predictions due to Jaffe and Johnson [4]:

E(0")=1.29 GeV, (5.1)
E(27+)=0.96 GeV. (5.2)

To see the effect of the O(a,) radiative corrections, recall the results we found in
(4.20), (4.35) for the tensor and pseudoscalar masses,

E(2**)=[7.32+0.26a,]a" ', (5.3)
E(0~*)=[9.65—4.08a,]a"". (5.4)

First we shall make contact with the earlier results of the MIT group. Taking
a,=0 and B})/*=0.146 GeV, and determining the bag radius by minimizing the
bag + glue + zero-point energy —Z,a~ ' = —1.84a™! [12] (which has since been
disclaimed by Johnson [13]), we find essentially Jaffe and Johnson’s result:

EQ**)=E(0*")=0.97 GeV|,-1-0.199 Gevs (5.5)
E(27*)=E(07")=1.30 GeV|,-1-0.150 Gev - (5-6)

Thorn has calculated some of the spin-dependent corrections to these masses in an
unpublished calculation [16]. He kept the old MIT parameters and considered
transverse gluon exchange and the four-gluon contact term and assumed that
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self-energy diagrams cancel the Coulomb interaction. (See appendix C.) We also find
that he determined the bag radius after adding these terms to the energy. This
procedure gives

e l'= {0'”“ } GeV

++ 0.403
E{2++}=[(2x—20+{ Oi7§6}as)a'l+§7rBoa3] a,=2.2
0 — 1. BYY/4=0.146 GeV

Zo=1.84

0.12 GeV (5.7.8)

This result has led to a postulated 2 * glueball degenerate with the £f(1270) [17].
The missing 0** is explained away by saying that it mixes with the vacuum, and
that an orthogonal linear combination is elevated to ~ 1 GeV.

Now we return to our result for these masses with e, and @™ ' arbitrary, including
the four-gluon and cavity Coulomb interactions, but leaving out the zero-point
energy. As there are candidate pseudoscalar and tensor glueball states recently seen
at SLAC [3], we shall fit our two parameters to these states. Thus,

:{1.29GeV}

E(2**)=[7.32+0.26a,]a"'=1.64 GeV, (5.9)
E(0~%)=1[9.65—4.08a,]Ja” ' =1.44 GeV. (5.10)

This requires the parameters
a '=0.218 GeV, (5.11)
a,=0.748. (5.12)

The cavity radius we find, a~! =0.22 GeV, is essentially the same as the old MIT
radius @~ ' ~0.19 GeV. This radius is not really a free parameter if the bag model is
correct — the quark bag strength B})/4=0.146 GeV determines the MIT gg radius,
and this is indeed close to our independent fit.

The strong a, = 0.75 compares favorably with the typical values of a,=0.6-0.8
found in potential model studies of the light meson spectrum [18], and a potential
model of transverse gluon bound states gives M(2* *)/M(0™ ") correctly with the
similar value of a, = 0.6 [19].

An important prediction of the model is the mass of the light scalar glueball.
Recall that we found

E(0**)=[7.32—334qa]a"". (5.13)
With the fitted parameters (5.11), (5.12), we predict

E(0**+)=1.05GeV. | (5.14)
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This relatively low scalar glueball mass is the clearest test of the MIT bag model
that we have found relative to the expectation of Shifman [20] of M(0" *) ~ 1.4 GeV
and the models of Barnes [19] and Suura [21], both of which give the equivalent
result M(0* *)= M(0~*). It is interesting that a recent SU(2) lattice calculation [24]
found M(0* ") / M0~ ")=0.61 =0.12, which is consistent with the bag result
MO*T)y< MO ).

Historically, the MIT group fitted the light S-wave mesons and baryons with a
value of a, =2.2 [12]. Obviously, this is a disaster for the gg spectrum, as it predicts
0** and 0~ * glueballs with masses of O(100 MeV), far below the 1.5 GeV region.

