On kinematical constraints in boson-boson systems
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I. INTRODUCTION

In a strongly interacting quantum field theory like
QCD an important challenge is the reliably and predic-
tive treatment of final-state interactions. Given some
effective degrees of freedom micro-causality and coupled-
channel unitarity are crucial constraints that help to es-
tablish coupled-channel reaction amplitudes from effec-
tive Lagrangians (see e.g. [1-3]).

Although partial-wave scattering amplitudes can be
straightforwardly introduced in the helicity formalism of
Jacob and Wick [4], the derivation of transformations
that lead to amplitudes free of kinematical constraints
is, however, a nontrivial, but necessary, task. Partial-
wave analysis of experimental data or effective field the-
ory approaches that consider the consequences of micro-
causality in terms of partial-wave dispersion-integral rep-
resentations [1, 5-13] require such kinematically uncon-
straint amplitudes. Our aim is to derive such amplitudes
for two-body systems with J© = 0~ or 1~ particles by
means of suitable transformations of the helicity partial-
wave amplitudes . In a previous work one of the au-
thors studied the scattering of 0~ off 1~ particles [14]

and fermion-antifermion annihilation processes with %

and %+ particles [15]. So far reactions involving two-
body states with two 1~ particles have not been dealt
with. We note that previous studies of two-body scatter-
ing systems with photons, pions and nucleons [5, 16-24]
have employed the technique applied in this work, and
that a possibly related approach is that of Chung and
Friedrich [25, 26]. The technique developed in this work
will be relevant for data analysis of the PANDA exper-
iment at FAIR, where protons and antiprotons may be

*Electronic address: m.lutz@gsi.de
TElectronic address: ividana@fis.uc.pt

annihilated into systems of spin 0 or 1 states [27].

In this work we consider partial-wave projections of
the scattering amplitude of all two-body reactions possi-
ble with 0~ and 1~ bosons. Partial-wave amplitudes with
proper analytic properties that justify the use of uncor-
related integral-dispersion relations are constructed. As
in [15], we first decompose the scattering amplitude into
a complete basis of invariant functions that are free of
kinematical constraints, and are expected to satisfy a
Mandelstam dispersion-integral representation [16, 28].
A given choice of basis is free of kinematical constraints
if any additional structure can be decomposed into the
basis with coefficients that are regular. The identifica-
tion of such a basis is a nontrivial task as the spins of the
involved particles increase. In a second step non-unitary
transformations are identified, that map the initial, re-
spectively final helicity states to new covariant states,
such that the resulting partial-wave amplitudes are free
of kinematical constraints.

The work is organized as follows. Section II introduces
the conventions used for the kinematics and the helic-
ity wave functions. The scattering amplitudes are de-
composed into sets of invariant amplitudes free of kine-
matical constraints. In the following section the helicity
partial-wave amplitudes are constructed within the given
convention. The central results are presented in section
IV, where the transformation to partial-wave amplitudes
free of kinematical constraints are derived and discussed.

II. ON-SHELL SCATTERING AMPLITUDES

We consider two-body reactions involving pseudo-
scalar and vector particles. All derivations will be com-
pletely generic. We introduce the 4-momenta p; and p;
of the incoming and outgoing first particle and those of
the second particle, po and po. In the center of mass



frame we write
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where 6 is the scattering angle, p and p are the magni-
tudes of the initial and final three-momenta. The relative
momenta p and p can be expressed in terms of the total
energy /s of the system
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It is convenient to introduce some further notation

Lo 1 pf—p3
kﬂ:i(pll_pg)a ru:kp_iTwﬂ,
Lo . 1pi-p3
kﬂ:i(plf_pg)a ru:ku 5 S e
N 1 ~
Qv = Guw — —Wu Wy, T-1T=—ppcosh, (3)

where the two 4-vectors r, and 7, have a transparent
relation to the center-of-mass momenta p and p.
We specify the spin-one wave functions
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where the wave function of the corresponding initial
states is recovered with 6 = 0.

The on-shell production and scattering amplitudes are
defined in terms of plane-wave matrix elements of the
scattering operator 7. We represent the scattering am-
plitudes in terms of a complete set of invariant func-
tions F,(s,t). The merit of the decomposition lies in the
transparent analytic properties of such functions F, (s, t),
which are expected to satisfy Mandelstam’s dispersion
integral representation [16, 28]. For reactions involving
spin-one particles it is not straight forward to identify
such amplitudes.

