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§ 	
  3-­‐quark	
  QMs	
  
§ 	
  Excessive	
  number	
  of	
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  (much	
  more	
  than	
  experimental	
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§ 	
  Several	
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  TAPS,	
  GRAAL,	
  SAPHIR,	
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provided	
  no	
  evidence	
  for	
  these	
  states.	
  	
  
§ 	
  Possible	
  explanaKon:	
  resonances	
  weakly	
  coupled	
  to	
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  more)	
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Regge behavior of hadrons 
Baryons arranged in rotational Regge trajectories (J=α+α’M2) with the same 
slope of the mesonic ones. 
∆I = ½ rule in weak nonleptonic decays 

Neubert and Stech, Phys. Lett. B 231 (1989) 477; Phys. Rev. D 44 (1991) 775 
Regularities in parton distribution functions and in spin- 
dependent structure functions 
Close and Thomas, Phys. Lett. B 212 (1988) 227 
Regularities in Λ(1116) and Λ(1520) fragmentation functions 

Jaffe, Phys. Rept. 409 (2005) 1 [Nucl. Phys. Proc. Suppl. 142 (2005) 343] 
Wilczek, hep-ph/0409168 
Any interaction that binds π and ρ mesons in the rainbow-ladder 

approximation of the DSE will produce diquarks 
Cahill, Roberts and Praschifka, Phys. Rev. D 36 (1987) 2804 
Indications of diquark confinement 

Bender, Roberts and Von Smekal, Phys. Lett. B 380 (1996) 7 
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  Hamiltonian	
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  Non-­‐rel.	
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  energy	
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  diquarks	
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  Exchange	
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§ 	
  RelaKvisKc	
  extension	
  of	
  the	
  previous	
  model	
  (point-­‐form	
  formalism).	
  
	
  

§ 	
  Numerical	
  soluKon	
  with	
  variaKonal	
  program	
  
§ 	
  Parameters	
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  spectrum	
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  (2011)	
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  Model	
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  Model	
  extended	
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  strange	
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  Parameters	
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  Ferreh,	
  arXiv:	
  1412.7571	
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LQCD shows no q-diquark 
evidence of the type of the Lichtenberg Model. 

q-diqu. m. does not mix different diquark configurations. 
D. B. Lichtenberg and L. J. Tassie, Phys. Rev. 155, 1601  

(1967).  
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between the two diquark configurations (scalar and axial-
vector) in the nucleon wave function should improve our
previous results for the nucleon electromagnetic form fac-
tors in a quark-diquark model [35].

II. THE MASS OPERATOR

We consider a quark-diquark system, where ~r is the
relative coordinate between the two constituents and ~q is
the conjugate momentum to ~r. We propose a relativistic
quark-diquark model, based on the following baryon rest
frame mass operator

M = E0 +
p
~q 2 +m2

1 +
p
~q 2 +m2

2 +Mdir(r)
+ Mcont(q, r) +Mex(r) +Mtr(r) ,

(1)

where E0 is a constant, Mdir(r) and Mex(r) respectively
the direct and the exchange diquark-quark interaction,
m1 and m2 stand for diquark and quark masses, where
m1 is either mS or mAV according if the part of the mass
operator diagonal in the diquark spin [i.e. the whole mass
operator of Eq. (1) without the interaction Mtr(r)] acts
on a scalar or an axial-vector diquark [5, 6, 12, 47–56],
Mcont(q, r) is a contact interaction and Mtr(r) is a spin-
isospin transition interaction.

The direct term is a Coulomb-like interaction with a
cut o↵ plus a linear confinement term

Mdir(r) = �⌧

r

�
1� e�µr

�
+ �r . (2)

One needs also an exchange interaction [18, 57], since
this is the crucial ingredient of a quark-diquark descrip-
tion of baryons. We have

Mex(r) = (�1)l+1e��r
⇥
AS ~s1 · ~s2 +AI ~t1 · ~t2

+ ASI ~s1 · ~s2 ~t1 · ~t2
⇤

, (3)

where ~s and ~t are the spin and the isospin operators.
Moreover, we consider a contact interaction similar to

that introduced by Godfrey and Isgur [58]

Mcont =
⇣

m1m2
E1E2

⌘1/2
⌘3D
⇡3/2 e

�⌘2r2 �L,0�s1,1

⇣
m1m2
E1E2

⌘1/2
,

(4)
where Ei =

p
~q 2 +m2

i (i= 1, 2), ⌘ andD are parameters
of the model.
Finally we consider a spin-isospin transition interac-

tion, Mtr(r), in order to mix quark-scalar diquark and
quark-axial-vector diquark states. Mtr(r) is chosen as