It is also disturbing that the MIT value a, = 2.2 is far from the potential model
results, which typically give a(bb)~0.25, a(ct)~0.4, and a(qq)~0.7. What is
wrong with the MIT bag model?

The answer is simply that the bag model quark wave functions are uncorrelated,
which means that there is no short-distance spike in () in the S-wave states due to
the strong attraction of the Coulomb potential. As hyperfine shifts in S-wave states
(e.g. spin-spin) are sensitive to short distance parts of Y(r), ((8(r)), (r™3),...), they
are badly underestimated by the smooth j¢ +j2 bag model distributions. To com-
pensate for the small bag model hyperfine matrix elements in fitting the experimen-
tal S-wave hadron spectrum, one must increase a, to an unreasonably large value.
This problem with quark bags can presumably be avoided by allowing mixing of
radially excited quark modes through the Coulomb interaction, leading to a Coulomb
spike in Yy,

This shortcoming of bag wave functions does not occur for gg states because they
all have non-trivial angular dependence of the wave function in the relative coordi-
nate, and always see an L., = 1} y,,(0) must be zero. The bag model gluon wave
functions are a reasonable first approximation to this situation.

6. Conclusions

We conclude that the bag model gg states have important O(a,) corrections to
their masses, and that the recently discovered glueball candidates ((1440) and
6(1640) can be accounted for with plausible parameter values. We find a strong
coupling strength a,=0.75 which is much smaller than the earlier MIT value
a,=2.2, and we discuss reasons for this discrepancy. Our results are shown to
reduce to the earlier results of Jaffe and Johnson in the limit ¢, — 0 and to those of
Thorn as a special case.

With the approximations discussed in the text, we find that the MIT bag model
predicts a scalar glueball at 1.05 GeV, well below the pseudoscalar glueball mass.

We should like to thank J. Baake, L. Castillejo, M. Chanowitz and C.B. Thorn for
interesting and useful comments.
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Appendix A

VECTOR SPHERICAL HARMONICS

The vector spherical harmonics {)j.,m(Q)} are very useful functions for describing
vector fields confined to a cavity. They are defined as the Clebsch-Gordon product
of ordinary spherical harmonics {Y,,,} and the spin one spherical unit vectors {e,,}:

¥, (@) =2 (l,m — p| jm)Y,,(Q)e,,_,. (A1)

They are eigenfunctions of J2, L2, and S? with eigenvalues j(j + 1), /(/+ 1) and 2,
respectively.

They are most useful in manipulations involving ¥ and in doing angular integrals,
due to the properties [22]

j d i+ 1

r oy
2jj++11 (%_%f)’?f“'"}; (A2)

V()Y arm) = — ?.jj_:—ll (d—rff#tzf));.m, (A.3)
v (A(1¥,,) =0, (A4)
V- (A)Y0) = Zj{l-l (%_L;if)n'"’ (4.5)

L (8L,0%2)y

VX (f()Yjp\m) =i TS (A.6)

v X (f(r)y;'jm): \/Zjlﬁ {‘/](%_l )’j’jﬁ-lm

+ j+l(if:+j+1f));j_lm}, (A7)

dr r
_TFFT (df j-1
v X (AY) =1 31 (E 551 o (A8)
v, = (=", (A.9)

f’?fm . }?'I'm'dﬂ = 8”/8”,3”,,", . (A.lO)
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A few specific {¥},,,’s} for small j and / are

1
Yo, = e (A.11)

far ™

/3
Y= —i g;rXem, (A.12)

=L e,—3(f-e, )P
Y12m_m{ m 3( m) } (A13)

A final useful result is the cross product of two vector spherical harmonics, which
is implicit in the relation

3 h -.
fdﬂy;l’;m. (nzlzmz X )3313’"3) =1 20 [I_-[‘ ‘/(2]i+ 1)(2li+ 1) (_)J'+l]

