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1 Introduction

The chiral constituent quark model is a mixture of the potential model and the
o-model which contains spontaneous chiral symmetry breaking in a dynamical way.
The quarks get their masses via the interaction with the scalar field, which develops
a vacuum expectation value. In a previous paper [[] the thermodynamics of this
model has been investigated, in particular the restoration of chiral symmetry with
temperature. It is important to understand the possible evolution of this model in
QCD in order to handle it correctly at finite temperatures. For high resolution,
i.e. short distance processes fundamental QCD with quarks and gluons is the most
efficient theory. A typical scale associated with perturbative QCD is A > 1 — 1.5
GeV. RHIC and LHC physics for particles with p; > A will be dominated by such
processes. In nucleus nucleus collisions, however, scattering at smaller momentum
scale will be non negligible. Since the strength of the QCD interactions increases
with decreasing momentum transfer, characteristic ¢q bound states will form and in-
fluence the dynamics at larger distances. A typical resolution where these processes
start to become important is A, sp = 0.5 GeV [f]. Below this scale the vacuum
changes and acquires a quark condensate and/or meson condensate. The sponta-
neous breaking of chiral symmetry will persist down to A = Agcp. Around this scale
the confining gluon configurations make themselves felt via confining forces. In the
interval [Agep, Aysp| the dynamics is governed by constituent quarks interacting
via pions and sigma mesons. One should keep in mind that the effective couplings
of these mesonic degrees of freedom to themselves and to the quarks are induced by
the underlying physics of the quarks and gluons. When one immerses the quarks
and gluons into a heat bath, it is to be expected that the induced couplings will
be temperature dependent. In the following paper we calculate the temperature
dependence of the couplings in the linear sigma model. We apply the Heat Kernel
technique to integrate out the fluctuations of the fermion variables.

We use the constituent quark model as an effective theory in the region between
Agep =~ 200 MeV and A, sp ~ 0.5 GeV with constituent quarks and confining glu-
ons, which are neglected in this paper []. If the integration over quark and meson
fields is done in one step, then one obtains a first order phase transition contrary
to our expectations for the sigma model and QCD for zero quark masses. This
calculation therefore presents an intermediate step to illustrate the technique of the
heat kernel which will be finally applied in the context of the renormalization group
equations to get a more accurate description of the second order phase transition.
In the course of developing this technique we solve the problem of quark condensate
in the constituent quark model. The natural order parameter in the linear sigma
model is the vacuum expectation value of the scalar field. We show how we can
relate the vacuum expectation value of the scalar field to the quark antiquark con-
densate. In addition we calculate mm-scattering as a function of temperature. This
calculation shows the slightly different physics concept underlying the constituent
quark model and the Nambu-Jona-Lasinio (NJL) model in a physical observable.
The wr-scattering amplitude can be tested via transport properties. We also show
that no new renormalization constants or cut offs are necessary in the constituent



model contrary to the NJL model, where the meson loops generate additional sin-
gularities which have to be regulated by new phenomenological cut off parameters.
The heat kernel technique allows to restrict the effect of quarks of a fixed mass to
the bosonic vertices. That means we propose to ignore the free fermion loop contri-
bution of unconfined quarks in the free energy and also to freeze the quark mass in
order not to allow artificially long distance meson meson interactions, which would
be cut off by the confining forces between quarks and antiquarks below the critical
temperature. In the constituent quark model it is assumed that the meson degrees
of freedom persist beyond the chiral phase transition. Since the gluonic forces are
especially strong in the 7 and ¢ channels these mesons may not dissolve but remain
active degrees of freedom beyond the chiral transition.

The outline of the paper is as follows: In the next section 2 we derive the heat
kernel method at zero temperature and apply it to the constituent quark model at
finite temperature in section 3. We calculate the free energy, which is the necessary
thermodynamical tool for the analysis of a phase transition and study the chiral
transition. In section 4 we evaluate the quark condensate and the mm-scattering
length as functions of temperature explicitly. At the end we conclude and compare
our results to other calculations.

