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Dispersion relation (10 min)
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Cauchy theorem
ds' F(s")
Fo=— [ @)
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for holomorphic function F(s) and I' is arectifiable path. We can always deform the contour until the closest singularity.
If F(s— o) » 0 on thelarge semi-circle then

ds' F(s) 1 ds' F(s'+ie) 1 ds' F(s'—ieg)
F(s——f — — =

_,_ _ -
s'-s A T s'-s 20 Jam 7 s'—-s
ds' F(s' +|e)—F(s‘—ie) 1 ds' DiscF(s") 2
20 Jam 7 s'—-s _2i ane T s'—s

DiscF(s)=F(s+i€) — F(s—ieg)

Analyticity:
d s' DiscF(s")
F(9=— ©)
2i Jan? 7 s'—s
Reflection principle:

F*(s+ ie)=F(s—ie¢) ))
alowsto relate imaginary part of the amplitude (unitarity) to analytical continuation of the amplitude (i.e. dispersion relation)
Exercise:

DiscF(s)=F(s+ie)—F(s—ie)=F(s+ie)—F*(s+ie)=2i ImF(s) (5

Subtractions: In general, one can always introduce subtractions
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F(9 =
ds' ImF(s" fds' S'—-s+s—5) ImF(s) ds' ImF(s") (s—so)jw ds' ImF(s" (6)
—_— = —_— = — +
am T S'—S am? ( s'-% ) s'-s a1 S'—-% T amS'—5 S'—S

As aresult we got an improved convergence at co (due to additional power of s'in the denominator); sum rule (when the integral
converges)

ds' ImF(s")

F(sp) = (7)

am T S'—

Exercise: If the integral does not converge sufficiently fast on the large semi-circle, derive dispersive relation for (assuming F(sp)
is Real)

F(s) - F(so)
S-%

(8)

General formula. Note that by introducing subtractions you improve the convergence at s— oo, however there are additional
parameters to determine.

=l g 0 . (s- )" ds' ImF(s)
FO =) — Fso)(s- %) + f — — 9
o l! Vg am?(S'—S) S —S

Calculation of the Disc (10 min)

Instead of making full loop calculations one can use Cutkosky (cutting) rule:

1
—— 5 27i6(p? - n?
pPP-mP+ie I (p ) (a0
Example:
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e

M fd4| 1
| =
@m* (12-mP+ie)((p-D2-nP+ie)

d*|
Disc M :(—i)f (-27i) (17 = ) (=27 i) 6((p— * - n¥P)
@y’

6(I0—\/I2+mz)
2lo

o((p=1?-n?)=5(p?+12-2pl —mz):(S(s—Z\/glo),

pl=polo—pl=Vslo, cm: p=(Vs,0), I=(o 1)

d*l=dlgl?dldQ, §(1% - m?)=5(lo— 12— n?)=
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[ 12d|
DiscM=— | —— dQé(s-2Vs lo)
472 2lg
Vs
8(lo - >
12d1 =~/ 12— 1P lodlo, é(s-2Vs lg)=———
2vs
[
DiscM = —
8n
Therefore
1
ImM = — (12)
167

Pion vector form factor (15 min)

We consider the process of a transition of a photon into a pair of pions. This is an important building block: resposible for a
hadronic part of et e - n* 77,7~ = 7~ 7%v,, ... The matrix element:

(T (P 7@ | 3,00 | 0) = (p- ), FY(9 (13)

where J,, is the EM current and F)(s) is the pion vector form factor (normalized FY(0) = 1). This process does not have any
crossed channel exchanges and therefore no Ieft-hand cuts. Note also, that the factor (p — g),, insures gauge invariance when the
two pions are on-shell

(ie (p-q), (p+q¥=p®>—?=n?—n?=0). At very low energy the pion vector form factor can be calculated in Chiral
Perturbation Theory (yPT). At NLO it reads
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Improvement: dispersion relation

— need to calculate the Discontinuity (Cutkosky rules again)

(p-q), DiscFY(s) =

1 dl
= (i) f (~271) 8(12 — B) (~271) 8{(ps — 1Y% — M) T (s, 2) (ps - 21), FY(9)
2 @2n?

Ps=p+0, S=(p+0)7?

