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In this talk I wish to discussnon-Abelianvorticesof the typeproposedby NielsenandOlesen
[1]. I shall show that thevorticesmust containasingle unit of quantizedflux absorbedby a
Dirac monopoleat eachend.The monopolessatisfy aconfinementcondition; if we assignquark
numbersto the monopoles,we find that the modelcontainsanaturalexplanationof quarkcon-
finement.The I-spinvariablesassociatedwith thenon-Abeliangaugefield correspondto the
colour degreeof freedom.

I shallalsosuggestan alternativemodelin which(colour) chargesandmonopolesare inter-
changed.The Higgs field which breaksthedegeneracyof the vacuumis replacedby an operator
which createsmonopolesof the typesuggestedby ‘t Hooft [21. In sucha modelcolour might be
confined.The investigationsareat avery preliminarystage,but themodelappearsto offer a nat-
ural explanationof confinementwithout the explicit introductionof monopolefields.

Nambu [31pointedout thatvorticesof finite length requiremonopolesat their ends.In the
Abelianmodelwhich he examinedsuchmonopoleswouldbe permanentlyboundin pairs. Mean-
while, ‘t Hooft [21 showedthatmonopolesof strength47r/g, i.e., two Dirac units, could occur as
solutionsof the field equationsin an SU(2)model.He thereforesuggestedthat a vortex of finite
lengthwith two unitsof quantizedflux could exist,evenin a modelwheremonopoleswerenot
explicitly introduced.

However,by extendingthe reasoningof ref. [21 we canshow thatflux in an SU(2)model(or,
morestrictly, an 0(3) model)mustbe quantizedin singleunits. In avortex solution of sucha
modelwith n unitsof flux, the Higgs field at largerr is rotatedby 2nir as the azimuthalangle~
goesfrom 0 to 2ir. If n is even,we cancontinuouslydeformthe Higgs field until its direction is
independentof ~. In otherwords, the boundaryconditionshavesolutionswhichgo continuously
from two to zerounitsof flux as a parameter~ is variedfrom 0 to ir. An exampleis thefollowing:

,‘I’a{—cosa+(l+cos~3)cos~cos(Ø—a),sina—(l+cos13)sin~cos(~—a),

sinj3cos(Ø—a)}, (la)

A~= r’{—sinl3 cosØ,sinj3 sinØ, 1 + cosj3} . (lb)

1 and‘I~arethe two Higgs fields of ref. [1], andaanda areconstants,different for c1 and‘I’. The
entriesin bracesare I-spin components.It is easilycheckedthat the scalarproducts42, ~2, ~.

are independentof thepolarangle0, andthat the covariantderivativesof ‘I and‘I’ arezero,so
that the zero-currentboundaryconditionis satisfied.Further,wecanshowwithout muchdiffi-
culty that the energyof the vortex decreasesmonotonicallyas13 is increasedfrom 0 to ir.

We thereforeconcludethatwe cannothaveclassicallystablequantizedvorticeswith two units
of flux. The abovereasoningdoesnot applyto avortex with a singleunit of flux, sincethe Higgs
fields arethenrotatedby 2ir insteadof 4ir when0 goesfrom 0 to 2ir, andsuchvorticescannotbe
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continuouslytransformedto constantfields. In general,the numberof unitsof quantizedflux is
only definedmodulo2.

We proposea modelwith finite-lengthvorticescontaininga singleunit of flux, so that Dirac
monopolesmustbe explicitly introduced.While we shallcarryout thediscussionin termsof an
SU(2) model,we canreadily extendit to themoreinterestingSU(3) model,wherethe numberof
unitsof flux is definedmodulo3.

The monopoleswill be treatedby themethodintroducedby Dirac [4]. A “string” of arbitrary
shapeendsat eachmonopole.In the Abelian case,anoperator1 for a changedfield undergoesa
phasechangeof 2ir whenthe field point is takenarounda smallcurvesurroundingthe string.The
potentialA hasa singularityof the form

A02~e’r
1, (2)

where0 is the azimuthalanglein a localpolar co-ordinatesystemwith the directionof the string
takenas thez-axis.The covariantderivativesof 1 remainfinite in the neighbourhoodof the string,
andthe fields~ havesingularitiesat the endof the string only.