2 The Heat Kernel Method for 7' =0

We consider the chiral constituent model with quarks, ¢ and 7 mesons. At zero
temperature in Euclidean space the partition function or the generating functional
without external sources A is given by

ZIA=0] = / DgDGDoDF exp{— / &'z (Lr+ L)) (1)
with a fermionic £z and a bosonic Lp part.

Lrp = qx) (vl +g(c+iT7vs5)) ¢(x) (2)

((0u0)” + (0,7)) — %3(02 +7%) + %( 2472, (3)

The Yukawa coupling of the constituent quarks to the mesons is denoted by g¢.
The parameters of the linear o-model at 7" = 0 are chosen in the same way as
in ref. [l]. The mass squared pZ is positive reflecting the spontaneously broken
ground state. The minimum of the potential U(c) lies at (og) = 0.093 GeV. The
light constituent quarks have a mass of m = 300 MeV, the o-mass m, = 700MeV,
pé = (0.495 GeV)? X\ = 28.33 and g = 3.23. These couplings are effective couplings
obtained after the integration over high momentum quark and gluon degrees of
freedom. Therefore we must not reintegrate these high momentum modes at zero
temperature, since their effect is already included in the couplings. In the following
we demonstrate the heat kernel technique at zero temperature to set up the notation



we are going to use at finite temperature. Also in a later paper we are investigating
the renormalization group flow with the same method [[J].

By means of a formal integration over the quarks one obtains a non-local deter-
minant, which is in general complex

Z[A=0] = / DoD7 det (Yp0p + g (0 + i777s)) exp{— / d'zLy)

det (vedi +9 (0 +i7773)) = [ DyDgexp{~ [ d'aLr).

This determinant can be expressed as a logarithm and in the following we consider
the real part of the effective action (the modulus of the determinant)

Re Sp = —%TTIHDDJr (4)

with the elliptic operator
DDY = =03+ ¢MM™" + gv,(9,M")

and M (z) = o(x) +i77(x)vs. The symbol 'Tr’ is defined by a functional trace over
an operator O

TrO = /ddzvtr(x|(9|:v)

and tr is reserved for the remaining trace over all inner spaces i.e. spin, positive and
negative energy solutions associated with the gamma matrices, isospin and color [[].

Since DD™ is a positive definite operator it is possible to rewrite the logarithm
as an Schwinger proper time integral. Then we find for the real part of the effective
action in d = 4 dimensions

1 oo d

ReSr = lim — —TTre_TDD+
A—oco 2 J1/A2 T

o1 oo dr

= lim - —

4 .
A—oco 2 Jijaz T /d vHo(z, 7;7)

where the second line defines the diagonal part of the zero temperature heat kernel
Ho(x,z;7). In general the proper time integration diverges for vanishing tempera-
ture therefore we introduce a proper time regulator A. The order of magnitude for
A is estimated in ref. [B] from the meson spectrum and lies in the range of about 1
GeV. Physically one can interpret A as a scale at which chiral symmetry breaking
starts.

The non-diagonal part of the heat kernel Hy(z,y;7) can further be evaluated by
including a plane wave basis [{]. We get

Ho(z,y;7) = tre ™PP% (aly)

— | éﬁﬁ"de—ffmi (k) (kly)

ddk —1 -7 T —ika
= tr/@ﬁ)de kye=mDDs o~k (5)
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which yields the diagonal part (y — x) of the heat kernel

ddk —T —21
o) = b [ o tesmion)y

Note, the unit operator on the right is to be associated with other possible functions
on which the derivatives with respect to x can act. The product rule of differentiation
can be implemented by the substitution 9, — 0, +1k, in the operator DD. After a
subsequent rescaling of the momenta k, — k,/+/7 the following expansion in powers
of the proper time 7 is found

t7‘ ddk —k‘2 ° 1 . n
Hy(z,z;7) = (dnr) / —372¢ Z_:Om (ﬁ?zk,ﬁu — TDD:) 1. (6

The momentum integration can be done using the relation

ddk 1.2 1
/me s K Ko = 2_m§u1u2~~uzm

1
= om Z 5%(1)%(2)5%(3)%(4) U 5/110(2m71)lh7(27n)
oeS(2m)
with 0(1) < 0(2) , 0(3) < o(4), ---and o(1) < 0(3) < o(5) ---. All in all there

