
Fermi and Bose Liquids

1



Fermi Liquids

EFT for pointlike, non-relativistic neutrons

Leff = ψ†
(

i∂0 +
∇2
2M

)

ψ − C0
2
(ψ†ψ)2 + . . .

Coupling constant determined by scattering length

C0 =
4πa

M

U(1) symmetry ψ → eiαψ: Conserved charge

N =

∫

d3xψ†ψ

Partition function

Z(µ, β) = Tr
[

e−β(H−µN)
]
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Path Integral representation: L → L− µψ†ψ

Z =

∫

DψDψ† exp

(

−
∫ β

0

dτ

∫

d3xL
)

Feynman rules: Propagator (Minkowski space)

G0(k)αβ = δαβ

( θ(k − kF )
k0 − k2/2M + iε

+
θ(kF − k)

k0 − k2/2M − iε
) k2F

2M
= µ

particles holes

Four-Fermion Vertex

Γαβ,γδ(k1, k2; k3, k4) = i (δαγδβδ − δαδδβγ) δ
(

∑

ki

)

Fermion loops (-1), Tadpoles require eik0η|η→0+
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Perturbative Results

Neutron density

ρ =

∫

d4k

(2π)4
S0αα(k) e

ik0η
∣

∣

η→0+
= 2

∫

d3k

(2π)3
Θ(kF − k) =

k3F
3π2

Energy density

E = 2
∫

d3k

(2π)3
EkΘ(kF − k) =

3

5
ρ
k2F
2m

First order perturbative correction

E1 = C0

(

k3F
6π2

)2
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Higher orders: (kF a) expansion

� � � � � � ��� ��� � � � � ��� � � �
	

E

A
=

k2F
2M

[

3

5
+

(

2

3π
(kFa) +

4

35π2
(11− 2 log(2))(kFa)2

)

+ . . .

]

Problem: ann ' −20 fm
⇒ (kFa)À 1

a

r

k −1
F
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Charged Fermions: Screening

Photon polarization function

q k−q

k
Π00(q) = e2

∫

d4p

(2π)4
1

(q0 + p0 − εp+q)(p0 − εp)

Perform p0 integral: particle-hole contribution

Π00(q) = e2
∫

d3p

(2π)3
np+q − np

Ep+q − Ep − q0
Static polarization function, long distance

Π00(q0 = 0, ~q → 0) = e2
∫

d3p

(2π)3
∂np
∂Ep

= e2
pFm

2π2

Screened potential

V (r) = −e
r
exp(−mDr) m2

D = e2
pFm

2π2
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Charged Fermions: Landau Damping

transverse polarization function

L = ~v · ~A+ 1
2m

~A2

Πij(q) = e2m2
D

∫

dΩ

4π

{

vivj
vk(q̂ · p̂)

q0 − vk(q̂ · p̂)
− 1
3
v2δij

}

,

No screening for q0 → 0

Πii(q) = m2
D

vq0
2q

log

(

q0 − vq
q0 + vq

)

Imaginary part: Landau damping

ImΠii(q) = πm2
D

vq0
q
Θ(vq − q0)
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So far: Free space EFT ⇒ System at non-zero density

Non-perturbative if (kFa), (kF r), . . . > 1

Construct EFT for low energy excitations in dense matter

Fermions: Landau Fermi-Liquid Theory

Bosons: Broken Symmetry, Goldstone bosons
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Fermi Liquid Theory

Free non-relativistic quasi-particles near Fermi surface

S =

∫

dt

∫

d3p

(2π)3
ψ(p)† (i∂t − (ε(p)− εF ))ψ(p)

Expand momenta around Fermi momentum ~p = ~k +~l

ε(p)− εF = ~vF (k) ·~l +O(l2)

Study scaling behavior ~l→ s~l. Scaling dimensions

[k] = 0, [l] = 1, [∂t] = 1, [d3p] = 1, [ψ] = −1
2

Interaction

Sint =

∫

dt

[

4
∏

i=1

∫

d3pi
(2π)3

]

ψ†(p4)ψ
†(p3)ψ(p2)ψ(p1)δ

3(ptot)U(pi)
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Marginal Interactions

p
1

p
1

p
2

p
4

p
3 p

3

p
4

p
2

BCS Landau

BCS : U(−p̂3, p̂3,−p̂1, p̂1) = V (p̂1 · p̂3) =
∑

l

VlPl(p̂1 · p̂3),

LFL : U(p̂4, p̂3, p̂2, p̂1)|p̂1·p̂2=p̂3·p̂4
= F (p̂1 · p̂2, φ12,34)
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Example: A Tale of Two Sounds