Mtr(r) = V0 e�
1
2 ⌫

2r2(~s2 · ~S)(~t2 · ~T ) , (5)

where V0 and ⌫ are free parameters. The matrix elements
of the spin transition operator, ~S, are defined as:

h s01,m0
s1 |S[1]

µ |s1,ms1i 6= 0 for s01 6= s1 , (6a)
where

h1kS1 k0i = 1 , (6b)

h0kS1 k1i = �1 (6c)

and the same holds for those of the isospin transition
operator, ~T . Thus one has:

h�0|Mtr |�i = 1
4V0�s01,s1±1�S 1

2
�t01,t1±1�T 1

2

⇥ h�0(~r)| e� 1
2 ⌫

2r2 |�(~r)i ,
(7)

where �(~r) stands for the spatial wave function of the
generic state, |�i.
The mass formula of the previous version of the rela-

tivistic quark-diquark model [20] is

M = E0 +
p
~q 2 +m2

1 +
p
~q 2 +m2

2 � ⌧
r (1� e�µr) + �r +

⇣
m1m2
E1E2

⌘1/2+✏
⌘3D
⇡3/2 e

�⌘2r2 �L,0�s1,1

⇣
m1m2
E1E2

⌘1/2+✏

+ (�1)l+1e��r
⇥
AS ~s1 · ~s2 +AI ~t1 · ~t2 +ASI ~s1 · ~s2 ~t1 · ~t2

⇤
.

(8)

The main di↵erence between the mass operator of Eq. (1)
and that of Eq. (8) [20] is the presence of the spin-isospin
transition interaction, Mtr, in Eq. (1). We expect that
the introduction of Mtr(r) in Eq. (1) should improve our
quark-diquark description of the electromagnetic elastic
form factors of the nucleon [35, 46]. Indeed, Mtr(r)
makes it possible to introduce a quark-axial-vector di-
quark component in the nucleon wave function in ad-
dition to the quark-scalar diquark one. At the same
time, Mtr(r) improves the description of the non strange
baryon spectrum [20] (see Fig. 1).

One can also notice that the values of the model pa-
rameters change significantly from those of Ref. [20, 35]
after the introduction of the interaction (5) into the mass
formula. In particular, one can see that the masses of the
two constituents (the quark and the diquark) are now
smaller than before, which is good in a relativistic QM,
and the mass di↵erence between the scalar and the axial-
vector diquark is smaller too (it goes from 350 MeV to
210 MeV). The same happens for the string tension, that
goes from 2.15 fm�2 to 1.57 fm�2.

It is worth noting that the number of model parame-
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Resonance Status Mexp. JP LP S s1 n
r

Mcalc.

(MeV) (MeV)