We begin with the elastic scattering of two pseu-
doscalar particles

Too—oo(k, k, w) = Fi(s,t), (4)

which is characterized by one scalar function Fj(s,t) de-
pending on two Mandelstam variables, e.g. s and t with

s+t+u=mi+ms+mi+m3. (5)

We suppress internal degrees of freedom like isospin or
strangeness quantum numbers for simplicity.

A slightly more complicated process involves one vec-
tor particle in the final state

Too—o01(k, k, w) = Fi(s,t) <Tz7(1)>30—>01 )
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where we use a notation analogous to the one introduced
in [15]. For notational simplicity we do not introduce
different notations for the invariant amplitudes Fi(s,t)
in the two reactions (4, 6). Further processes related to
(6) are obtained by the exchange of the out or ingoing
momenta.

The structure of the on-shell reaction amplitudes turns
more complicated with increasing number of spin-1 par-
ticles involved. Consider the production of two vector
particles

I
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which is characterized by five invariant amplitudes,
F,(s,t). The choice of Lorentz tensors in (7) is not unam-
biguous. Various linear combinations of the given tensors
may be used. For instance we could have used the 5 ten-
sors which follow from (7) by the replacements r, — k,
and 7, — l_su. The suggested form proves most conve-
nient when calculating helicity matrix elements.

The number of invariant amplitudes is easily deter-
mined for the reaction 00 — 11. The task is to construct
all rank two tensor in terms of the four vectors k, k, w and

Uy = €parp E*w kP (8)

At first there are 4 x 4+ 1 = 17 distinct tensors that one
may construct. Parity conservation requires the pairwise
occurrence of the vector v, introduced in (8). This elim-
inates 6 structures. The transversality of the spin-one
wave functions with

ZEM(ﬁl) EH = +€u(ﬁ1) w’ﬂ
2 6#(]52) Kt = _Eu(iﬁQ) wh (9)

eliminates additional 5 structures for on-shell conditions.
Altogether there are 6 structures left. The five terms



displayed in (7) and the Lorentz tensor vg vy. To show
the on-shell redundance of the extra term requires an
explicit computation of on-shell matrix elements.

In a practical application it is important to derive ex-
plicit expressions for the invariant amplitudes F,(s,t)
(see e.g. [29]). In the general case this is may be a te-
dious exercise, which is considerably streamlined by the
derivation and application of a set of projection tensors

ﬁﬁ) with the following properties
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Given any off-shell production amplitude the invariant
function F,(s,t) is obtained by the contraction with the
nth projection tensor. We decompose the projection ten-
sors into a basis
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where the 4-vectors ), w; and w, are suitable linear com-
binations of 7,7 and w as to have the convenient proper-
ties

rp-r =1, ri-r=0=r-w,
wy-w =1, wy-r=0=w-p1,
wew=1, wir=0=wPy. (12)

The index | and | of a vector indicates whether it is or-
thogonal to the 4 momentum of the first or second par-
ticle respectively. The patched symbol | implies the or-
thogonality to both 4 momenta. Given such vectors the

(n)

coefficients c;, ’ are readily determined. We find

(M1, D = w1/, (13)
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1
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where we display non-vanishing elements only.

We construct the auxiliary vectors ry, w; and w|. For
this purpose we introduce an intermediate notation.
Given three 4-vectors a,, b, and c,, we introduce a vector,

B b
ay, = a.,, as follows
n
a a-c
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Ape " Ap e c-C

ap.c,=0. (14)

) the desired vectors are identified
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with
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where we introduced the additional vectors 7y, w; and w,
that will turn useful below.

