Fermi and Bose Liquids



Fermi Liquids

EFT for pointlike, non-relativistic neutrons

v2
Lo =41 (100 + oo oo — L () +
Coupling constant determined by scattering length

d1a
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U(1) symmetry 1) — e*®): Conserved charge

N = /d%ww

Z(p, B) = Tr {e‘B(H—MN)}

Partition function
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Path Integral representation: £ — £ — )T

7 = /D¢DW exp ( /Oﬁ dT/d3£E£>

Feynman rules: Propagator (Minkowski space)
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Four-Fermion Vertex
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Perturbative Results

Neutron density
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Energy density
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Higher orders: (kra) expansion
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Charged Fermions: Screening

Photon polarization function

; — o2 d*p 1
oo (q) = / (27)% (qo + Po — €psq) (Po — )

Perform pg integral: particle-hole contribution

d>p Nptg — N
TToo (g :62/ pt+q p
(@) (2m)% Eptq — Ep — qo

Static polarization function, long distance

d°p On, _ 2brm
(2m)3 OFE, 272
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Charged Fermions: Landau Damping

transverse polarization function Q
ds? vk(q - p) 1
2 2
IT;;(q) = e mD/E {Uivj N §U25ij :

No screening for go — 0

Imaginary part: Landau damping

vq
Imll;(q) = Wm%j)@(vq —qo)



So far: Free space EFT = System at non-zero density

Non-perturbative if (kra), (kpr),... > 1

Construct EFT for low energy excitations in dense matter

Fermions: Landau Fermi-Liquid Theory

Bosons: Broken Symmetry, Goldstone bosons



Fermi Liquid Theory

Free non-relativistic quasi-particles near Fermi surface

/ﬁ/dg (ih — (e(p) — er)) ¥ ()

Expand momenta around Fermi momentum p = k+1

e(p) — er = Tr(k) - [+ O(1?)

Study scaling behavior I — sl. Scaling dimensions

K=0, =1 [=1 [@=1 [=—1

Interaction
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Marginal Interactions

BCS LLandau

BCS:  U(—ps,p3,—p1,p1) = V(1 P3) = ZVzPl(ﬁJL - D3),
z

LFL:  U(pPa;D3,02,01) |5, po—ps-p. = L (D1 * D2, P12,34)
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Example: A Tale of Two Sounds

Zero Sound: Collective Oscillation

of Fermi surface

Vg — SoUF
801 SQ—|—1 Fo—l—l
— 10 - e
2 5 80—1 F()

First Sound: Collisional Mode

V1 =— S1UVfp
32:1 1+ Fy
L 314+ F/3
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Data for 3He, Abel et al.



Bose Condensation

Charged relativistic bosons (need A > 0, repulsive)
= (0"9")(0u9) —m” 9" ¢ — A(¢"¢)"
U(1) symmetry ¢ — e~ *¥¢. Conserved charge
Q= [ d*i (6006~ 600"

Path integral representation

/ DoD¢* exp( / d4a:£>

L= (0o +ip)e* (9o —ip)e — Vo> —m?|o|* — Ag|*
Effective potential

V(g) = (m* — pn?)(¢7¢) + M9 ).
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{4 > m: origin is unstable and

12— m2

(o =

Bose condensate: charge density

p =" = m?),

Spectrum: write ¢ = (¢) + x1 + iX2
p<m: FEi(p=0)=mxpu
0

\Y

V612 — 2m?

with v 5 = (u? — m?)/(3u? — m?)
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BEC in Dilute Atomic Gas

AR
"!’k%‘%?:‘:}@u\‘

Velocity distribution in trapped Ru atoms, Cornell & Wiemann (1995)
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Effective Action for Superfluid

Goldstone boson field
d = |®|e”

Promote U(1) to a gauge symmetry. Effective action
[Au ¢l =TAu + 0ua, 0 + o
Gauge invariance implies
[[Ay, o] = /d4x Lepr(Due) D,y = 0,9 — A,
Chemical potential enters as a constant gauge field A, = (u,0)

Leg(=Ay) = P ((4,4)'12)

ﬁeff(AuaSp) =P ((DMQODMSO)UZ)
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Here: P(u) = (m? — u?)?/(2A) ~ pu*/(2X) (1> m)