Zero Sound: Collective Oscillation

of Fermi surface

v0 = s0vF

s0
2
log

(

s0 + 1

s0 − 1

)

=
F0 + 1

F0

First Sound: Collisional Mode

v1 = s1vF

s21 =
1

3

1 + F0
1 + F1/3

Data for 3
He, Abel et al.
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Bose Condensation

Charged relativistic bosons (need λ > 0, repulsive)

L = (∂µφ∗)(∂µφ)−m2φ∗φ− λ(φ∗φ)2

U(1) symmetry φ→ e−iϕφ. Conserved charge

Q =

∫

d3x i (φ∗∂0φ− φ∂0φ∗)

Path integral representation

Z =

∫

DφDφ∗ exp

(

i

∫

d4xL
)

L = (∂0 + iµ)φ∗(∂0 − iµ)φ− |~∇φ|2 −m2|φ|2 − λ|φ|4

Effective potential

V (φ) = (m2 − µ2)(φ∗φ) + λ(φ∗φ)2.

12



µ > m: origin is unstable and

〈φ〉2 = µ2 −m2

2λ
.

Bose condensate: charge density

ρ =
µ

λ
(µ2 −m2).

Spectrum: write φ = 〈φ〉+ χ1 + iχ2

µ < m : E1,2(~p=0) = m± µ

µ > m : E1,2(~p=0) =







0
√

6µ2 − 2m2

with v2GB = (µ
2 −m2)/(3µ2 −m2)

µm

ρ

µm

E

m

φ

V
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BEC in Dilute Atomic Gas

Velocity distribution in trapped Ru atoms, Cornell & Wiemann (1995)
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Effective Action for Superfluid

Goldstone boson field

Φ = |Φ|eiϕ

Promote U(1) to a gauge symmetry. Effective action

Γ[Aµ, ϕ] = Γ[Aµ + ∂µα,ϕ+ α]

Gauge invariance implies

Γ[Aµ, φ] =

∫

d4x Leff (Dµϕ) Dµϕ = ∂µφ−Aµ

Chemical potential enters as a constant gauge field Aµ = (µ, 0)

Leff (−Aµ) = P
(

(AµA
µ)1/2

)

Leff (Aµ, ϕ) = P
(

(DµϕD
µϕ)1/2

)
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Here: P (µ) = (m2 − µ2)2/(2λ) ∼ µ4/(2λ) (µÀ m)

Leff =
1

2λ

{

µ4 − 4µ3∂0ϕ+ 6µ2(∂0ϕ)2 − 2µ2(∂iϕ)2

− 4µ∂0ϕ(∂µϕ)2 + (∂µϕ)4
}

Quadratic terms

Leff =
3µ2

λ

{

(∂0ϕ)
2 − 1

3
(∂iϕ)

2 + . . .
}

Goldstone boson velocity v2GB = 1/3. In general

v2GB =
∂P

∂ε

Also get: non-linear & topological terms

16



BCS Instability

Loop corrections to scattering near Fermi surface

1

2

3

4

ZS ZS’ BCS

1 3 41

2 4 2 3

BCS graph is special: Consider ~p1,2 = ±~p

Γ = C2
0

∫

d4q

(2π)4
1

(E + q0 − εq)(E − q0 − εq)
= −C2

0

(pFm

2π2

)

log
(Λ

E

)

Effective, energy dependent coupling

E
dC0
dE

= C2
0

(pFm

2π2

)

17



Evolution of effective coupling (N = (pFm)/(2π
2))

C0(E) =
C0(Λ)

1 +NC0(Λ) log(E0/E)

Effective coupling

C0(Λ) > 0 C0(E → 0)→ 0

C0(Λ) < 0 C0(E → Ecrit)→∞ Ecrit ∼ Λe−1/(N |C0(Λ)|)

What happens when C0 reaches Landau pole?