It remains the question why did we select the five ten-
sors in (7) and did not include the extra structure vg vy
into our basis? The reason is our request that the invari-
ant amplitudes should be free of kinematical constraints.
The issue is nicely illustrated at hand of the on-shell iden-
tity

Vg Vp = v? {gﬂg — (wy-w) wp wy — (W - 7) W T

- (UJJ : TJL) Tp Wy — (TJL : TJL) TaTo|,
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with the tensor basis introduced in (7). Eliminating any
of the five tensors in favor of the structure vz vy leads to
invariant functions singular at various kinematical condi-
tions. This is evident from the regularity of the expres-
sions

V2 (ry-ry) = —872,
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V2 (1 w) = 5 (M3 —mi +s) (F-7). (17)

We continue with the scattering of pseudo-scalar off
vector particles. There are again five invariant ampli-
tudes needed to characterize the scattering amplitude
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where it suffices to assume the second particles with mo-
menta ps and ps to carry the spin. The type arguments
that lead to the given choice of tensors in (18) are identi-
cal to those given for the two vector production process
(7). The construction of the associated projection tensors

P 9" 4" T3 = S

PYps =0,  PYVpr=0,  (19)
is analogous to (11). We find
n . n k
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TABLE I: The non-vanishing coefficients cén) in the expansion (24). Here is ax = 14+ ™2 and ag = 14+ ™72,

where we display non-vanishing elements only and use

oM =1, ng) = —w-w +1/s, the 4-vectors introduced in (15).
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While the construction of a suitable basis was almost
trivially implied for the reactions 00 -+ 11and 01 — 01
by choosing the tensors that involve the minimal number
of momenta, the task is considerably more complicated
once there are three vector particles involved. It suffices
to construct tensors composed out of the metric tensor
guv and the three 4 momenta 7, 7, and w,. Owing to the
relation (16) any structure involving an even number of
v, vectors is redundant. Altogether there are 61 Lorentz
structures with the proper parity transformation. Due to
the Schouten identity [30, 31]

Jor€aprys = Gar€apys + 9pr€acys + 9yr€aBod

+ gsr€apryo s (21)

only a subset of 28 structures are off-shell independent.
This is in contrast to the number of independent helic-
ity amplitudes, which there are 13. Thus using on-shell

conditions out of the 28 tensors only 13 are linear inde-
pendent. The task is to find a subset which is free of
kinematical constraints. The construction of such a set
is quite tedious and to the best knowledge of the authors
such amplitudes did not exist for the considered reaction.
The on-shell scattering amplitude may be parameterized
in terms of the following 13 scalar amplitudes F; . 13
with

Fo(s,t) (AT 071

(22)
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We assure that our choice of amplitudes in (22) excludes
the occurrence of kinematical constraints with the pos-
sible exception at s = 0. Using slightly modified am-
plitudes as implied by the replacement r, — k, and
Ty — l_cu removes the constraints at s = 0.

Again we provide the convenient projection tensors
that streamline the computation of the invariant ampli-
tudes F,,(s,t) by means of algebraic computer codes. We
find
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where the explicit form of the coefficients c,in) can be

found in Tab. I.

We turn to the most complicated reaction 11 — 11.
Excluding Lorentz structures involving an even number
of v, vectors there are 138 structures with the proper
parity transformation that one may write down. A subset
of 136 structures are off-shell independent. Using on-
shell conditions out of the 136 tensors only 41 are linear
independent. We constructed a subset which is free of
kinematical constraints with the possible exception of s =
0. To the best knowledge of the authors such amplitudes
did not exist for the considered scattering process. The
on-shell scattering amplitude may be parameterized in

terms of the following 41 scalar amplitudes Fy . 41 with
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where our invariant functions are kinematically corre-
lated at s = 0 only. The latter constraint can be elim-
inated by the use of the modified vectors r, — k, and
T, — ]}u in (25). An algebra to project onto the invariant
amplitudes F,(s,t) is developed in Appendix A.

We emphasize that all amplitudes F),(s,t) introduced
in this section are truly uncorrelated and satisfy Mandel-
stam’s dispersion integral representation [16, 28].

IIT. PARTIAL-WAVE DECOMPOSITION

The helicity matrix elements of the scattering operator,
T, are decomposed into partial-wave amplitudes charac-
terized by the total angular momentum J. Given a spe-
cific process together with our convention of the helicity
wave functions it suffices to specify the helicity projection
A1, A2 and A1, Ay as introduced in the previous section.
We write

</_\15\2| T M) = 2(2 J+1) <5\15\2| Tr|A1A2) dg\J%(o) ,

)

J
d\3(6) = (=) ") _(6)
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Ydcost - )

Aida| Tyl A he) = /1 (ide| T ide) d5)(0),

with A = )\1—)\2 andj\: 5\1—5\2.
functions, d&"%(e), are used in a convention as charac-

