Scattering from lattice QCD
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Quantum Chromodynamics

“The fundamental theory of the strong nuclear force”
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Resonances in experiments
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Resonances in experiments

¢ Probing resonances experimentally is “hard”

¢ confirmation

¢ production mechanism [couplings]

‘ experimental demands ‘ ¢ identification of prominent decay channels

¢ couplings to decay channels

‘ theoretical demands ‘ ¢ structural understanding

ro'oa ‘D‘.
n)Qop = cO ) + cl‘+ cQ@+ C3
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No hierarchy at low-energies
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non-perturbative.... |
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¢ confinement?

¢ origin of mass?

¢ formation of matter
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Lattice QCD

¢  QCD is non-perturbative

In summary:

¢ Solution: be smart and let computers do the hard work!

FERMIONS BOSONS
MATTER FORCE CARRIERS
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the emergence
of nature




Lattice QCD

¢  Wick rotation [Euclidean spacetime]: tjy — —lE

¢ Monte Carlo sampling
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Lattice QCD

Wick rotation [Euclidean spacetime]: tyy — —1tEg

Monte Carlo sampling

lattice spacing: a ~ 0.03 — 0.15 fm

more familiar lattices
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Lattice QCD

Wick rotation [Euclidean spacetime]: tyy — —1tEg
Monte Carlo sampling
lattice spacing: a ~ 0.03 — 0.15 fm

finite volume [periodic...]

Never free!

No asymptotic states!

No scattering]!




Lattice QCD

Wick rotation [Euclidean spacetime]: {3y — —lE
Monte Carlo sampling

lattice spacing: a ~ 0.03 — 0.15 fm

finite volume

quark masses: mg, — mghys°

[

L Advantage over experiment!




Lattice QCD

¢  Wick rotation [Euclidean spacetime]: tjy — —lE
¢ Monte Carlo sampling
¢ lattice spacing: a ~ 0.03 — 0.15 fm

¢ finite volume

. hys.
¢ quark masses: mg — my




Status of spectroscopy

¢ Simple properties of QCD stable states [non-composite states]
¢ physical or lighter quark masses [down to m~120 MeV] J
¢ non-degenerate light-quark masses: Ni=1+1+1+1 J
¢ dynamical QED
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Status of spectroscopy

¢ Simple properties of QCD stable states [non-composite states]
¢ physical or lighter quark masses [down to m~120 MeV] J
¢ non-degenerate light-quark masses: Ni=1+1+1+1 J
¢ dynamical QED
¢ Frontier of lattice: multi-particle physics
¢ scattering/reactions
¢ composite states
¢ bound states

Formal development:

¢ hadronic resonances ¢ under way
¢ more needed
Benchmark calculations:
¢ exploratory

¢ proof of principle

¢ unphysical quark masses
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meet Jazzi. Jazzi likes
long walks in the park and
chasing squirrels.
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QCD: m, /Agcp
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Path-integral in quantum mechanics

Imagine a world where quarks are free to propagate

I measured a quark at (x;,t;), the probability of finding it at (xpty) is:

(wp tplmts) = (vple e g,y = (xp|e s =t 2,)




Path-integral in quantum mechanics

¢ Imagine a world where quarks are free to propagate

I measured a quark at (x;,t;), the probability of finding it at (xpty) is:

/ Da Slz®)]

where: S / dtL x x

(wp tplei,ti) = (wplee™

)= (et

classical path: minimizes the action



Path-integral in quantum mechanics

¢ Imagine a world where quarks are free to propagate

I measured a quark at (x;,t;), the probability of finding it at (xpty) is:

(4
r) = / " D #Sla(0)
t,

z‘ﬁtfe—iﬁti iH (tp—t;)

(@, brlwi, ti) = (xgle xi) = (xfle



Path-integral in quantum mechanics

¢ Imagine a world where quarks are free to propagate

I measured a quark at (x;,t;), the probability of finding it at (xpty) is:

/ Da Slz®)]

’L

(wp tplei,ti) = (wplee™

)= (et

lim d:z:'@H .dxp_q € iSHzhail

CLt—>O 00

remember, this is how
you derive the path
integral representation
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Path-integral in quantum mechanics