) . N Rk
><(11 I 13)(11 J Ja) Y

(A.14)

where the curly bracket is a 9j symbol and the 3/ symbols are related to CG
coefficients by

. . (N T[N J
Chmy, Jama| smyy= (=) "2 5+ 1 mll m22 _,3,13- (A.15)

Appendix B

VECTOR FIERZ TRANSFORMATION

The gg — gg matrix elements we have derived are necessarily proportional to the
four external gluon polarization vectors e, ez, €2, e5. It is convenient to write the
matrix elements in terms of z-channel invariants analogous to the spin-spin operator
familiar from e* e~ and qq hamiltonians, as these operators are diagonal on states of
definite J7C. The three SO(3) tensors we may construct from e, and e, for example,



402 T. Barnes et al. / Hyperfine splittings

are
o (scalar) = (e, - €}), (B.1)
S (spin vector) = (ie, X e}), (B.2)
T,/(tensor) = (%(ejeé* + eAfeiC*) — 18, - ez) ) (B.3)

The most general gg — gg effective hamiltonian may be written as a sum of three

such invariant products:
A C
B% D

Hy=h,(¢,6,) +hs(S,-8,) +h(T,-T,). (B.4)

Reducing invariant products of tensors in the s- or w-channel [for example the
u-channel spin-spin term (ie, X e}) - (iey X e¥)} to this standard form requires an
SO(3) Fierz transformation. The general result is given below

3
I (a,b)-I'™(a’, b)= 3 ™ I™(a,a’) - I(b,b),

"=1 Fierz
coeffs.
IW=¢, [P=§ [O=T7V (B.5)
{c™"}
m;n 1 2 3
1 1 —1 1
2 -3 3 1 (B.6)
3 3 i 3

In the example quoted previously, the u-channel spin-spin force is the following
sum of ¢-channel invariants:

(iey < e}) - (iegXet)=3F¢\(ey, el) dy(ep,e5) +18,-8,—T,-T,. (B.7)

The antisymmetry of § and symmetry of ¢ and T has been used to obtain this
result.



T. Barnes et al. / Hyperfine splittings 403

This transformation is useful because the ¢-channel invariants have simple eigen-
values on the J7¢ gg states considered in the text of the paper:

(619,)[J7Y=|T7C), (B.8)

(8- $) |77y =[3J(J + 1) —2]|J7), (B.9)

(T, E)IJPC>:[%812‘%811+%8JO]|JPC>- (B.10)
Appendix C

CAVITY COULOMB INTEGRALS

In free space, the Coulomb Green function is given by (R, )~ !, and the energy of
an assemblage of charges is just an overlap integral of the charge density self-inter-
acting through this Green function.

If instead we assemble the same charges in a cavity and impose the bag boundary
conditions 7 - E¢]g =0, we find that the Green function must be modified to insure
that the boundary condition be satisfied for an arbitrary charge distribution. As the
Green function is modified, so the energy needed to assemble the charges is different
than if they were brought together in free space.

This modified cavity Green function for a cavity of radius a was derived by Lee
[10]:

o /
G(x,y)= Ry}, +a_]{[ > #( r:;y) P,(cos 0xy)] - 1}, (C.1)
— =1

free space

cavity modification

G(x, y)=R;y1y+a‘l{[£“— 1 —ln(g—tlT_‘u—}\)] - 1}

:GO(x9 y)+C(x’ y)’ (C2)

where

p=cosb,,, A=rr/a*, E=|1—2ud+N. (C.3)