N(939) P11 **** 939 1
2

+
0+ 1

2 0,1 0 939

N(1440) P11 **** 1420 - 1470 1
2

+
0+ 1

2 0,1 1 1412

N(1520) D13 **** 1515 - 1525 3
2

�
1� 1

2 0,1 0 1533

N(1535) S11 **** 1525 - 1545 1
2

�
1� 1

2 0,1 0 1533

N(1650) S11 **** 1645 - 1670 1
2

�
1� 3

2 1 0 1667

N(1675) D15 **** 1670 - 1680 5
2

�
1� 3

2 1 0 1667

N(1680) F15 **** 1680 - 1690 5
2

+
2+ 1

2 0,1 0 1694

N(1700) D13 *** 1650 - 1750 3
2

�
1� 3

2 1 0 1667

N(1710) P11 *** 1680 - 1740 1
2

+
0+ 1

2 0,1 2 1639

N(1720) P13 **** 1700 - 1750 3
2

+
2+ 1

2 0,1 0 1694

N(1875) D13 *** 1820 - 1920 3
2

�
1� 1

2 0,1 1 1866

N(1880) P11 ** 1835 - 1905 1
2

+
0+ 1

2 0,1 3 1786

N(1895) S11 ** 1880 - 1910 1
2

�
1� 1

2 0,1 1 1866

N(1900) P13 *** 1875 - 1935 3
2

+
0+ 3

2 0 0 1780

missing – – 3
2

+
2+ 1

2 0,1 1 1990

N(2000) F15 ** 1950 - 2150 5
2

+
2+ 1

2 0,1 1 1990

�(1232) P33 **** 1230 - 1234 3
2

+
0+ 3

2 1 0 1236

�(1600) P33 *** 1500 - 1700 3
2

+
0+ 3

2 1 1 1687

�(1620) S31 **** 1600 - 1660 1
2

�
1� 1

2 1 0 1600

�(1700) D33 **** 1670 - 1750 3
2

�
1� 1

2 1 0 1600

�(1750) P31 * 1708 - 1780 1
2

+
0+ 1

2 1 0 1857

�(1900) S31 ** 1840 - 1920 1
2

�
1� 1

2 1 1 1963

�(1905) F35 **** 1855 - 1910 5
2

+
2+ 3

2 1 0 1958

�(1910) P31 **** 1860 - 1920 1
2

+
2+ 3

2 1 0 1958

�(1920) P33 *** 1900 - 1970 3
2

+
2+ 3

2 1 0 1958

�(1930) D35 *** 1900 - 2000 5
2

�
1� 3

2 1 0 2064

�(1940) D33 ** 1940 - 2060 3
2

�
1� 1

2 1 1 1963

�(1950) F37 **** 1915 - 1950 7
2

+
2+ 3

2 1 0 1958

TABLE II: Comparison between the experimental [43] values
of non strange baryon resonances masses (up to 2 GeV) and
the numerical ones (all values are expressed in MeV ). Ten-
tative assignments of 2⇤ and 1⇤ resonances are shown in the
second part of the table. JP and LP are respectively the total
angular momentum and the orbital angular momentum of the
baryon, including the parity P ; S is the total spin, obtained
coupling the spin of the diquark s1 and that of the quark;
finally n

r

is the number of nodes in the radial wave function.

well as states such as the D13(1520), the S11(1535) and
the P11(1440), contains both a s1 = 0 and a s1 = 1
component. In particular, the nucleon state, obtained by
solving the eigenvalue problem of Eq. (1), in a schematic
notation can be written as

|Ni = aS |qDS , L = 0i+ aAV |qDAV , L = 0i , (14)

where DS and DAV stand for the scalar and axial-vector
diquarks, respectively, and q for the quark. The coe�-
cients aS and aAV , obtained by solving the eigenvalue

m
S

(MeV) m
AV

�m
S

(MeV) Source

730 210 Bloch et al. [26]
750÷860 10÷170 Oettel et al. [29]

- 290 Wilczek [6]
- 210 Ja↵e [5]

600 350 Ferretti et al. [20]
852 224 Galatà and Santopinto [21]
- 200÷300 Lichtenberg et al. [47]

770 140 de Castro et al. [48]
420 520 Schäfer et al. [49]
692 330 Cahill et al. [50]
595 205 Lichtenberg et al. [51]
737 212 Burden et al. [52]
688 202 Maris [53]
- 360 Orginos [54]

750 100 Flambaum et al. [55]
590 210
- 162 Babich et al. [12]
- 270 Eichmann et al. [56]

740 210 Hecht et al. [65]
- 135 Santopinto and Galatà [66]

710 199 Ebert et al. [67]
– 183 Chakrabarti et al. [68]

780 280 Roberts et al. [45]
150 210 This work

TABLE III: Mass di↵erence (in MeV) between scalar and
axial-vector diquarks, according to some previous studies.

problem of Eq. (1), are:

aS = 0.727 , (15a)

aAV = 0.687 . (15b)

The radial wave functions (in momentum space) of the
quark-scalar diquark [�S(q)] and quark-axial-vector di-
quark [�AV (q)] systems of Eq. (14) can be fitted by
harmonic oscillator wave functions,

�S(q) =
2↵3/2

S

⇡1/4
e�

1
2↵

2
Sq2 , (16a)

�AV (q) =
2↵3/2

AV

⇡1/4
e�

1
2↵

2
AV q2 , (16b)

with ↵S = 3.29 GeV�1 and ↵AV = 3.04 GeV�1. The
same can be done for the �(1232) radial wave function,

��(q) =
2↵3/2

�

⇡1/4
e�

1
2↵

2
�q2 , (17)

where ↵� = 3.14 GeV�1. This parametrization can then
be used to compute observables, such as the nucleon elec-
tromagnetic form factors. See also App. A, where we
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mq = 140 MeV mS = 150 MeV mAV = 360 MeV
τ = 1.23 µ = 125 fm−1 β = 1.57 fm−2

AS = 125 MeV AI = 85 MeV ASI = 350 MeV
σ = 0.60 fm−1 E0 = 826 MeV D = 2.00 fm2

η = 10.0 fm−1 V0 = 1450 MeV ν = 0.35 fm−1

TABLE I: Resulting values for the model parameters.