Imagine a world where quarks are free to propagate

€

I measured a quark at (x;,t;), the probability of finding it at (xpty) is:

/ Da Slz®)]

’L

(wp tplei,ti) = (wplee™

)= (et

— altigo . d.CIZ‘H_l . . Cl:ljf_l 6 iS[{x},a]
= lim lim a, L a, Z SH{a},a.a.]

a;—0 a;—0
Ti41 Tf—1

can evaluate this numerically
by introducing a mesh in
spacetime




Path-integral in quantum field theory

¢ Quarks aren’t free, they live inside bound states

¢ They strongly interact, couple to gluons, create/annihilate repeatedly

I see two possible configs,
which one is bigger?




Path-integral in quantum field theory

Quarks aren’t free, they live inside bound states
They strongly interact, couple to gluons, create/annihilate repeatedly
At each point in spacetime, we can have different configurations

Need to “sum” over all configurations

Path integral: Z = / Dp(x) el [ / d3xdt£

different
conﬁguratmns




Path-integral in quantum field theory

Quarks aren’t free, they live inside bound states
They strongly interact, couple to gluons, create/annihilate repeatedly
At each point in spacetime, we can have different configurations

Need to “sum” over all configurations

Path integral: Z = / Dp(x) el E‘: / d%dtﬁ]

different
conﬁguratmns




Path-integral in QFT - some details

7 = /Dgp(x) Sadid

¢ integral and measure: /DQO(f) = H /dg@(l‘)

xeV
¢ “only” rigorously defined by first discretizing




Path-integral in QFT - some details

7 = /Dgp(x) Sadid

integral and measure: /Dgp(x) = H /dgo(x)

xeV
“only” rigorously defined by first discretizing

correlation functions give us access to:

¢ masses, decay constants, form factors, scattering amplitudes,...!!!

two-point correlation functions:

OHOH(0) = [ Deta) ¢S HO®O! (0

where () is some generic operator.

A

£ &8y OZ@? 9527 @37 ...7a,u¢7”.



Truncation and discretization of volume
¢ integral and measure: /Dgp(x) = H /dgp(x)
zeV

a— af2 V= V/2

. T L\
¢ number of integrals ~ Yo ( )

a®  a; \ ag




Truncation and discretization of volume

Q: Consider a scalar field in a volume with 10* points.
This means we need to evaluate that many integrals.

If we approximate each integral, by a 10 point mesh, how
many terms would be have to add?



Truncation and discretization of volume

Q: Consider a scalar field in a volume with 10* points.
This means we need to evaluate that many integrals.

If we approximate each integral, by a 10 point mesh, how
many terms would be have to add?

A: 101000 terms!

modern day calculations:
T/a: ~ 200, L/as~20-40
l!spacetime must truncated!!!




Truncation and discretization of volume

¢ Very explicit example: assume we have two points in space and we

want to do a 3-point mesh, where the fields just take values of 1,0, or

-1.

[ o) [ dota)f(elan)pes)

. / do(z1) [f (p(x1), 1) + F(e(21),0) + f(e(z1), —1)

(
~ f(1,1) + f(1,0) + f(1 - 1)
+ £(0,1) + £(0,0) + f(0 — 1)
+f(=1.1) + f(=1,0) + f(-1-1)

32=9 terms




Evaluating integrals probabilistically

could we instead evaluate correlation functions statistically?

OO (0)) = 7! / Do(z) eSF0(1)01 (0)

if only this were positive definite

it is, if we Wick rotate onto imaginary time: t — —it
¢ making Minkowski spacetime replaced by a Euclidean one

¢ example...



Wick rotation
¢ consider a 2D scalar field theory...