are (2m — 1)!! permutations. For the constituent quark model the corresponding
expression for the heat kernel in d = 4 dimensions looks like

tr A% e o2 r(—0?— 2OtV —m?
H(](,’,U,ZI}',T) = m/?e K (& (& ( VT )1

with Q := ¢?MM™* and V := gy - (OM™). A mass term m? in the exponent has
been introduced to guarantee the convergence of the proper time integration. It is
chosen equal to the quark constituent mass in the vacuum. Quantum fluctuations
of the theory for short distances enter in the 7 — 0 region of the 7 integration while
the behaviour of quantum fluctuations at long distances contribute in the limit 7 —
0o. Therefore through the introduction of a mass term m? no infrared divergences
for 7 — oo emerge. The mass term m? is an IR regulator and is not uniquely
determined. We checked the sensitivity of our later results with respect to variations
in m? and found that in a reasonable interval there is no strong dependence.

The heat kernel method makes the fermion functional integration doable by
expanding the exponential in the proper time variable up to the second order. Per-
formance of the inner traces yields the following result for the effective action

0 dr 1 2
ReSp = 4N, li ——e
cor e 1/A2 T (47‘(‘7‘)26

2
2/ 2 | =2 2 T {472 | =22
[1—7’{9 (04 7°) —m }—i—;{g (0% +7°)
+9*((040)° + (9,7)%) + m* — 2m*g*(0® + 72) + g0 (0” + )} -
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The proper time integration leads to an incomplete gamma functions in the fermionic
action
4 o0 F 2’ m?2 )
_ A
Re S P = . T Z

where T'r hy, symbolizes a short hand notation for the integrals resulting from dif-
ferent powers in 7 containing the fields and their derivatives [B]. One observes that
the proper time expansion leads to a gradient expansion, since the proper time has
dimension mass~2. The first three coefficients of this expansion are always divergent
for A — o0, therefore a regularization scheme should be applied at this stage.

— 2T hk

3 The Heat Kernel Method at finite Temperature

Before we apply the heat kernel method to the constituent quark model we want to
show how to extend it to finite temperature.

The main difference in finite temperature field theory compared to zero temper-
ature field theory is the change of the continuous time integration of the effective
action to a finite integration in Euclidean space from zero to § = 1/7. We can
generalize the definition of the heat kernel at zero temperature cf. Eq. (f) to finite
temperature

Hp(z,2',7) = e P27 (z|2')s

= e_TDD+5§(x —a') (7)

where '(" stands for the effect of finite temperature in the Fourier representation
of 5%(:17 — 2’). This means one has to insert the correct boundary condition of the
fermions (or bosons) into the Dirac delta function. For the quarks we have to take
anti-periodic boundary conditions in Euclidean time, i.e. the Fourier representation
has only half integer Matsubara frequencies. With the help of a generalized theta-
transformation one can find a connection between the zero temperature and the
finite temperature heat kernel for fermions [d]

Hr(z,2,7) = Ho(z, 2, 7) 1+2Z yre AT (8)
n=1
This result is remarkable, because the finite temperature heat kernel separates into
a sum of the zero temperature heat kernel and a temperature dependent piece,
which again is a product of the zero temperature heat kernel times a temperature
dependent function.

Since we are interested in the pure temperature contribution of the effective
action we consider only the difference between the finite temperature and zero-
temperature heat kernel. The temperature dependent effective action is then given
by

ReSE = /d4 / —{HT(z x;7) — Ho(z,2;7)} .
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The vacuum divergences in both kernels cancel each other and no new divergences
are generated at finite temperatures. Therefore we do not need the regulator A
anymore and take the proper time integration over all positive real 7. With the
result of Eq. (f) we find

Re SL = /d4 / —2H0 T, T T Z yre~ AT

=1

In the previous section the expansion of Hy(z,x;7) was shown and by using the
formula

oo v/2
/ drr’~le =" =2 (%) K,(2y/a7) (9)
0

where K, (x) denotes modified Bessel functions, we finally obtain

Re SL = /d4 [N 8m” (Bm) — Ne 4?F1(ﬁm){g (0? + 72) — m?}

N. . "
o Fo(Bm) {m* + g%@a)z +(0,7)%) + g'(0® + 7)?
—2m*g*(0? + %) + %g282(02 + 7?2)” .

Here we define

Rom) = Sy Kiam)

n=1

for i=0,1,2 .