The singularitiesat stringsassociatedwith non-Abelianmonopoleswill be similar. All fields
undergoan SU(2)rotationthrough2ir whenthe field point is takenarounda smallcurvesurround-
ing the string.At the sametime, thepotentialsmusthavea singularityanalogousto (2), so that
the co-variantderivativesof the fields F~remain finite. As an example,wemayhave

A~= 2ig’r’, A’ =D cosØ, A2 =D sinØ. (3)

From(3), we noticethat the 0 componentsof the potentialin a particularI-spin directionhave
the Dirac-stringsingularity.The I-spin directionof the singularcomponentwill dependon the
gaugechosen.In anyparticulargauge,thevariationof theI-spin directionalongthe string can be
calculatedfrom the requirementthat ~ remainfinite. In otherwords

aA~

+ e~7A~A~= finite. (4)

(Again we aretakinglocal co-ordinateswith the z-directionalongthe string.)We concludethatwe
needspecifythe singularI-spin directionat only onepoint ~ on the string.We shall takethis
point to be thepoint at infinity.

The extraterm in the Hamiltonianassociatedwith the Dirac string will be

~ fe~ d~1F~~) J~s(~o)(x) (5)
g I

wherethecomponenta
5(~)refers to the I-spin directionof the singularcomponentof A at the

point ~. The integralis to be takenover theDirac string leadingto thepointx.
In my previouspaper, I statedthatmonopoleswereisotopicsinglets,sincethe topological

characterof the Dirac-stringsingularitywas describedby a singlenumber.Fromthe analysisjust
given I no longerbelievethat conclusionto be correct.Undera globel SU(2)transformationthe
monopolefield will transformlike an SU(2)spinor.However,onecannotreally applylocal gauge
invarianceto the monopolefields. In eq. (5), the two super-scriptsa~(~)anda~(~o)arenot the
same,andthe relationbetweenthemdependson thegauge.

The classicaltheoryof non-Abelianmonopolesis relativistically covariant,sinceit dependsonly
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on the field equationsandthe conditionsat theendof the Diracstring.It is reasonableto sup-
posethat the quantumtheory is also covariant,but wehavenot verified this fact.

Now let usdiscussthe questionof confinement.The mechanismis thesameas in the Abelian
theory.The Hamiltoniancontainsa term

~(a/ox~)~~ +ge’~’A~}V’I2. (6)

If, asymptotically

A -~ r1, 4’ -÷ const.,

theenergywill diverge,unlessthe directionof 4 canadjustitself so that thetwo termsin theco-

variantderivativecancel.We thusrequirethat the expression
ge7A~dx1A (7)

be a perfectdifferential.It follows that the transformation

T~ll{l+e~A~dx~} (8)

mustleave 1 unaffectedwhenx goesrounda closed curve.SinceNielsenandOlesenfound it
necessaryto breakthe SU(2)symmetrycompletelyby introducingtwo Higgs fields which select
out differentdirectionsin I-space,we concludethat the transformation(8) mustbe a rotation
through2nir.

In the presenceof a monopolewe shall taketheDirac string in the+z directionandshallexam-
ine curveswith constantpolar angle0. For 0 nearzerothestring conditionimplies T is a rotation
through2ir while, for 0 near~r,T = I. As 0 variesfrom 0 to 2ir, T cannotalwaysbe a rotation
through2nirwithout violating continuity, andthe conditionfor finite energyis not maintained.
This is simply a manifestationof the Meissnereffect; theflux from the monopoleis forced into
the superconductingvacuum.

The reasoningdoesnot apply to monopolesof strength4ir/g, sincethe transformationsalong
the circlesat0 e, 0 = ir — e maynow be continuouslytransformedinto oneanother.In fact, the
topologicalpropertiesof thegroup0(3) imply that a Dirac string of doublestrengthcanbe
gaugedaway.The confinementconditionis thusthat the net numberof monopolesmustbe 2n
(3n in SU(3)). Since theSU(2)symmetryis brokenby the Higgs field, the questionof colour con-
finementdoesnot arise.

In spiteof the fact thatan obviousextensionof the Nielsen—Olesenideasleadsdirectly to
quarkconfinement,it appearsto possessa difficulty associatedwith renormalization.The Dirac
quantizationconditionarisesfrom the field equations,andit thereforeinvolvesunrenormalized
couplingconstants.Thus

go,cgo,M = 2ir. (9)

Asymptoticfreedomimplies thatg
0~is zero. It could happenthat the productof the renormaliza-

tion constantsassociatedwith g0~andg0M was finite, but we seeno reasonto believethat suchis
thecase.Evenif it were,we shouldhaveto give up asymptoticfreedomfor magneticmonopoles.