1

Ly = 9 ((Orp)* = (0up)” — mip®) — Vgl

¢  Wick rotate: t — —1t

eMlel = eprp [z/d:zf dt[,M[go]] = exp [Z/daf dt% ((815%0)2 — (Oep)® — mip® — QV[QO])]
s exp [z’/daz (—idt) % (—(0ep)? = (0np)® — MG — ZVM)]

1
= exp [— / dx dt 5 ((8tg0)2 + (0p0)* + map® + 2V[<p])] = ¢~ 9nl¥)

¢ FEuclidean correlation function:

A A 7) e~ SElY] f
OO0t 0 = P T = 251 [ Dota) S H0(0T0)



Monte-Carlo technique

let’s evaluate the path integral, statistically...
T = / Do(z o~ SE [ ]

probability for a field configuration

generate field configurations according to the probability

obtain an ensemble of configurations: {901, P2, P35 ..., ON }
means: N
B B _ 1
[ Do) =9 lp ]2 F= Y flion.d
n=1
uncertainties:

N
2
Of = \ Z flon, t] — systematically improvable!

n:1



Some words about QCD

¢ QCD is not a simple scalar field theory

¢ there are quarks and gluons...

- 1 y
Locp= Y |¥y (¥ Dy —my)y|- 5t (B FHY)
f=u,d,s,c,b

( /
QQQQ.
,O/O

top decays too quickly to
hadronize...so forget it!



Some words about QCD

¢ QCD is not a simple scalar field theory

¢ there are quarks and gluons...

Loep = Z [ﬁf (iv* Dy —my) 2pf]_ §tr (Fp F*)

f=u,d,s,c,b -
a (~

0 o, o
Q . 9
QeQQ- ~v ~J 2 ~J
> g g g ,550%9 g

\_ I) 9 A

g quark field: [wf] o 1 ( gluon field: [A,UJ]

)
Dirac spin index
a=1..4

cc’

matrix in color

color index
c=1...3
W,




Some words about QCD

¢ QCD is not a simple scalar field theory

¢ there are quarks and gluons...

Loep = Z [ﬁf (iv* Dy —my) 2pf]_ §tr (Fp F*)

f=u,d,s,c,b
( ([ )

( /
O
S \%\0‘9\0 o’ 2
et~ g B, ~9 ¥~y
AT R SIS
Q A S
- I) - ki | y
: ¢ : A R
(quark field: [wf]a,c ) . gluon field: [ :U“]CC/ )




Lattice spacing & quark masses

Parameter of QCD: my, mg4, ms, me, mp, My, g

Dimensional transmutation: m.,/Aocp, ma/Aocp, ms/Aocp, ..., mi/Aocp
QCD does not have an inherent mass scale

QCD can predict masses of hadron in units of Agcp
Phenomenologically, we fix Aqcp

Lattice QCD: am,, amga, ams, am., amy , an
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Lattice spacing & quark masses

Parameter of QCD: my, mg4, ms, me, mp, My, g

Dimensional transmutation: m.,/Aocp, mai/Aocp, ms/Aocp, ..

QCD does not have an inherent mass scale

QCD can predict masses of hadron in units of Agcp

Phenomenologically, we fix Aqcp

Lattice QCD: am,, amga, ams, am., amy , an
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Lattice spacing & quark masses

Parameter of QCD: my, mg4, ms, me, mp, My, g

Dimensional transmutation: m.,/Aocp, ma/Aocp, ms/Aocp, ..., mi/Aocp
QCD does not have an inherent mass scale

QCD can predict masses of hadron in units of Agcp
Phenomenologically, we fix Aqcp

Lattice QCD: am,, amga, ams, am., amy , an

Tuning

In general: my(a) = my(0)+0(a) [...but we won't discuss this...]



Questions?

Jazzi prefers python, but will
code in C++ if need be...



Outline

Finite-volume spectrum:

Ee (L)
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QCD: m, /Agcp
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Time evolution in Euclidean spacetime

The time-dependence of: <O(t)OT(O)> — <Q|O(t)OT (0)[€2)

|Q> : QCD vacuum [assumed to have zero energy]

Heisenberg picture in Minkowski spacetime

On(t) = eitﬁ(’)(())e_itﬁ
Wick rotation onto Euclidean spacetime: ¢ — —4¢
Og(t) = etﬁ(’)(())e_tﬁ

Euclidean correlation functions:

Q0101 0)[Q) = (Qle O(0)eH O (0)]0)



Time evolution in Euclidean spacetime

¢  We would like to introduce eigenstates of the Hamiltonian
such that... C'(¢) = <Q\etﬁ0(0)e_tﬁOT(O)|Q>
=) e (0]0(0)|n) (n|OT(0)|2)