Wigner’s rotation

terized by (26). The phase conventions assumed in this
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TABLE II: Non-zero elements of the transformation matrices U_‘,{’O 1 and U;Ll 1. We use the notation of (35).

work imply the parity relations

(=1, =X T = A1, =A2) = (=) (A1, Ae| T A1, A2)
Ale—Sg—i—S’l—gg
+)\1—>\2—5\1+5\2. (27)

It is useful to decouple the two parity sectors by intro-
ducing parity eigenstates of good total angular momen-

J

We introduce parity eigenstates states, |ni,J), that
are eigenstates of the total angular momentum. We will
be applying the following state convention

[1_,J)00=10,0)s, (29)
1 Thor = 25 (10, = 10.4)).
1-,J)11=10,0)s,
|2—aJ>11:%(H,HJH*,*M»
|3_,J>11:%(|0,—>J+|0,+>J),
41 = 5 (14 00+ 1=, 0)s).
51 =25 (=)o +1=40)
and

14,71 =10,0), (30)
12+, 7 )01 = 5 (IO,—>1+\0,+>1),
LoD =25 (40— 1= ).

tum J, formed in terms of the helicity states [4]. Follow-
ing (26) we introduce the angular momentum projection,
|A1, A2 ) s, of the helicity state |A1, Ag ). We write

‘)\17)\2 >J with T|)\1,/\2>J:TJ|)\1,)\2>. (28)

‘2+a']>11 - %(‘07_>J_‘0a+>']>a

Bas =5 (14 00 = |-, 0)s).
4,11 =5 (4,20 = 1= 4))

where we suppress the sector index 00, 01 or 11 on the
right hand sides and use the short-hand notation + = +1.
The states have the following property
Plne, J) = £(=1)"*! ns, J). (31)
The partial-wave helicity amplitudes ti o That carry
good angular momentum J and good parity are defined
with
ti,ab:<aiaJ|T‘bi>J> ) (32)
where a and b label the states. For sufficiently large s
the unitarity condition takes the simple form

%[t(J)];bl = _S:i[ ab

where the index a and b spans the basis of two-particle
helicity states in the (0,0), (0,1) and (1,1) sectors.

(33)



Helicity-partial-wave amplitudes are correlated at spe-
cific kinematical conditions. This is seen once the am-
plitudes ti’ab(s) are expressed in terms of the invariant
functions F,,(s,t). This is a well know problem related
to the use of the helicity basis in covariant models, see
for example the review [23]. In contrast covariant-partial
wave amplitudes T/ (s) are free of kinematical constraints
and can therefore be used efficiently in partial-wave dis-
persion relation. They are associated to covariant states
and a covariant projector algebra which diagonalizes the
Bethe-Salpeter two-body scattering equation for local in-
teractions [9, 10, 14, 15]. We introduce

J
1) = (2] (0] deovie) . 6
with nontrivial matrices U{(s) and U{ (s) characterizing
the transformation for the initial and final states from
the helicity basis to the new kinematic-free basis. The
matrices U{(s) are given in Tab. III, where we use the
conventions

M, M_ - M, M_
§=——, §=——,
S S_

ay =1=x96, ay=1=£9. (35)

The transformation (34) implies a change in the phase-
space distribution:

pl(s) = ~s[r)]

() e e

We adapt a convention for the transformation matrices
that lead to an asymptotically bounded phase-space ma-
trix, i.e. we require

lim det pf(s) = const # 0. (37)
S§—00

In contrast to the helicity states the phase-space matrix
in the covariant states does have off-diagonal elements.
The quest for the elimination of kinematical constraints
leads necessarily to off-diagonal elements. To the best
knowledge of the authors transformation matrices for the
11’ case in Tab. III are novel and not presented in the
literature before.

We provide particularly detailed results for the 01 —
01,01 —+ 11 and 00 — 11 reactions, but refrain from
giving the tedious details for the remaining cases. There
are two one-dimensional cases with

Ulgo=1, Ul, =1. (38)

J

It follows

Ti],00—>00(3) = AlJ(S)v
J(J+1)
T’ =Y
—,00—>01(5) 2J+1)/s
_ﬁ2 p2A1J+1(8)} ,
9 2

pp
T 51 501(s) = —Af(s) + @J+1)s A (s)

[ 477(s)

with

Al = (= )J / ey (5,8) Py(cost) a0

pp —1

The important merit of (39) is the absence of kinemati-
cal constraints, with the repeatedly discussed exception
at s = 0. A potential singularity at pp = 0 in (40) is not
realized due to the properties of the Legendre polynomi-
als Py(cos®).