This result is substituted into the partition function Eq. ([]), which then becomes
only a functional of the mesonic degrees of freedom alone.

Zz/DaDﬁ'exp( (8N) {8’%}3 (Bm) + 4%‘35 (Bm) + m*Fy (ﬂm)}) % (10)

exp <_ [ s Ezm{@aﬁ @)~ XD 7 >D

The fermionic integration has given a prefactor which comes from the quark loop at
finite temperature. This prefactor is due to the free motion of quarks, which we think
is inadequately described by the linear sigma model without confinement. Therefore
we will not include it in the equation of state. We take, however, the fermionic effects
on the mesonic couplings seriously. Due to the freezing of the infrared parameter m,
the fermion loop contributions arise from short time fluctuations in the thermal
system, where quark confinement is not relevant. After sorting one encounters
the following temperature dependent wave function renormalization constant and
couplings up to second order in the proper time expansion:

8N,

AT) = Lt 20 Fy (6m) (11)
2 _ 2 8N, 2 2 m 8_]\[08_7” 2 m
WAT) = i o Amt e By (Sm) + s R () (12)
o 8Ne i (g

X(T) 19" (9m) (13)



The first terms on the right hand sides in Eqns. ([I{[3) are the T = 0 terms coming
from the bosonic action Eq. (). The finite temperature corrections are generated
from the heat kernel. Since the heat kernel expansion is an one loop integration,
its result corresponds to the results in perturbation theory which gives temperature
dependent modifications of the couplings. The wave function renormalization comes
from the graph where a quark radiates a meson. The mass of the mesons is changed
by the meson polarization operator in quark antiquark pairs to order g?. The meson
meson scattering amplitude gets modifications from the box graph in fourth order
g* of the coupling. The numerical values of the couplings are shown in Fig. ] as a
function of temperature. One sees that p/ decreases and becomes zero at T' =~ 185
MeV. The coupling A" and the wave function renormalization z also become smaller.
Note the wave function renormalization z does not vanish at the chiral transition,
which means the pion has not dissolved at this temperature. The probability to find
a free pion at T =~ 185 MeV, however, has decreased to 50%.

0 1 1 1 1 1 1 1 1 1

0 20 40 60 80 100 120 140 160 180 200

Temperature [MeV]

Figure 1: couplings X, i/ and z as function of the temperature.

We also apply the presented heat kernel method to evaluate the quark condensate
(g@q) at finite temperature in the chiral limit and to calculate mr-scattering for finite
pion masses. These calculations are possible by adding an additional source term

2
2000 = A G
=1

to the fermionic Lagrangian Eq. () and then differentiating with respect to A. Thus
the parameter A plays the role of a current quark mass and breaks chiral symmetry
explicitly. We again calculate only the difference between the finite temperature



heat kernel Hr and the zero temperature Hy. Therefore we have to include in our
bosonic action at zero temperature an explicit symmetry breaking term, arising from
the integration over the quarks with finite masses at zero temperature which we do
not execute explicitly. This term will receive a temperature dependent modification
in our calculation. In addition another term cubic in meson fields will arise at
finite temperature through the fermion integral. The symmetry breaking term in
the linear sigma model at T" = 0 is given by £. = —co with a value of ¢ which
reproduces the physical pion mass.

co = —m?f.o.

Using the relation m2 2 = —2A(qq)o we get

c=A <2<qq>°> YN

fr

Employing the heat kernel technique we obtain the final effective bosonic action at
T # 0 including explicit symmetry breaking due to finite quark masses A. The
meson wave function renormalization constant has been scaled out.