=Y e B (Q]O(0) |n)

except, the spectrum is continuous! Im[s]| |bound state

Should we be integrating...? l E:[ ] .
Rels

s = FEZ threshold




&

Time evolution i&@uclidean spacetime

finite

Remember, we have placed the theory in a finite-volume

“only a discrete number of modes
can exist in a finite volume”

Im|[s]

Finite-volume spectrum

s = I

cim

consequently, we can rigorously write

C(t) =) e ™ |(Q0(0)|n)?

n

bound state




Ground state masses

In principle, each correlation function has access to
infinite number of states

A simple limit
lim C(t) = lim S e tEn[(Q]O(0)|n) |2

{— 00 {— 00
n

= O |(QO(0)[0)]? + O(e™E =)

This motivates:

C'(t)
meir(t) = log Za s
6—tEO B B,
— log = loge™ = Ej

o— (t+1)Eo
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Questions?

Jazzi is always working
on her tan...




Outline

Finite-volume spectrum:

Eem(L)
A
3m <>%\-
QCD: m, /Agcp ] %
00 > ],

Interpretation of spectrum:

if Eon(L) < 2m: Masses of hadrons

_Q_ €«> E.(L) = /p?>+m2+ O(e” ™)



Finite vs. infinite volume spectrum

Ilnﬁnite volume lﬁnite volume

both pictures are QCD:

“Two analytic manifestations of QCD”



Infrared limit of the theory

¢ Finite-volume arise from the interactions with mirror images
¢ Assuming L >> size of the hadrons ~ 1/m
¢ This is a purely infrared artifact

¢ We can determine these artifact using hadrons are the degrees of freedom

¢ Note mL is a natural parameter

\ pion cloud



Physics in a 1+1 Dimensions

# Free particle wave function: (0, (.CC ) — e"P?*

¢ Periodicity Y @

L

op(L+x) = P = (z) = P

2T
¢ Discretized momentum and spectrum: p = ——

L

¢ Question: What happens to the masses determined in a finite-volume?



Exponentially suppressed corrections

CHOOSE YOUR
OWN ADVENTURE®
sketchy quantum sketchy quantum field
mechanical derivation theoretical derivation




Scalar field theory in 1+1D box

1
2

A

¢ Toy model for mesons: ﬁM — ((atSO)Q o (6’$gp)2 o m(2)902) o 1904

¢ Feynman rules: .
9 [/
p% —mg + ie

¢ Integrals over momenta become sumes:
Ak Ak 2rAn 1
RIS IE = R DD

¢ Integrals over energy are still integrals




The T in a box

-------------------
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M
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@ M (L) = i C(me)S/ 2

-----------------------

—m L

0.0705 X2/Ndof =0.9
0.07 |
<
T 0.0695 [
s
-
0.069 |
a;my(00) = 0.06906(13)
0.0685 |-

15 20 25 30 L/a,

as ~ 0.12tm — m,L ~ 3.8, 4.7, 5.6



Challenge with light quark masses

My —> My /2

L — 2L

2L

my L ~ 4
TV ~ 2°TL3 ~ 10TL3




the origin of mass

FERMIONS BOSONS
MATTER FORCE CARRIERS

[ ouarks [T GAUGE BOSONS
LEPTONS  |HIGGS BOSON

Higgs is responsible for giving

Francois Englert § Y
P, leptons and quarks mass.




the origin of mass

1,600
H [o] a
F o]
H 1,400 F

? %n
n , Q
B .
, ﬁ 1,200 @0 0 .
— Survey of different groups:

| < - § BMW, LHPC, RBC, & xQCD
| T f |
h 1,000} %I §§
|
|




1,600

the origin of mass

....... o

e




the origin of mass

x4 - |
: 800
oEXp. ~ H
/’slightly more precise” 039 x 100 ~ 85% |
800 .

0 200 400 600 mﬂ/ MeV ~ \/Wq




Questions?

Jazzi loves car rides!

