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Amplitude Analysis

resonances have
definite quantum

numbers 1, J, P (C)

resonances and backgrounds
not separable within unitarity
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partial wave amplitudes



To perform a partial wave separation need
to know the partial waves at low energy accurately
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Isospin decomposition

One Pion
Exchange
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Isospin decomposition
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Dispersive calculation of
low energy partial waves
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Unusual feature: large D-waves near threshold, 1=2 as large as =0



For J=A=0, consider

F(s) = H(s)

along left hand cut
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Consider (F(s)=B(s)) Qs)/s" (s - 4m_2)I?
with n=2-A/2, and J>0, A=0,2, 1 =0,2
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Mandelstam Plane
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Conservation of probability

Sum of probabilities = X P,

1
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Unitarity definite J°°
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Unitarity definite J°°
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Elastic Unitarity

Im Ty(8) = py(s) Ty ™(S) T11(S)

* *
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Elastic Unitarity

Im Ty(8) = py(s) Ty ™(S) T11(S)

T* *
i = 112 |mi == Im T112 :-pl
Ty | Tq | T | Ty |
Rei i 1 where K is real

2
T11 K11 forreal s > 4m



Elastic Unitarity

Im Ty(8) = py(s) Ty ™(S) T11(S)

* *
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Rei i 1 where K is real
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Elastic Unitarity

Im Ty(8) = py(s) Ty ™(S) T11(S)
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Rei i 1 where K is real
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Elastic Unitarity

Im Ty(8) = py(s) Ty ™(S) T11(S)

* *

i = Tll Imi == Im Tll :-pl

Ty | Tyq 2 T I

Rei i 1 where K is real
Ty Ky for real s > 4m?
1 1 . K
- = = "'P: Ty = —
T Ku 1-ip; Ky

K = %1 tan 6




Elastic Unitarity

Ku
1-1p Ky

Ty =

Ky = %1 tan &

Physical particles are poles of the S-Matrix
on nearby unphysical sheet (s).

These are given by the zeros of

1-1p Ky




Elastic Unitarity

K
T = 11 K., = &~ tan &
: 117 5
1-1p Ky !

Physical particles are poles of the S-Matrix
on nearby unphysical sheet (s).

These are given by the zeros of 1-1p; Ky

The K-matrix has no physical significance (except in models).
It is just a convenient way to implement unitarity.

In particular poles in K are not poles of the S-matrix



Elastic Unitarity

Ky = %1 tan &

K
11
Ty = _
1-1p Ky
Example :
MT
K., =
11 M2 _ s

MT

T.. =
H M2-s-ipMT

Breit-Wigner form




Elastic Unitarity

K
Ty = = K=+ tan 8
] 11
1-1p Ky P1
Example :
MT MT
= - T =
Ky M2 -s H M2-s-ipMT

Breit-Wigner form

The K-matrix has no physical significance (except in models).
It is just a convenient way to implement unitarity.
In particular poles in K are not poles of the S-matrix



Elastic Unitarity & Analyticity
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Elastic Unitarity & Analyticity

*
|mi :Im T112 :-pl
Ty | Ty |
Rei s 1 where K is rezal
T11 K11 for real s >4m
1 1 i D
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Ty K1 %
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corrects the analyticity on right hand cut ONLY



VTRl EINE I | Amplitude with definite JPC
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VTRl EINE I | Amplitude with definite JPC
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VTRl EINE I | Amplitude with definite JPC

* *
IMm Ty = py Ty Ty + pyTyy Ty
1=7T _ * *
2 = KK IMTyy, = py Ty Typ + pyTyp Ty
* *
IM Ty = py Ty Tyo + pyTyy Ty
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P,
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VTRl EINE I | Amplitude with definite JPC
ImTy = ppTy Typ + pyTyp Ty
1=17Tm _ * *
2= KK IMmTy, = pr Ty Ty + pyTyy Toy
IM Ty = p1 Ty Tip + pyTy To
1-channel : Imi = - py n-channel: Im T t=- p
T
Re T != K
T'= Kt-ip