1
Leps = ﬁ{u‘l — 4p° 0o ip + 617 (Do p)? — 217 (0;0)°

— 4M3090(au90)2 T ((%90)4}

Quadratic terms

3u° 1
Losr = 2{(000)? = 500 + ... |

Goldstone boson velocity vZ 5 = 1/3. In general

, P
v = e

Also get: non-linear & topological terms
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BCS Instability

Loop corrections to scattering near Fermi surface

2 4 2 3 2 4
ZS ZS BCS
1 3 1 4 1 3

BCS graph is special: Consider pj o = £p

d*q 1 DEM A
F: 2 _ — 2 1 _
CO/(27T)4 (E+qo— €q)(E — qo — €g) CO(QWQ) Og(E)

Effective, energy dependent coupling

dCO 2 PrEM
5 =i (55)
dE Co 272
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Evolution of effective coupling (N = (prm)/(272))

_ Co(A)
- 1+ NCo(A)log(Eo/FE)

Co(E)

Effective coupling

C()(A) <0 CO(E — Ecm‘t) — 00 FElopp ~ Ae— Y/ (N[Co(A)])

What happens when Cy reaches Landau pole?

Pair Condensate (¢)(—p)v(p))
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BCS Calculation of Pair Condensate

Step 1: Fierz rearrange

D) = Lwlosw) Wos)

Step 2: Hubbard-Stratonovich trick

1=2""1 /DA exp((A*A)/Cp))
Step 3: Shift A — A — Cy(vpoa1))

L1 =vosAY + h.c. + (A™A)/Cy
Step 4: Nambu-Gorkov field ¥ = (1), T09)

[ d —e A
5:—/dp4\1ﬁ o= 7.
2 (27T) A* pO—I—Gp
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Step 5: Integrate out W

L= %Tr{log (GalG)} + CLO‘A‘Q

G o 1 p0_|_€p A*
(p)_p2—€2—’A‘2
0 p A Po — €p

Step 5: Mean Field (Classical) Approximation (65)/(0A) =0

_ |Gl /
27T \/ _|_A2

Step 6: Regularized gap equation
m 1/ d>p { 1 }
47TCL o \/ _|_ AZ p .
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Step 7: Solve gap equation

SE
= F exp ( — ) F
e2 2pr|al

(mpp ) A2

2772

Step 8: Higher order corrections

Cop = Co+ C2 <th(0, V2pr(l — Cos(é’))>

1 8EF

- 1/3 " 2 exp(— . )
1) e el
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Pairing Gap: Numerical Estimate

Nuclear matter saturation density pg ~ 0.15 fm™°

pr ~ 250 MeV Er ~ 35 MeV

This suggest that A,,,, ~ 30 MeV!

Higher order effects cut this down by ~ 1/2.

More importantly, have to go beyond the scattering length

SE T
2F exp(—§ cot d(pr))

A\ =

€

Apn >~ (1 —=2) MeV
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Charged Fermions: Superconductivity

Order parameter ® = (€*P4),1)3) transforms as
¢ — exp(2ieq)P A, — A, + 0,
Define Goldstone boson field ¢(x)
(x) = exp(2ieg(x))P(x) ¢(x) — ¢(z) + afz)
Gauge invariance determines structure of the effective lagrangian

1

Stability requires L to have a minimum at the origin
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Action is minimized by A, = 0,,¢

This explains the two main properties of superconductors!

Meissner effect: Magnetic field

stationary current 7 ~ ﬁgb requires V' = const
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Landau-Ginzburg Theory

Consider time-independent, small, slowly varying ®(z)

2_1

L, — /d%{—% ‘(v - zz'eff) <I>‘2—|—%m% (@°0)— g (2°0)"+.. }

Decompose & = pexp(2ie¢). Effective potential for p

1 1

Vip) = —5771%{,02 + 19/)4

Parameters my, g < (@), Ey

Equations of motion

VxB = 4e” p? (ng—ff)

Vip = —mip? 4 gp° +4e’p (Wﬁ — A)
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This implies

Vzé — —4€2p2§ B(Z) _ Boe—z/)\
penetration depth A
Vip = —myp+ ... p(z) = poe /¢

coherence length &

Type Il materials: & < A. Magnetic flux goes through vortices

nmh

/é-dg*:]{ Adl=¢ V- -dl=—
A A A €
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Vortices in Dilute Fermi Liquid

Magnetic field [G]
730 833 935
| 1 1

1.6 0 -0.7
<«— BEC Interaction parameter 1/k.a BCS —™
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