\ - p



Outline

Correlation functions

-----:::

QCD: m, /Agcp

Interpretation of spectrum:

if Eon(L) < 2m: Masses of hadrons

_Q_ €«> E.(L) = /p?>+m2+ O(e” ™)

else: @ Q
Eem(L) <> ®
AR

Scattering amplitudes

Finite-volume spectrum:

Fo(L)
A
3m <>%
\
2m
00 > [,




Exotics




Exotics




Exotics




Exotics

multichannel, multiparticle system!
hard, but not obviously impossible...
let’s take it one step at a time...



Two particles in 1+1 Dimensions

¢ Two-particle plane waves: Pkqks (,51317 332) — P11 ,1P2T2

ip(r1—T2) — _1px
¢ In the c.m. frame: Spp(ajl,ZUQ) — € p(z1 2) — e'P

X

¢ Imagine a finite-range potential that depends on x:




Two particles in 1+1 Dimensions

¢ Outside the potential, we get

Qﬁp(ilj) N eipa; _|_A€’i256—7jpa; __ 10 —i(plx|+9) —I—Aei(p|x|+5)), (CU < O)

€ (6
Spp(aj) N e—ipx 4 B6i25€ip:c _ 61)5 (e—i(p|a:|—|—5) 4 Bei(p|a:|—|—5)) ] (CIZ < 0)

¢ Imposing exchange symmetry: Cp (QZ‘ ) — ©p (— X )

we obtain: (0, () ~ cos(p|z| + 0)

¢ More explicitly: Spp(gj) ~ C()S(—px 5), (.CE < O)
~ cos(pr +6), (x<O0)

¢ Its derivative: gp; (,CE) ~ psm(—px -+ 5), (QU < O)

~ —psin(px +0), (z <O0)



Two particles in 1+1 Dimensions

¢ Next, confine them to a periodic box!

—O—0— ~ €

L

©

¢ Imposing periodicity:

en(L/2) = ¢(~L/2) ¢ cos(py +06) = cos(ps +9)

., L L
¢;(L/2) — @;(_L/z) <~ pSlIl(p§ + 5) = —pP Sm(pa + (S) —

¢ Quantization condition:

L p, +20(p,) = 27mn
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Lpn—l—%) = 27n

Spectrum ina 1+1D box

n=

n=

n=« §

n=1 }

10
L/fm




Spectrum in a 1+1D box
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L/fm
180
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400 600 300 1000 1200

E../ MeV,




Spectrum in a 1+1D box

6 7 3 9 10
L/fm
180
> QSM
400 600 300 1000 1200

E../ MeV,




Spectrum in a 1+1D box

6 7 3 9 10
L/fm
180
< QSM_
100" 600 300 1000 1200

E../ MeV,




Spectrum in a 1+1D box

6 7 3 9 10
L/fm
180
h_ . e
400 600 300 1000 1200

E../ MeV,




Spectrum in a 1+1D box

6 7 3 9 10
L/fm
180
< 98M
400 600 300 1000 1200

E../ MeV,




Spectrum in a 3+1D box

det[F; "(Ep, L) + M(EL)] =0

finite volume spectrum scattering amplitude

E; = finite volume spectrum M = scattering amplitude

I, = finite volume

F5 = known function



Questions?

Jazzi does NOT like
swimming!



Outline

Finite-volume spectrum:

Eem(L)
A
3m <>%\-
QCD: my/Agcp N %
00 > [,

Interpretation of spectrum:

if Eon(L) < 2m: Masses of hadrons

_Q_ €«> E.(L) = /p?>+m2+ O(e” ™)

Resonances

else: Z(ZQ)Q
Eem(L) <> ® | o ———0 ~
AR e O

Scattering amplitudes so = (mp — % FR)Q




Extracting the spectrum

Two-point correlation functions:
C2P* (¢, P) = (0|Oy(t, P)OL(0,P)|0) = ZZ Ent
b b,n
¢ Use lots of operators

¢ e.g., Tt isotriplet at rest, m;=236 MeV

0201 | ~

#3 ~ T [:]\0.15— _
] AN
#26 ~ I |

T YT T T
Ty Ty KR |
#1~ K F (El/( KR - Wilson, RB, Dudek, Edwards & Thomas (2015)

=
=




Half of the spectrum:

7Tt Scattering

(I=1 channel)