The final —1 in the cavity modification C(x, y) deserves comment. It is imposed
by requiring that the integrals (1/87) [ f,,,,0,G,,p,dxd y and ; f,, [E|*d x inside the
bag give the same energy; we may check this — 1 by noting that a flat abelian charge
distribution p,= Q/V gives an interaction energy of 0.la,a™ ', calculated either
using E=(1/87)/[,,,0.G,,p,dxdy or ;f,,,|E|*dx. Lee states that the constant
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(—1) in G, has no effect on the energy of color singlets, as it is ~ :Q“: : Q.. This is
only true if we include self-energy diagrams without renormalization, in addition to
the Coulomb gluon exchange. We have considered only gluon exchange and contact
diagrams, as the self-energy diagrams are presumably cancelled by counterterms
which define the gluon propagator at some renormalization point. The constant in
G, does indeed shift the color singlet energy if we neglect the self-energy diagrams,
as this makes G .ne ~ 1 Q°Q: rather than :Q“: :Q%. :Q°Q: is not zero on color
singlets in general. We believe this procedure is correct, as it is what one would do in
treating positronium to this order. There, Coulomb photon exchange is certainly not
cancelled by self-energy diagrams.

The effect of replacing Gy(x, y) by the cavity G(x, y) (C.2) is just to change the
numerical values of the five coefficients (c,, ¢,, ¢3, ¢4, ¢5) Which we evaluated previ-
ously in deriving the effective Coulomb vertices with a cavity Coulomb propagator
(3.36), (3.41), (3.47). These coefficients with a cavity Green function, together with
the free space (G,) coefficients for comparison, are found to be

G, = R;y' G = cavity Green function
¢,(TE? scalar) (590 = 1)- 1073 (90 =1)- 1072
¢,(TE? tensor) (23.1£0.2)- 103 (40.5+0.2) - 1072
¢;,(TE TM scalar) (622+3)-1073 (122=3)-1073
¢,(TE TM tensor) (—2.0+0.1)-1073 (15=0.1)- 1073
¢i(TETM spin-spin)  (29.2%0.2)- 1073 (724=02)- 1073

Two important effects are evident; first, the large spin-independent Coulomb
shifts c,, ¢; are essentially eliminated when the charges are assembled in a cavity.
Hence, the ~ —3a,a™' Coulomb shift in free space is missing in cavity glueballs.
Second, the spin-spin crossed diagram given by ¢ is approximately double the free
space result; this term in the cavity cancels 40% of the transverse gluon exchange
spin-spin term instead of the 20% found with G,. It is more important than the
four-gluon interaction spin-spin term! Finally, we note that the tensor-tensor spin-
dependent Coulomb terms are always rather small.

Appendix D

VERTICES

In this appendix we collect all the three-gluon (t), four-gluon (f) and Coulomb (c)
vertices we have evaluated in the text. TE and TM refer to the wa = 2.744 and 4.493
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gluon modes, respectively:

TE A
CE = —if**t,(e? X eB)* - eClga~!,
TEB
£, =0.1919; (D.1)
TMA
CTM % g: — _ifabctz(eA XeB)* . eC%ga—l ,
TE'B
t,=0.1532; (D.2)
ATE TEC
X — _fxacfxbdfl(sl . Sz)asa_l ,
B7%e 1€l
f,=38.81-1073; (D.3)
AT TEC
X - _fxacbede(Sl S)ea”!,
Brm ™
£L=11.44-1073; (D.4)
A 1E ™,
; = =P f(b192) (S, - $) + (T, To)}aga ™
D
™ TE
£,=1525-1073,
f,=659-1073,
f;=12.48-1073; (D.5)
TE TE
A { ¢ xacgxbd -
. I o = —frf {Cl(¢l¢2)+"2(T1'Tz)}asa h
TE  TE

¢, =(90=1)-1073,

c;=(405+02)-1073; (D.6)
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anas aaaaa-
' = —f*f ey (619y) T co(T) - T)}ea™ !,

c;=(122%3)-1073,

ca=(15=0.1)-1073; ©.7)
TE ™

: — ,__fxacf)cbdcs(s1 . s2)asa—l ,
B mo
™ TE

cs=(72.4+02)-1073. (D.8)

We have neglected a term in the four-gluon vertices which gives zero on s-channel
color singlets (3.11).
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