. Vs Vs
z=cosd isc.m.angle |notealsothat (p+q) ={V's, 0}, p0=qo=7=lo, Ipl=|q|=|l|=— p(5

We obtain

i
(p- ), DiscFY(s) = —— p(9 FY(9) fdmr(s 2 (ps - 21),,
64 12

fdﬂ Ti(s 2 (ps—21), = La(p+ ), + La(p—0), ... thencontract with (p + ),

P-9 ..
Exercise: Show that

(14)

(15)

(16)
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1
fdQ Ti (s, 2 (ps—21), = 27 (p—- ), fleZTI*(S- 2 an

where T, (s, 2) isthe nr amplitude

Ti(s, 2=327 ) 21+ D9 P(@
1=0

(18)
1 20y
fdzP.(z) P(2)=——
-1 21+1
Since DiscFY(s) = 2i ImFY(s), we get
IMF}/(9) = p(9) F (91i"(9) (s> 4T (19)
If we consider only elastic scattering:
singl(s) e' 1 -
e =——————, pot(9 =sinskee 4O (20)
&)
Watson final state theorem: the phase of the form factor is determined by the two-particle scattering phase shift:
FY(9= |F(9)| e
FY(9 = |FY(9)| e'%®
HOESISCY -
Arg(F(9) = 61(9)
The full Omnes—Muskhelishvili problem (20 min)
We want to find the most general representation for afunction, F(s), which is the analytic in the complex s plane
with the cut from s= [4 P, co|, assuming that we know its phase on the cut,
Arg(F(9) = §(s), s>4n? (22)

Solution is not unique, if Fo(s) isasolution, then €S Fy(s) is asolution too. Need to know the asymptotic infor mation! We look
for asolution in the from

F(9) = P(s) (s)
1 .
2 (Us+i9-Q(s-16)=Q(s+igdnd(s) e io®),
|

1 (eld® _g-id®) 1 1
Qs+ie|— - | ——— e [=Qs+ie) e™?® — =Q(s—ie) — (23)
2i 2i 2i 2i

Qs+iee? ¥ =0s-ie), INQ(s+ie)-2i6=InQ(s+i¢€)

Disc(In(s)) = 2i 6(9)

Dispersion relation
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1 ds' Disc(InQ(s") ds' 6(s")
INnQ(s) =— _—— = ,
21 Jam? 1 s'—s am® T S'—S
ds' 4(s") s ds' 4(s")
Q) = Exp[ — —] Q) = Exp(a+— — —]
am T S'—S mJam S S'—8

(24)

S ds' o(s")
Q(s) = Exp[— — —) Q0 =1 (25)
T Jam S' S'—5S

One subtraction: normalization (0) = 1. The function Q(s) is known as the Omnes function. Many applications!
Exercise: Show that

ArgQ(s) = 6()
. 1 26)
if 6() » am, show Q(S— 00) > —

gl

Use

f(shds f(shds
fi() =p.v.f (|) +inf(s) (27)

S'—sFie s'—s

If one assume asymptotic: F(co) — 1/s, then F,\,’ (S = Q(s)

0.2 04 0.6 0.8 1.0 1.2
Vs [GeV]

Numerical implementation (25 min)

[s ds' o(s") J
Q(s) = Exp|— — — (28)
mJam S' S'—8

Tangent stretching
Let's now consider the integral
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rf(y) dy

In order to account the whole region, the replacement is needed y — y(x), which changes the integrating range (a,c0) into (0,1)

1 dy 7T dy Cextn/Z
ff(y)dy=ff(y(x))—dx, Y =2+ Coq tg(— x):—:—
a 0 dx 2 dx COS(LZT X)Z

ff(y)d’y=2 f(y) Wi .
i=1

If the integrand is smooth, it is convenient to use Gaussian weights for integration. Few words about Cg: AS you can see
y(X=1/2) = a+ Cg. It means that n/2 points will be accounted before a + Cey and n/2 after. It is very useful when you know
the general behavior of your function. If you do not, just put it equal to unity, Cey = 1.

2 o
Example2: ["e™¥ dy
<< Nunerical D fferential Equati onAnal ysi s’
n=10; Cext =1;
wg = Gaussi anQuadr at ur eWei ghts[n, 0, 17;

yn =2+ Tabl e[Cext *xTan[x/2+wWy[[i, 1111, {i, n}l1;
Cext n/2

vxgn:TabIe[v»g[[i, 211 {i, n}];

Cos[r/2wg[[i, 1171172

Sum[Exp[-yn[[i 11721 wgn[[i 1], {i, 1, n}]
Integrate[Exp[-y~2], {y, 2., Infinity}]

0.00414553

0.00414553

If the integral contains a square root singularity (somethinglike [ f(y, v'y—a)dy)itisuseful tointroduce another replacement

V8 2 dy Cextﬂ'/z e
Y() = 8+ Coq tg(— x) = 2tg(— x)

Principlevaluesintegrals
Very often one has to take integral of the following form