We thereforeproposeanothermodelin which the rolesof chargesandmonopolesareirfter-
changed.We do not introducemonopolefields explicitly, but we replacethe Higgs field by an
operatorwhichcreates‘t Hooft-typemonopoles.With a suitablechoiceof gauge,the potentials
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in suchmonopoles,atlarger, are identicalto thoseof an Abelianmonopole;theyareall in the
sameSU(2)directionandtheyhavea Dirac-stringsingularity. ‘t Hooft introducedaHiggs field
andshowedthatonecould obtaina staticsolutionof theclassicalequations.For ourpurposes
the Higgs field is unnecessary.We do not requirea classicalsolutionof theequation,but simply a
non-singularsetof potentialswhich gives riseto a monopolefield at infinity.

We assumethat thereexistsa quantumstateIM) (not necessarilyastationarystate)with the
samepropertiesas ‘t Hooft’s monopole.We thenintroducean operator‘I’(r, n) which creates
sucha statefrom the vacuum.Thus

IM) = ~Irt(r, ñ)I0). (10)

The co-ordinater representsthe centerof the monopole,andñ is theSU(2)directionof the fields
at infinity. In order to definefully theoperator‘I’, we mustalsodefine theproduct

{‘4~t(r1,ñ1)~Ift(r2,ñ2)...}I0). (11)

We shallnot specifysucha statecompletely;it must possessDirac stringsleadingfrom all points
ñ1,ñ2 ... and, if the co-ordinatesare well separated,it mustbe the statewith N monopolesat the
pointsr1, r2

We now proposethe following stateas the magneticanalogueof theHiggs vacuum:

I 0} = exp{iX fd3r0 [‘I’(3, r0) + ‘4it(3, r0)] }I 0), (12)

wherethe symbol‘~3,r0) indicatesthatñ is in the 3-direction.The SU(2)symmetryis thusre-
ducedto the U( 1) symmetryof rotationsaboutthe 3-axis.Of course,we do not meanto imply
that the actualtrue vacuumhasthe simpleform given in (12), but merelythat it hassimilar prop-
erties.For the momentwe deferthe questionwhetherthe energymay beminimizedat a non-
zerovalueof X.

Supposenow that we introducea classicalelectric field F~ata largedistancefrom thepoint r.
If the Dirac stringsdo not passthroughthe field, the integrandin (12) will not be modifiednear
the point r. Next let usmakea gaugetransformationsoas to deformtheDirac stringsinto the
electricfield. We thenfind that (12) mustbe modifiedas follows:

I 0} = exp{iX fd
3r~[eix ‘I’(3, r

0) + e ~Ixt(3,r0)1}, (l3a)

— x(r1) ~ rf d~1B~(~), (l3b)

B1(x)_e~u1f d~fF~k(~). (l3c)

In otherwords, the phaseof ‘I’ is relatedto the field F~in exactly the sameway as the phaseof
an Abelianchangedfield was relatedto F,1. The reasoningof ref. [I] andof the first part of this
talk maybe repeated,with all quantitiesreplacedby their duals.We reachthe conclusionthat
sucha vacuumcanconfinequantizedvorticesof electric flux associatedwith the field F01, and
that the 3rd componentof I-spin is confinedto thevaluezero. In particular,the total numberof
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quarksmustbeeven(or 3n in SU(3)). Sincethe SU(2)symmetryhasbeenbrokenwe do not
havecompletecolor confinement.

Insteadof(12), we might try thefollowing vacuum,whichdoesnot breakthe SU(2)symmetry:

I0} = exp{iX fd3r0 d
2ñ [‘I’(3, r

0) + ~Iit(3, r0)]}I 0). (14)

In sucha vacuumwe could not havea classicalelectricfield, in anydirection in I-space,which
behavedlike r/r

3 at infinity, without an infinite increaseof energy.It is thereforeplausiblethat
we would havecompletecolor confinement.

Let usfinally discussthe questionwhetherastatesuchas (12) or (14) could be the stateof
minimumenergy.This maybe the casedueto thevery fact thatsucha vacuumcansupportvor-
tices,sinceintermediatestatesof two vorticeswill decreasetheenergy.

While the abovespeculationsare, at the moment,very vague,theydo suggestthat it maybe
possiblefor amagneticanalogueof the Higgs vacuumto confinecolor.
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