VIEEHEGRERSNHE YA | Amplitude with definite JPC¢

IMm Ty = py Ty Ty + pyTyy Ty

2 = KK IMm Ty = pr Ty Typ ¥ pyTyy To

IMm Ty, = py Ty Typ + pyTyy To

2-channel: | Ty; = Ky _'Apz det K
K
T, = 12
A
T K22 - I pl dEt K
22 =
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Unitarity Amplitude with definite JPC

What happens when the final state particles are hadrons,
but the incoming particles are not hadrons, eg ete’ , YY

Sum n only need include hadrons
as initial state particles are suppressed by powers of O



Unitarity Amplitude with definite JPC

Im

1=7mn

Im F1(8) = pa(8) F1*(8) T1a(s) = py(s) Fy (5) Ty1 (8)




Unitarity Amplitude with definite JPC

Im

1=7mn

Im F1(8) = pa(8) F1*(8) T1a(s) = py(s) Fy (5) Ty1 (8)

et F1= |51 e'® recall Ty = %1 sin § €'



Unitarity Amplitude with definite JPC

Im

1=7mn

Im F1(8) = pa(8) F1*(8) T1a(s) = py(s) Fy (5) Ty1 (8)

et F1= |5 ei‘P recall Tq1 = %1 sin ei8

S sin @ =sin 0

Watson’s final state interaction theorem: M




VTRl EINE I | Amplitude with definite JPC

Im i =

& |IMFO = T el F) T

ImJF;, = p1J1 Ty +P2.7:2*T21
IMF, = prFi Tio +p, 5 Ty

e.g. F(yy — hadron channel |)



SR ENNCE RSeS| Amplitude with definite JPC

* *
ImTy = py Ty Ty ImJF = prJ1 T
1-1p Ky 1-1p; Ky

Like K., P, must be real for real s >4m?

Resonances are the poles in T, and fl,
i.e. the common zeros of 1 —1ip, K4



SR ENNCE RSeS| Amplitude with definite JPC

* *
ImTy = py Ty Ty ImJF = prJ1 T
Tll — Kll .T]_ = Pl
1-1p Ky 1-1p; Ky

.7:1(3) = (Xl(S) T11(S) with a4 (s) real for real s> 4m?2



VA EULERSNE VA | Amplitude with definite JPC

IMF, = prFr Ty +p, F Ty

_ * *
ImF, = p1 i Tyo +p F Ty
1-channel :
K P
Ty = 1 F, = =
1-1p Ky 1-1py Ky
2-channel :
K., —1p,det K P,—1p,Q,detK
W APz Fn = : ZZ L

etc.

with P, and Q. real for real s > 4m?



VA EULERSNE VA | Amplitude with definite JPC

IMF, = prFr Ty +p, F Ty

_ * *
ImF, = p1 i Tyo +p F Ty
1-channel :
K P
Ty = 1 F, = =
1-1p Ky 1-1py Ky
2-channel :
K., —1p,det K P,—1p,Q,detK
W APz Fn = : ZZ L

etc.

Solution: Py = K3 Qp + K Qy, Py = Ky Q) + Ky Qg



VA EULERSNE VA | Amplitude with definite JPC
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VA EULERSNE VA | Amplitude with definite JPC

2-channel :
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Multi-channel Unitarity

2-channel :

I,
fz =

2-channel :

Amplitude with definite JPC
Q. Ty +Q, T,
Qn — Q,
Q Ty, +Q, Ty,
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Multi-channel Unitarity definite J°°

real coupling functions
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analyticity & complex energy plane
ImE

Re E

resonance pole Universal: process independent



Amplitude Analysis

resonances have
definite quantum

numbers 1, J, P (C)

resonances and backgrounds
not separable within unitarity
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partial wave amplitudes



Dispersive calculation of
low energy partial waves
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Unusual feature: large D-waves near threshold, 1=2 as large as =0



Born amplitude modified

by final state interactions

600 ! ' ' ' ' '

400 F 1,

200 T

cross-section (nb)




Experiment Process Int. X-sect. | |cosO|mar | Ang. distrib. | |cosf |nax
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ntn, n°n® added
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VA EULERSNE VA | Amplitude with definite JPC

2-channel :
‘Tl — alTll+a2T21 - YY — 7T
-7:2 = oy Ty oy Ty am vy — KK
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Multi-channel Unitarity