The corresponding decomposition of the partial-wave
scattering amplitudes 77 (s) into integrals over the in-
variant amplitude F,(s,t) for the 01 — 01, 01 — 11,
00 — 11 and 11 — 11 reactions is considerably more
involved. We write

T{(s) =) alfF(s) A5 (s), (41)
k.n

with coefficients a[F(s).

In Tab. III we detail those results for the coefficients
aiﬁk(s) which demonstrate the absence of kinematical
singularities in all partial-wave amplitudes considered in
this work. We note that the transformation matrices in
Tab. III are derived from a study of the three reactions
01—-01,01 - 11 and 00 — 11 with appropriate par-
ity selection only. From the regularity of the alf*(s)
in Tab. III it follows the absence of kinematical sin-
gularities. Additional and tedious computations reveal
that there are also no correlations of the various partial-
wave amplitudes T/ (s) at any kinematical point but at
s = 0. The covariant amplitudes are associated to a pro-
jector algebra for the Bethe-Salpeter scattering equation
[9, 10, 14, 15]. A consistency check was performed that
confirm the claimed properties for the remaining cases in
particular the most tedious 11 — 11 reaction.
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TABLE III: Non-vanishing coefficients a:}*

in the expansion (4

1) for the reactions 01 -+ 01,01 — 11 and 00 — 11.
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TABLE IV: Continuation of Tab. III. We use the notation o




IV. CONCLUSIONS

We have constructed kinematically unconstrained and
frame independent partial-wave amplitudes for two-body
reactions involving J© = 0~ and J¥ = 1~ particles.
Such amplitudes satisfy partial-wave dispersion relations
and are well suited for data analysis.

To eliminate kinematical constraints in the helicity-
partial wave amplitudes, we have derived non-unitary
transformations from the conventional helicity states to
covariant states. As an intermediate result we have iden-
tified complete bases of invariant functions, which are
expected to satisfy a Mandelstam’s dispersion integral
representation and characterize the scattering and reac-
tion amplitudes unambiguously. We have also derived
explicit expressions for the covariant partial-wave scat-
tering amplitudes in terms of integrals over the invariant
functions. In addition we have constructed a convenient
projection algebra that streamlines the derivation of the
invariant functions by means of computer algebra codes
significantly.

In conclusion, the present work offers a convenient
framework for analyzing boson-boson scattering in a co-
variant coupled-channel approach that considers the con-
straints set by micro-causality and coupled-channel uni-
tarity.
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APPENDIX A

We provide projection tensors for the 11 — 11 reac-
tion. They streamline the computation of the 41 invari-
ant amplitudes F,(s,t) introduced in (25) by means of
algebraic computer codes. We find

P 0 9™ g% g7 g7 T = S

Pe =0, PP 05 =0,

I
() o () oY =
Piouwpy =0, Pv P2 = 0.
41
(n) _ (n) H(k)
Pﬁf/,;w = E , Ck Qﬁﬁ»l’#’ (A1)
k=1
Av,uv __ AU nv
no = Lips Lys s mys for m <25,
bt = oR ot w @Y, QyyM =0 ot w” Y
e e T e A
BOHY = 7 Y )P # UM =0V 0V w
LN VR Eyt = o7 o r)f T
VY 58 5V 2 =0" oV ri* Tt

10

U, pv

AT A i A0 _ 5 s, i
30 =0V orwhw”, Q35" = 0" ok w T,
BV sp s T AUV _ ~p o i =
36" = 0V0M rfw”, QT =0 ok T,
VUV _ sfi s . 1T PN T b
g = 0M 0w W, Qe = 0" 0w T
o =0t P, QY = ot oy Tt

. ~ _ 2 1. .
with 9, = v, /v®. The ceiling function,
[2] -1 <z < [x], (A2)

maps a real number z onto an integer number [z] as
defined by (A2). The tensors LX” and L used in (A1)
are