S ds'  f(s) S ds' f(s"
Fo=- | — ———=¢s<an?)- | — —=
nJanm? S S'—S—ie€ nJam s8¢ s'—s
S ds'  f(s) (29)
s> am?)- [ — ——
mJam S S'—s—ie
The latter integral can be written as
S ds' f(s) s ds f(s)  f(9
- —_— =—[p.v. ——+I7r—] (30)
nJdam §' S'—s—ie 7w a2 §' S'—S S
For the p.v. integral we use the following trick:
ds' f(s" ds' f(s") - f(s) + f(9
V. — —— =pVv. _
4am? S' S'—S 4n? S' s'—-s
ds' f(s") - f(s f(s)I 4n?
= — —— +—1n
an? S' s'-s s s—4n? (3D)



8| Documentation_Indiana_school.nb

1 1 4P
p.v.rds'iz—ln[i]
am? S'(s'-9) S \s-4n?

All together (Omnes function)

S ds' 4(s") ] @2

Q(s):Exp[— —_— =
mJam S' S'—8

Exit [];

<< Nunerical D fferential Equati onAnal ysi s’
Set Di rect ory [Not ebookDi rectory[]];
Styl eLi st = {Absol uteThi ckness[1.0], Absol utePointSize[5], #} & /@ {Blue, Red, Geen, Purple};
Set Options[Plot, Frane -> True, Axes -> {True, False},
PlotStyle -> StyleList, AspectRatio -> 0.8, FrameStyle -> Directive[l3]];
<< Pi Pi _Madrid.m

mpi = 0. 138;

nK = 0. 4956745;
M ho = 0. 770;

e = 0.00001;
LanPhShi ft =1. 3;

OmesNInt [sig_][s_]:=Exp[s/Pi «NI ntegrate[deltaFinal [1][sb]/ (sb (sb-s -1 sige)),
{sb, 4mi "2, 4nK"2, Infinity}, AccuracyGoal -5, MaxRecursion- 200]];

nOm = 120;

Cx =1.0;

wg = Gaussi anQuadr at ur eWi ght s[nOm, 0, 1];

s0 =4 npi " 2;

sn =s0 + Tabl e[Cx+Tan[Pi /2+wg[[i, 111172, {i, nOmM}];

wgn = Tabl e[Cx*2xTan[Pi /2*wg[[i, 1]11*wWg[[i, 2]]1*Pi /2/ (Cos[Pi /2+«wWg[[i, 1111"2), {i, nOm}];
Del tan = Tabl e[del taFi nal [1]1[sn[[i]]], {i, nOmM}];

Cl ear [del tas];
OmesTenpO[s_] = Exp[s/m+xSum[Del tan[[i 11/ (sn[[i 1] (sn[[i1]-s))+wgn[[i]], {i, 1, nOmM}11;
OmesTenp[s_] = Exp[s/n+«Sum[ (Del tan[[i 1] -deltas)/ (sn[[i]1] (sn[[i1]-s))*wyn[[i]l]l, {i, 1, nOM}11;

Omes|[sig_]1[s_]:=Wich[sig==0, OmesTenpO[s],
sig==1]]|sig==-1, deltas =delta[l][s]; Wich[s <4npi *2, OmesTenpO[s],
s>4npi 2, Exp[l *sig=xdelta[l][s]] *Exp[deltas/xLog[sO/ (s -s0)]]+OmesTenp[s]]];
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Show[PI ot [deltaFi nal [1] [par ~2] *180/Pi, {par, 2npi, 2.0}, PlotPoints -50, MaxRecursion-0,

Pl ot Styl e » {Bl ack, Thick}, FrameLabel ->{"«/s_ [Gevl", "a(s)"}], Del taBxp[1l], | mageSi ze » {250, 250}]
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Gr aphi csRow[{PI ot [Re[O“mes[l][par“Z]], {par, 2npi, 1.1}, PlotStyle- {Bl ack}, MaxRecursion -0,
Pl ot Poi nts » 100, Pl ot Range » Al'l, | nageSi ze » {250, 250}, FranelLabel —»{"Vs [GeV]", "Re(Q(s))"}],

Pl ot [{Im[Omes[l] [par ~2]11}, {par, 2npi, 1.1}, PlotStyle- {Black}, MaxRecursion-0,

Pl ot Poi nts » 100, Pl ot Range » Al'l, | nageSi ze » {250, 250}, FranelLabel —»{W/s_ [GeV]", "Im(Q(s))"}]}]
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Omes[1][1]

OmesNInt [1][1]
-1.43762 + 0. 680652 1

-1.43777 + 0. 680767 i