//(T)2

S[o, 7 = / d%{const%—%((0M0)2+(8u7?)2)—M 5 (o +7%) +

+3(T)Ag (0% +72) + # (o + 7?2)2 + tl(T)Aa}

with additional temperature dependent functions entering the symmetry breaking
terms.

—2(p/(T)* — pg) + ¢

31 (T) = e (T) 1/2
t3(T) = 4()\;((2))3;2)\0)
,U”(T)z _ :u/(T)2

)
vir) = 20 (14)

There are two new temperature dependent loop corrections in this formula propor-
tional to the external source A. The sigma tadpole term t;Ac gets a temperature
dependent fermion loop correction. A temperature dependent Yukawa vertex be-
tween two mesons and the sigma meson is generated due to the quark loop. The
term t3A adds to the Yukawa vertex produced after spontaneous symmetry break-
ing, when o develops a vacuum expectation value. In Table 1, we give the numerical
values of p”, N, t;A/(frm?) and t3A. Both terms depending on the explicit sym-
metry breaking A influence the order of the phase transition. Previously [I0] we
did not allow such temperature dependent terms in calculations of the order of the
phase transition. Especially a third order term would add to the determinant term

in Flavour-SU(3) from instantons which is nine times larger at 7, [L].
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| T [MeVv] [ 0 |40.] 80. | 120. | 160. [T, ~ 184.8]

1 [MeV] [ 495.]495. | 493. | 469. | 362. 0.

X1 283|284 30.1 | 36.9 | 53.0 72.9
Aty /fmZ [ || -1. | -1. | -0.97 | -0.81 | -0.42 0.
Atz [MeV] || 0. | -01| -74 |-382|-116.4| -219.

Table 1:  Couplings in the effective Boson action S|o, 7] for different temperatures.

4 Quark Condensate and nmr-Scattering

The next task is to track the behaviour of the vacuum expectation value of the o
field. When we expand the effective action around the spontaneously broken ground
state op = const, we get up to a normalization factor N the partition function with
the tree contribution to the effective action. This action contains all the effects of
the temperature fluctuations of the fermions besides the free energy of free quarks
and antiquarks. These effects suffice to produce a chiral phase transition.

/«L//2 )\//
S[O'O] = (6V)(t1AO'O — 70'3 + tgAO'g + ZO'SL)
In mean field approximation we determine from this tree action the quark condensate
in the chiral limit as a function of temperature.

i Oln ZMF(A)

_6‘/ 8A = th'(] + t30'(3]. (15)

A=0

2(qq) mr =

Minimizing the action with respect to ¢ one finds that oy and the resulting quark
condensate are smooth functions of temperature (cf. Fig. PJ), which vanish at the
chiral transition temperature where p”? vanishes. The phase transition is at a higher
temperature compared to the calculation in ref. [[], because the effects of the quark
fields enter only via the intermediate coupling of the meson fields. If one would set
m = gop in the prefactor in Eq. ([[0), a variation of this part would give a faster
decrease of the vacuum expectation value of oy. But this procedure is questionable
since the quarks are not free below the transition temperature.

In order to estimate the mesonic effects on the quark condensate we include
their thermal fluctuations in the partition functions. In the linear sigma model
the integration over the bosonic degrees of freedom is much simpler than in the
NJL model [§. The zero temperature bose fluctuations are already included in
the meson coupling constants at zero temperature. Therefore we use a simple one
loop approximation for the boson integration. Including mesonic terms we obtain
the following partition function, where the integrals are to be understood at finite
temperature with the mean field masses.

s Sl - %TT In(—8? 4+ M2) — gTT In(=8” + M?)
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Figure 2:  Normalized condensate (Gq)yr and (gq) with bosonic fluctuations as
function of the temperature.

M? = —,/’2+3X’ o+ 6t3Aog
M2 = —u" + N'oj + 2t3A00 (16)

The value o entering these equations is determined in mean field from the minimum
of the bosonic tree action. Consequently, oq depends on the explicit symmetry break-
ing parameter A. The quark condensate in this approximation contains fermionic
and mesonic effects. If the couplings t; and t3 would not depend on temperature,
the quark dynamics would be invisible in the variation of the quark condensate with
temperature.