be thought as eigenstates of the mass operator with in-
teraction in a Bakamjian-Thomas construction [56]. The
interaction is introduced adding an interaction term to
the free mass operator M0 =

√

q⃗ 2 +m2
1+

√

q⃗ 2 +m2
2, in

such a way that the interaction commutes with the non
interacting Lorenz generators and with the non interact-
ing four velocity [57].
The dynamics is given by a point form Bakamjian-

Thomas construction. Point formmeans that the Lorentz
group is kinematic. Furthermore, since we are doing a
point form Bakamjian-Thomas construction, here P =
MV0 where V0 is the noninteracting four-velocity (whose
eigenvalue is v).
The general quark-diquark state, defined on the prod-

uct space H1 ⊗ H2 of the one-particle spin s1 (0 or 1)
and spin s2 (1/2) positive energy representations H1 =

L2(R3)⊗S0
1 orH1 = L2(R3)⊗S1

1 andH2 = L2(R3)⊗S
1/2
2

of the Poincaré Group, can be written as [24]

|p1, p2,λ1,λ2⟩ , (9)

where p1 and p2 are the four-momenta of the diquark and
the quark, respectively, while λ1 and λ2 are, respectively,
the z-projections of their spins.
We introduce the velocity states as [24, 41]

|v, k⃗1,λ1, k⃗2,λ2⟩ = UB(v)|k1, s1,λ1, k2, s2,λ2⟩0 , (10)

where the suffix 0 means that the diquark and the quark
three-momenta k⃗1 and k⃗2, called internal momenta, sat-
isfy:

k⃗1 + k⃗2 = 0 . (11)

Following the standard rules of the point form approach,
the boost operator UB(v) is taken as a canonical one,
obtaining that the transformed four-momenta are given
by p1,2 = B(v)k1,2 and satisfy the point form relation

pµ1 + pµ2 =
Pµ
N

MN

(

√

q⃗ 2 +m2
1 +

√

q⃗ 2 +m2
2

)

, (12)

where Pµ
N is the observed nucleon four-momentum and

MN is its mass. It is worthwhile noting that Eq. (10) re-
defines the single particle spins. Having applied canonical
boosts, the conditions for a point form approach [41, 58]
are satisfied. Therefore, the spins on the left hand state
of Eq. (10) perform the same Wigner rotations as k⃗1 and

k⃗2, allowing to couple the spin and the orbital angular
momentum as in the non relativistic case [41], while the
spins in the ket on the right hand of Eq. (10) undergo
the single particle Wigner rotations.
In Point form dynamics, Eq. (1) corresponds to a good

mass operator since it commutes with the Lorentz gen-
erators and with the four velocity. We diagonalize Eq.
(1) in the Hilbert space spanned by the velocity states.
Finally, instead of the internal momenta k⃗1 and k⃗2 we
use the relative momentum q⃗, conjugate to the relative
coordinate r⃗ = r⃗1 − r⃗2, thus considering the following
velocity basis states:

|v, q⃗,λ1,λ2⟩ = UB(v)|k1, s1,λ1, k2, s2,λ2⟩0 . (13)
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FIG. 1: (Color online) Comparison between the calculated
masses (black lines) of the 3∗ and 4∗ non strange baryon res-
onances (up to 2 GeV) and the experimental masses from
PDG [7] (boxes).

III. RESULTS AND DISCUSSION

Figure 1 and Table II show the comparison between the
experimental data [7, 59] and the results of our quark-
diquark model calculation, obtained with the set of pa-
rameters of Table I. In addition to the experimental data
from PDG [7], we also consider the latest multi-channel
Bonn-Gatchina partial wave analysis results, including
data from Crystal Barrel/TAPS at ELSA and other lab-
oratories [59]. In particular, these data differ from those
of the PDG [7] in the case of the ∆(1940)D33.
The spin-isospin transition interaction of Eq. (5)

mixes quark-scalar diquark and quark-axial-vector di-
quark states, i.e. states with s1 = 0 (t1 = 0) and s1 = 1
(t1 = 1), whose total spin (isospin) is S = 1

2 (T = 1
2 ).

Thus, in this version of the model the nucleon state, as
well as states such as the D13(1520), the S11(1535) and
the P11(1440), contains both a s1 = 0 and a s1 = 1
component. In particular, the nucleon state, obtained by
solving the eigenvalue problem of Eq. (1), in a schematic
notation can be written as:

|N⟩ = 0.727 |qDS , L = 0⟩+ 0.687 |qDAV , L = 0⟩ , (14)
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