LY = ot Jo?
LYY = w w)”
— (@ @) — (@) w) (w-w1) /w?] LI,
LYY = w 7Y — (w, - 7y) LY,
Ly =l w” — (7 w) LY",
LE” = 7t 7 — (7 - 7y) LY
D{‘D =vF” o2,
I_/gf/ = 'LUJ'H 'LULD
_ [(wJ cw)) — (wy - w) (w - u}L)/w2] I/lw ,
LE” = w/ ri” — (wy-ry) LYY
LY = v w = (r-w) LY,
LE = r r” — (ry-r) LYY

(A3)

The derivation of the coefficient matrix c,(cn) appears

prohibitively cumbersome at first. A 41x41 matrix needs
to be inverted. The merit of the algebra developed in this
work are concise and manageable expressions for the coef-
ficients cé"). They are presented in terms of the building
blocks

2 .2
5:m18m2, ay =140, (A4)
N ~
=T mz Gy =146,
S

In Tab. V we specify k and n for all coefficients with

c,gn) = 1. In Tab. VI we detail all remaining non-
vanishing elements in the expansion (Al).

1 2 3 4 5 6 7 8 9 10

20 22 21 23 24 28 37 35 30
1 12 15 16 17 20 21 22 23 24
26 32 34 25 31 33 27 29 38 36

S 3 =

TABLE V: The non-vanishing coefficients ci") =1.
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TABLE VI

: The non-vanishing coefficients ¢,

(n)

in the expansion (Al).
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Q- a_T7r7s 32 14 32 12 15 =
32 16 152 5 —la_ay(r?)?%s sa_a_ay (F-r)r-s
§ Y-t (F-r)rss 32 17 32 15 —ia 7 2
32 19 1= _ 2 —%@704 F2r2g 2‘17(7'7")7“ s
sa_(F-r)res 32 29 + 32 18 12 (,.2\2
o2 38 —(F-r)s (o 7 5/2 32 31 A
32 41 1. (3 ) 32 39 la a_r?s —la_a_(7-r)s
53 - za-(06+1)r"s 33 1 L - 32 40 la a.rls
3 (7 )02 33 4 . L(y= =3)(F-7)v? 33 2 1(2 +7 )
33 6 14 _ & ayay (v- —3)(F-r)? T+ (F- -1
80H>('Y—73)(r.r)r2s 33 7 1 r)*s 33 5 1a ( 5,
33 9 _1 P L((vm 4+ 1) (1) —ar2y? got (= =3) 7 (F-71)s
33 12 1sa7(v773)r (F-r)s 33 10 T 72 r?)s 33 Taa (v -3 )
= — = a_ _ = 5 —(v= — .r
Ea_ar (- +1)F-r)?s 33 13 s (= =3)(F-m)rs 33 11 1 T,
33 15 (= + D) (F-r)? ga- (v + D)7 (7 1) s 33 14 A Y- =3 (s
_ M2 _15 _
33 18 La_ (v + 1) (7 r)r? 2316 Toa-oap (- +1) (7 1)*s 33 17 faJr(%-H)(T'T)T s
_ (v= ) _1 2
33 21 La_ (Fr)?s ’ 3319 —l(y_+1)(F-1)%s 45 20 s?+(%+1)r2( s
33 24 1L~ = _ ‘2 33 22 —§a+(F T‘) s ZOC—OH,'?Z(T‘ T)s
j0-—ay (F-r)res 33 25 33 23 e )
33 27 a2 la_ (7-1)%s (F-r)r?s
F2(F-T)s 33 28 L 33 26 I
33 36 1 o g Q- a_aj (T’ QOH-(”"T’) s
33 4 1 EA 33 39 . ot (Tor)s 33 33 (G_12s)2
- 1, - B
! —50s-1) (- =3)(F-1)s 34 Ta-ar(30-1)(F-r)s 33 40 1a &
34 4 1 = _ 2 1 (F'T)’U2 1 —ay (B6—1)(F-r)s
—gayay(F-r)s 34 5 34 2 e 5
34 7 _ 2 7%Q+F2(7‘ T’) (7"'7‘)’[}
_(T'T) S 34 8 s 34 6 1= _ 2
34 10 la (F 2 —ta_a_(7-r)? ga (F-r)res
sa_(F-r)rs 34 11 s 34 9 1 o,
34 13 1 5, —(F T)zs sa_ 72 (F-1)s
FQa_T (7"‘7’)3 34 14 34 12 1(41)2_ _ _ 2
34 16 -1 ta,(ror)r’s 4 a_ay (F-1)°s)
g0-ay (T-r)7s 34 17 ; 34 15 F )2
34 19 G T‘)Zs §OZ+F2 (F-r)s 34 18 (7-7r)"s
34 35 L, 34 28 Ta_ay(F-r)s —za_(F-m)r’s
za_1°8 34 39 34 32 1 _2
34 41 5 ) ey (For)s ClayPs
664+1)(F-7r)s 35 34 40 _ _
35 4 1l a2 52 ay 72 v?/2 a_(r-7)s
gap oy 7 (F-T)s 35 35 2 1 5
35 7 1 o _1,2 (F2)2 a7l u
—zoy T (For)s 35 8 R 35 “la,ay i
“EO-a-_ a7 (TT)s 35 9 . el
Ta—aq (79)°s