2(q9)r = t1(T)ao + t3(T)ag + L (00, T) + (00, T) (17)
where the bosonic integrals are defined as follows:
1 OM?
(00, T / o
(00, T) = 2J (2n) \/p £ M2 SVPEME _ OA |,
_M,T OM? i Ky(nM,/T)
B 4r2 OA | o i n
and
1 OM?
(00, T /
(00, T) = 2J) (2n) \/p + M2 SVP+ME _ . OA
__TI? oMy
8 0A |,

11



In the last equation we have to take into account the pion with zero mass. To specify
the result in the chiral limit we list the masses and o field derivatives

8M2 80'0

= = 2300+ (2N0¢) —
OA | AL OA | _,
OM? _ oM
OA | o OA | Lo

2

% _ tl + 3230’0 (18)
A A=0 MU A=0

In Fig. 2 we show the resulting quark condensate including the bosonic thermal
fluctuations. It decreases faster and leads to a first order transition. We are aware
that the meson one loop approximation is not sufficient to generate a second order
phase transition for a pure mesonic O(4)-theory. In the present paper we are mainly
interested in the effect of quarks on the mesonic action, in a further paper we are
going to improve our calculation by combining renormalization group methods with
the heat kernel technique [[J].

The 7w s-wave scattering amplitude vanishes in the zero momentum limit for
massless pions. Therefore we have to use the masses of o- and m-mesons in the form
with finite symmetry breaking A ( cf. Eq. ([6)). In addition we need the Yukawa
coupling g,»» from the bosonic action after symmetry breaking:

Gornn = >\//UO + t3A (19>

The s-wave projection of the wm-scattering amplitude in the isospin zero channel
then has the following form

1
Tins = 4042) = 3 (80X ~ 4620 + ) 20
Inserting the temperature dependent masses Eq.([[) and coupling constants Eq.([[4)
we find a divergence of the s-wave isospin zero scattering length (cf. ref. []]) shortly
before the chiral phase transition. As long as one treats the bosons very naively in
mean field or one loop approximation there comes a point where the o mass becomes
degenerate with twice the pion mass, which leads to an exploding scattering length

Qoo
Too

agp = —

O 320 M,
In Fig. § we plot the result of our calculation near 7T, and compare the result with
a simple extrapolation of the Weinberg scattering length

(21)

- My
© T 32rf2

to finite temperature.

A more careful investigation of pion scattering at finite energies shows that the
effect of the singularity is diminished when one averages over the cmm-momentum of

12
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Figure 3: Scattering lengths agg as functions of the temperature.

the pions, as the heat bath only contains finite momentum pions. The total effect is
almost completely washed out, if one includes an average over the unitarized s-wave
amplitude, which contains mr-rescattering effects. It is therefore very important
to include the ring sum or an equivalent damping mechanism to control the pion
interactions near T,. The scattering length is a good illustration for the inadequacy
of the mean field or one loop approximation in the presence of Goldstone Bosons.
It remains to be seen how far away from 7T, these effects are important in the or-
der parameter, since in the physical mass case the second order phase transition is
smeared out. Also a quantitative comparison of the ring or large Ny approximation
with the renormalization group equations is interesting. The heat kernel technique
allows without any additional assumption about the form of the infrared regulator
to calculate the evolution equations. At lower temperatures the presented coupling
constants can be included in the constituent quark model calculation with confine-
ment in ref. [[J] to take into account the effects of thermal quark fluctuations on
the couplings of the sigma model. The simplicity of NJL model estimates remains
unchallenged by the linear sigma model. If one wants to tackle higher order effects,
however, our calculation shows that the constituent quark model is by far superior
in its ability to include meson dynamics. The physical question whether mesonic
degrees of freedom are modeled adequately by this model near T, has to be answered
by calculating susceptibilities not only in the scalar and pseudoscalar, but also in the
vector channels. These results can be compared with numerical lattice calculations
but also with stunning experimental data from dilepton spectra [[J].
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