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Motivation

A1ty + Asto|?  t; two-hadron amplitudes
Interference term Re[(A1A%)(t1t5)]
Extract phase of A; A5 IF know phase of t;t5
But rescattering alters phases
Similarly for extraction of weak CP-violating
phases
Three-body problem!



“*Minimum Theory of FSI”

Lecture 1: Two-hadron fsi
Unitarity — K-matrix, P-vector

+ Analyticity — M-O solution, dispersion re-
lations

Lectures 2, 3. 4: | hree-hadron fsi

2. Kinematics, Dalitz plot, isobar model,
sub-energy unitarity; violated by isobar model;
U-+analyticity — K-T type equations for isobar
correction factors

3: Single variable integral equation for correc-
tion factors; RPE process; examples ( nnm,
mN)

4: 3-body unitarity; particle-resonance scatter-

ing



1. Two-hadron fsi

1.1 Elastic 2—2 unitarity, s-waves

T(s) —T7(s) = 2ip(s)T™(s)T'(s)

p(s) = 1el‘m (8 B 4>1/2

S

T(s) = € sin 6/p= (pcotd — ip) 1

BW: pcotd = (sg — s)/g?

Tres = g%/(sr — s — ip(s)g?)
will allow s to be a complex variable

<

L
arg(s —4) = Wm arg(s —4) ~ 0
< Sy

s=0 U arg(s —4) ~ 27



Physical limit for s > 4 is s +ie (s4)
Hermitian analyticity: f*(s) = f(s*)

unitarity T — T = 2ipT T
ONBNONL:Onadm unitarity tells

us the discontinuity of 1" across the s > 4 cut

U: Tt =T~ = —2ip
Since py — p— = 2p, can satisfy U by
T7T-1=Kg-1_ ip
K-1=pcots; e.g. Kres = gz/(SR — 5)

T=K1-ipK) "1 =0-iKp) 1K

generalizes to matrices in space of channels
Plus can add resonances in K, add
background .... still T is unitary!

eg. Kijj =>4, giagaj/(SCl —s) + Bij



1.2 Unitarity in 2-hadron f.s.i.

V) >O§\‘<)S

F_|_ — F_ = 2iT_|_pF_ — 2iT_pF_|_

MG - WO s (e T

ImMF =TpF* =T*pF
So unitarity — F' must have the phase of T
(Watson's Thm)
provided only one strong f.s.i.



Fy —F_ =2T pFy = (1-— 2iT_p)F_|_ = [
But 7_ = (14 iKp)~1K. So substituting,
1 - _
which by inspection is satisfied by

— 1
by = =gt

where P has no branch point at s = 4.

Generalizes again to many channels.
P is a vector (which f.s. channel).

€.9. P =) 40%ia . fap + B;.

Sa—S

Note P also has the resonance poles
IJRA Nucl. Phys. A 189 417 (1972)



K1(1270), K5(1400) P = two resonances -+
Deck B M. G. Bowler et al. Nucl. Phys. B97,
227 (1975)
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1.3 Unitarity 4+ analyticity
1.3.1 Elastic 2 — 2 reactions
If f(s) has ONLY the s =4 branch point,

I (') = F(s)

/

f(s) = = ds’

27

4 s — S

discf i.e. unitarity 4 analyticity will
determine f (assuming convergence)



Indeed, discT—1 = —2ip. So maybe

T_l(s) ; o f 167‘(‘ \/ : _459i3 = I(S)

But the integral diverges. So add one
parameter, value of T—1(s) at some point sg.
Then T 1(s) = I(sg) + [I(s) — I(sp)] and the
“subtracted” integral converges. Convenient

to take sop = 4. Then
T—1(s) = constant 4+ L(s) where

L(s) = a5 In (2525 )

and ImIn = —x for s real, > 4

(Chew-Madelstam function) Could still satisfy
U if replace ‘“constant” by function with no
RH cut e.g. K~ 1. K-matrix with C-M phase
space.
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Actually T'(s) has “LH" cut s < s as well
esing  N(s)(L)

p D(s)(R)
Dy —D_=N(T{"—T"")=—2ipN

T(s) =

= —2iD €e"sing

= Dy = D_e 29
Take log of both sides
D(sy) = exp{— [5° 2 a5y
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1.3.2 Two-hadron fsi

W - WO - W)

Dy = D_e—2i6
Fy =(142T p)F- =e?9F_
Hence FL . Dy = F D_ = F(s) = C(s)/D(s)
where C(s) is regular at s = 4.

Now suppose we want to include
“background” term (e.g. Deck) with L cut
In this case, can write

F(s) = B(s) + 2 [z T g

which is an integral equation for F'.
Remarkably, exact solution exists
(Muskhelishvili-Omnes)
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M-O solution:

discx(DF—DB) = D Fy—D_F_—(Dy—D_)B
= —(Dy — D_)B = 2ipNB.

Hence

/N /B /
D4 (Fy = B) = 1 32 A0 df
or

F(s) = B(s) + =y [§° 425 ds! | +C(5)/D(s)

—s—Iie

Muskhelishvili-Omneés solution
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M.G.Bowler et al. N.P. B97, 227 (1975); Deck
+ direct + rescattering for a1(1260)

s 3858
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