TABLE VII: Continuation of Tab. V.
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k n cén) k n cgcn) k n cé")

35 10 la_oap7r?s 35 11 —Llay 7P (F-r)s 35 12 —Lfa_ayay i (F-r)s
35 13 —ta_ay (7)?s 35 14 L@y ay 7 r?s +4v?) 35 15 ’ Lo, (F-r)s

35 16 —ta_ aﬁ_ F2(F-r)s 35 17 %ai (72)2%s 35 18 7161, ay 72r?s

35 19 Lap i (For)s 35 30 la_r?s) 35 34 ! —(F-1)s

35 37 la_ay(F-r)s 35 39 la_ayi’s 35 40 la_a, s

35 41 lap (66—-1)7s 36 1 —La_r?? 36 2 Qla,r%z

36 4 éd,d+a+(?~r)r2$ 36 5 la_ayir?s 36 6 l<?x2,’+(7"2)2s

36 7 la_(F-r)r’s 36 8 %@ia,(r rrls 36 9 —4%&,a,772r23

36 10 —1a% (r?)?%s 36 11 la_(F-r)r’s 36 12 $a_a_ay (T ryris
36 13 L(a- a7 r?s+40%) 36 14 —la_ay(r?)?s 36 15 —la_(F-r)ris

36 16 a2 ay (7F-r)r?s 36 17 —ta_a;r?s 36 18 g a? (r?)?%s

36 19 ~fa_(F-r)r’s 36 29 —Sap s 36 31 %;, ;+ (F-r)s

36 36 177('F7~T)s 36 39 la_ayr’s 36 40 la_ayr’s

36 41 —ta_(66—-1)r’s 37 1 LBy +1)(F-r)v? 37 2 2B+ —=3)(F-r)0?
37 3 —(F-7)v? 37 4 —Larar (Br+1)(F-r)?s 37 5 —Lar B+ 1) (F-r)s
37 6 —lay By +1)@F-r)r?s 37 7 1By +1)(F-1)?s 37 8 —La_a_ (By+1)(F-r)s
379 ta_ (By+1)F(F-1)s 37 10 ta_Br+1)(F r)r’s 37 11 1B +1)(F-1)?s
37 12 —La_ay(By—3)(F-1)s 37 13 —fa_(By —3)F(F-1)s 37 14 tap (B4 —-3)(F-r)r’s
37 15 LBy +1)(F-r)? —47%r?)s 37 16 —La_ay (B —3)(F-r)s 37 17 Tap (B4 —3)F(F-1)s
37 18 —%a_l([u —3) (Z-r)ﬁs 37 19 LB+ =3)(F-1)s 37 20 la_ay 7 (F-r)s
37 21 ) ?a_, (r_ r) 52 37 22 —Layp(F-r)?s 37 23 —(F-r)r?s

37 24 La_ay(F-r)r’s 37 25 la_(F-r)?s 37 26 —tap(F-r)?s

37 27 2 (F-1)s 37 28 La_a_aray(For)s 37 33 la r?s

37 38 —fap s 37 39 Toa_apr(35—1)(F-7)s 37 40 i&,&+2(36+1)(?~r)s
37 41 LB =3)(@s+1)(F-1)s 38 1 (7-r)v? 38 2 —(F-r)v?