Amplitude with definite

JPC

o, 0, have

left hand cuts only

2-channel :
fl j— alTll +a2T21
fz j— (11 T12 + az T22
2-channel: | T4 = Ky—1p,detK
A K
T12 _ 12
A
T22
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1=J=0 amplitudes
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1=0,2, J=0,2 phases & Omnes functions
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Heavy flavour decays

D, — (MM) = decay




Mt S-wavein D_—m(nw) decay
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KK S-wave in DS—>1t(K_K) decay
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Yy — ' : angular distributions

daldz (nb)




Yy — T

: angular distributions
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angular distributions
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KK¢ : angular distributions
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W it 75+7C- ’ TCOTCO Integrated cross-sections
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YY — Wt partial wave cross-sections
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YY — Wt partial wave cross-sections
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Light by Light
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YY — T S-waves
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analyticity & complex energy plane
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YY couplings

pole locations gy = lgle™? T(fr — ) A=0
State Sh . C.L.
(GeV) Jy | lg| (GeV) w (?) (keV) fraction %
7 72
I || 1.270 — i0.081 Do | 0.3740.03 | 17246 3.49+0.43 8.4+1.4 | #wwx
, Dy | 1.2340.08 | 17645
f2(1270)
-q
mr || 1.967 — i0.108 | Do | 0-35£0.03 | 16846 2.9340.40 8.7+1.7 | ###+
D, | 1.13+0.08 | 17346
ax(1370) | TV || 1.313 —i0.053 | Dy | 0.72+£0.08 | 174+3 1.04+0.22 ot o
fo(500) | I || 0.441 —i0.272 | S | 0.26+0.01 | 105+3 2.05+0.21 100 o
f0(980) | I || 0.998 —i0.021 | S | 0.164+0.01 | -175+5 0.3240.05 100 o
|| 1.423—i0.177 | s | 096+0.10 | 8+13 8.6+1.9 100 &
fo(1370)
mr || 1.406 —i0.344 | s | 0.654+0.15 | —146+15 4.0+1.9 100 &




YY couplings

pole locations gy = lgle™? T(fr — ) A=0
State Sh . C.L.
(GeV) Jy | lg| (GeV) w (?) (keV) fraction %
7 72
m || 1270 — 008 [P0 | 03THO03 | 1726 | 5 ioi043 | sas1a | wwes
? Dy | 1.2340.08 | 17645
f2(1270)
-q
mr || 1.967 — i0.108 | Do | 0-35£0.03 | 16846 2.9340.40 87417 | #wwx
D, | 1.13+0.08 | 17346
ax(1370) | TV || 1.313 —i0.053 | Dy | 0.72+£0.08 | 174+3 1.0440.22 ot o
fo(500) | I || 0.441 —i0272 | S | 0.26+0.01 | 105+3 2.05+0.21 100 e
—_—————|
fo(980) | 1 || 0.998 —i0.021 | S | 0.16+0.01 | -175+5 | 0.32+0.05 100 e
|| 1.423—i0.177 | s | 096+0.10 | 8+13 8.6+1.9 100 &
fo(1370)
mr || 1.406 —i0.344 | s | 0.65+0.15 | —146+15| 4.0+1.9 100 &




I'(0""— yy) model predictions

composition | prediction (keV) author(s)
Tu + 3d) /3 40 Babcock & Rosner [65]

< 1t Giacosa ef al. [66]

- 0.2 Barnes [67]
0.062 (1acosa ef al. [68]
[rs][ns 0.27 Achasov ef al. [69]

0.6 Barnes [70]

KK

0.22 Hanhart ef al. [72]

qg 0.2-0.6 Narison [73]




Shedding light on scalar mesons
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I'(0""— yy) model predictions

composition | prediction (keV) author(s)
Tu + 3d) /3 40 Babcock & Rosner [65]

< 1t Giacosa ef al. [66]

- 0.2 Bames [67]
0.062 (1acosa ef al. [68]
[rs][ns 0.27 Achasov ef al. [69]

0.6 Barnes [70]

KK

0.22 Hanhart ef al. [72]

qg 0.2-0.6 Narison [73]




Scalar mesons
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OELLE
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Integrated cross-sections
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Integrated cross-section
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