Pair Condensate 〈ψ(−~p)ψ(~p)〉
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BCS Calculation of Pair Condensate

Step 1: Fierz rearrange

C0
2
(ψ†ψ)2 =

C0
4
(ψ†σ2ψ

†)(ψσ2ψ)

Step 2: Hubbard-Stratonovich trick

1 = Z−1

∫

D∆exp((∆∗∆)/C0))

Step 3: Shift ∆→ ∆− C0(ψσ2ψ)

LI = ψσ2∆ψ + h.c.+ (∆∗∆)/C0

Step 4: Nambu-Gorkov field Ψ = (ψ,ψ†σ2)

S = 1

2

∫

d4p

(2π)4
Ψ†





p0 − εp ∆

∆∗ p0 + εp



Ψ.
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Step 5: Integrate out Ψ

L = 1

2
Tr
[

log
(

G−1
0 G

)]

+
1

C0
|∆|2

G(p) =
1

p20 − ε2p − |∆|2





p0 + εp ∆∗

∆ p0 − εp





Step 5: Mean Field (Classical) Approximation (δS)/(δ∆) = 0

1 =
|C0|
2

∫

d3p

(2π)3
1

√

ε2p +∆
2

Step 6: Regularized gap equation

− m

4πa
=
1

2

∫

d3p

(2π)3

{ 1
√

ε2p +∆
2
− 1

Ep

}

.
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Step 7: Solve gap equation

∆ =
8EF

e2
exp

(

− π

2pF |a|
)

F =
(mpF
2π2

)

∆2

Step 8: Higher order corrections

Ceff = C0 + C2
0

〈

Πph(0,
√
2pF (1− cos(θ))

〉

∆ =
1

(4e)1/3
8EF

e2
exp

(

− π

2pF |a|
)

21



Pairing Gap: Numerical Estimate

Nuclear matter saturation density ρ0 ' 0.15 fm−3

pF ' 250 MeV EF ' 35 MeV

This suggest that ∆nn ∼ 30 MeV!

Higher order effects cut this down by ∼ 1/2.
More importantly, have to go beyond the scattering length

∆ =
8EF

e2
exp(−π

2
cot δ(pF ))

∆nn ' (1− 2) MeV
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Pairing: Gap in Excitation Spectrum

pp

ε

F

∆
εp =

√

(p− pF )2 +∆2
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  Π
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M
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2 )

 µ
q
=300 MeV

p

p
γ*

2

∼ Im Π(q0, ~q)

C
V

T Tc

specific heat

CV ∼ exp(−∆/T )
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Charged Fermions: Superconductivity

Order parameter Φ = 〈εαβψαψβ〉 transforms as

Φ→ exp(2ieα)Φ Aµ → Aµ + ∂µα

Define Goldstone boson field φ(x)

Φ(x) = exp(2ieφ(x))Φ̃(x) φ(x)→ φ(x) + α(x)

Gauge invariance determines structure of the effective lagrangian

L = −1
4

∫

d3xFµνFµν + Ls(Aµ − ∂µφ)

Stability requires Ls to have a minimum at the origin
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Action is minimized by Aµ = ∂µφ

This explains the two main properties of superconductors!

Meissner effect: Magnetic field

~B = ~∇× ~A = 0

Perfect Conductor: Potential

V (x) = φ̇(x)

stationary current ~ ∼ ~∇φ requires V = const
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Landau-Ginzburg Theory

Consider time-independent, small, slowly varying Φ(x)

Ls =

∫

d3x
{

−1
2

∣

∣

∣

(

∇− 2ie ~A
)

Φ
∣

∣

∣

2

+
1

2
m2

H (Φ
∗Φ)

2−1
4
g (Φ∗Φ)

4
+. . .

}

Decompose Φ = ρ exp(2ieφ). Effective potential for ρ

V (ρ) = −1
2
m2

Hρ
2 +

1

4
gρ4

Parameters mH , g ↔ 〈Φ〉, E0
Equations of motion

~∇× ~B = 4e2ρ2
(

∇φ− ~A
)

∇2ρ = −m2
Hρ

2 + gρ3 + 4e2ρ
(

~∇φ− ~A
)
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This implies

∇2 ~B = −4e2ρ2 ~B B(z) = B0e
−z/λ

penetration depth λ

∇2ρ = −m2
Hρ+ . . . ρ(z) = ρ0e

−z/ξ

coherence length ξ

Type II materials: ξ < λ. Magnetic flux goes through vortices
∫

A

~B · d~S =
∮

∂A

~A · d~l =
∮

∂A

~∇φ · d~l = nπ~

e

B

<ψψ>

φ

B

ξ

λ
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Vortices in Dilute Fermi Liquid
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