38 4 —%&+a+(?~7“)2s 38 5 —%a+f2(?~7“)s 38 6 —la,(F-r)r?s

38 7 —(F-r)%s 38 8 —la_a_(7-1)?s 38 9 %2 _F2(F-r)s

38 10 la_(F-r)r’s 38 11 (—=(F-m)?%)s 38 12 —la_ay(7-r)?s
38 13 —Lta_ 7 (F-7) 38 14 Tay(-r)r’s 38 15 (F-1r)?%s

38 16 %(47127077 ot (F-r)%s) 38 17 %Dq,fQ (F-7)s 38 18 —-1a_ (F-r)r?s

38 19 (F-r)?s 38 28 la_ay(F-r)s 38 31 la_725s)

38 37 77%54“’25 38 39 a_ (F-r)s 38 40 7254 (F-r)s

38 41 B5+1)(F-r)s 39 1 —ta_7?e? 39 2 La_ 7 0?)

39 4 Toa_ay ay 72 (7F-1)s 39 5 La_ay (72)?s 39 6 l(i, ay 7rls

39 7 a7 (F-1)s 39 8 sa_ > P (For)s 39 9 4—1 a? (7)?%s

39 10 —la_a_7r?s 39 11 a7 (F-1)s 39 12 éa{lo’u:v*z (F-r)s
39 13 iai (72)% s 39 14 —1a_ arr?s 39 15 —Lla_ 7 ((F-r)s

39 16 ta_ ooy F2(F-r)s 39 17 —Lla_ay(7)?s 39 18 i(d_za_ 72 r?s 4+ 40?)
39 19 —La_ 7 (F-1)s 39 30 —tayr’s 39 33 —(F-7r)s

39 35 la_ay(7F-r)s 39 39 la_ayi’s 39 40 la_a, s

39 41 —ta_(66-1)7s 40 1 Lagr?o? 40 2 i ay 2 v?

40 4 75&1 ay (F-r)r?s 40 5 —f a4 ag P2rls 40 6 7;6(2 (r?)?s

40 7 —Llay(r ryrls 40 —fa_a_ag(F-r)r’s 40 9 l;,g+f2r25

40 10 la_ay (r?)?s 40 11 —Llay(F-or)ris 40 12 —l4a, az (F-r)ris
40 13 —La_a;r’s 40 14 1ai (r?)?s 40 15 1 a4 (;r)r%

40 16 —ta_agoy (F-r)r’s 40 17 L(ay oy 7 r?s+40%) 40 18 —2l a_ayg (r?)?s

40 19 tay(For)r?s 40 29 la_?s 40 32 l4a_ ay (F-r)s

40 38 7(71747")3 40 39 Ta_ayris 40 40 4%54_074_1“23

40 41 tap(3s-1)r’s 41 1 1B —1)(F-r)o? 41 2 (B +3)(F-r)v?
41 3 —(F-r)o? 41 4 Layap (B —1)(F-7)%s 41 5 ltap (B —1)F2(F-7)s
41 6 ltap(B-—1)(F-r)r’s 41 7 LB -1 (F-r)?s 41 La_a_ (- —-1)(F-r)?s
41 9 —ta_ (B -1 (F-r)s 41 10 —fa_ (B —1)(F-r)r’s 41 11 ’ LB -1 (F-1r)?s
41 12 Ha_ay(B-+3)(F-r)s 41 13 ta_ (B +3)F2(F-1)s 41 14 —§2+(B,+3)(f~r)r23
41 15 —1(B-+3)(F-1)?s 41 16 La_ay(B-+3)(F-r)s 41 17 —lay (B +3)F(F-1)s
41 18 ta_(B-+3)(F-r)r’s 41 19| —3((B- -1 (F-r)2+47r%)s |41 20 la_ay 7 (F-r)s
41 21 la_(F-r)?s 41 22 Loy (F-r)s 41 23 —(F-r)r?s

41 24 la_ap(7F-r)r?s 41 25 la_(F-r)?s 41 26 —lay(F-r)?s

41 27 —72(F-1r)s 41 28 Ea_a_apay(F-r)s 41 34 —Llayr?s

41 36 la_7?s) 41 39 la_ap(B5+1)(F-r)s 41 40 la_a; (85—1)(F-r)s
41 41 —L1(B-+3)(65+1)(F-1)s !

TABLE VIII: Continuation of Tab. V.
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