C[000] T

N

100] A,

W \

\ AN
SN
\

110] A,

\ A% WA YA N AN

Wilson, RB, Dudek, Edwards & Thomas (2015)




Isovector tmt scattering

(“

022
020 \ =
0.18|
0.16|

0.14

000] T,

A

' Wilson, RB, Dudek, Edwards & Thomas (2015)




Isovector tmt scattering

(“
0.22 _
det[F~(Er,L) + M(EL)] =0
020F \ = .
018k & N | [ 180p-------mmmmee % ______ ]
_ P = [000] a| W

0.16 P = [100] ,@ H

P = [110] =
0.14 P = [111] "

P = [200] , u
0.12

' Wilson, RB, Dudek, Edwards & Thomas (2015)




Isovector tmt scattering

my = 391 MeV

400 " 500 - 600 700 800 900 1000 p__ / MeV

Dudek, Edwards & Thomas (2012)
Wilson, RB, Dudek, Edwards & Thomas (2015)




Comparison with experiment

180
= 140 MeV
150}
120}
O
™~ 90
A
o
60+
30t [ Lattice QCD +UxPT
®  Protopopescu et al.
[0 Estabrooks and Martin

100 500 600 700 300 900 1000 1100 F__/MeV

Bolton, RB & Wilson (2016)




The o vs mx

e e e — A e e — e i A e

m, =Re(E,)/MeV

800 900 1000 1100
0 o &
§ m, =536 MeV m, =700 MeV
m, =391 MeV

%
2 50|
)
'—‘; KB m,=236 MeV
| —100}

Q
~

| E—| m, = 140 MeV, Lattice QCD + UxPT

—1501t l—( m, = 140 MeV, Roy Equation

Lin et al. (2009)

Dudek, Edwards, Guo & Thomas (2013)
Dudek, Edwards & Thomas (2012)

Wilson, RB, Dudek, Edwards & Thomas (2015)
Bolton, RB & Wilson (2015)
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Questions?

Jazzi loves the great
outdoors,...
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The isoscalar, scalar sector

li.e., the quantum numbers of the vacuum]

N

fo(1710)

f0(1500)

f0(1370)

OGO © ]

f0(980)

e'

f0(500)/0

O

e



The isoscalar, scalar sector

li.e., the quantum numbers of the vacuum]

f0(1500)

< Jo(980)

E(K molecule ?]

F

F

N

0'99 &)

O

I

e

-

f() (1710) ~ ggao%

[ glueball? ]

f0(1370)

fo

(500) /o

[is it real?J




The isoscalar, scalar sector

li.e., the quantum numbers of the vacuum]

f0(500) /0
[is it real?J




The isoscalar, scalar sector

li.e., the quantum numbers of the vacuum]

l !

|

| |
h H
oosoy | R

E(K molecule ?]

Lﬁj e

ﬁ
E
-




The isoscalar, scalar sector

li.e., the quantum numbers of the vacuum]

< Jo(980)

E(K molecule ?]




Extracting the spectrum
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[soscalar Tt scattering
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The o/£y(500) vs my
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The o/£y(500) vs my
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The o/£y(500) vs my
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the time is ripe for sophisticated

amplitude analysis of lattice QCD results!
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More than one channel open

¢ Coupled channels: e.g., mn, K K
1 o
det |:F7T’I7 + M777777T77 _1M7rn,KK :| — 0
Mm,Kf FK? T MKKK?

Hansen & Sharpe / RB & Davoudi (2012)
RB (2014) / RB & Hansen (2015)

can’t pull states apart!

n), = (M, L)|mn) + B(M, L)| KK)



More than one channel open

¢ Coupled channels: e.g., mn, K K

¢ Practical solution: parametrize scattering amplitude and fit
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More than one channel open

¢ Coupled channels: e.g., mn, K K

¢ Practical solution: parametrize scattering amplitude and fit
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Going higher in energy

¢ Coupled channels
¢ Beyond two particles: F— —-——%




Going higher in energy

& Coupled channels

¢ Beyond two particles:

det [ + Fglcdf 3]

Hansen & Sharpe (2014)
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Quantum Chromodynamics

Jose Rodriguez (Skype /Microsoft)
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The end!
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above all, Jazzi loves a
good nap!



