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Joined Physics Analysis Center
Summer Workshop on the Reaction Theory
Exercise sheet 7
Vincent Mathieu and Cesar Fernandez-Ramirez

Contact: http://www.indiana.edu/ ssrt/index.html

June 12 - June 22 To be discussed on Tuesday of Week-I1.

Classwork

1. Using f0°° e~ %dz = 1/a, compute the series (and make the factor’s® appear)
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Solution

1. Use the trick given and the change of variable ¢ = se™* and obtain

ot oo ; 0 QT s p—a—1
a— —I\J 0T —_ —_— e
F(s,a) = Ej /0 (se™™)'e d:l:—/0 I—sez=" /0 l—tdt 3)




7 eing the pion mass. The reduce amplitude y; is defined by removing the

barrier factbr B; = (§— 4m?) from the (elastic) partial amplitude £4(s) = By(s)yg. The phase space

g) = (1/16m)+/1 =4m?2/s. Use the unitarity equation Im#,(s) = p(s)|t¢|? to deduce-the 1
unitarity equatio e reduce amplitude. Tu_. '\‘)\f = 3 Q)zf,olz -~ "&m\-()—_ l‘f)

3. Consider 7w — 7 and 7 — K K with m; being the pion mass and m2 being the kaon mass. Let us
denote by 1 (2) the mm (K K) channel so that tzj(s) is the partial wave for the scattering ¢ — j. The
reduce amplitude cpzj is defined by removing the barrier factors B} = (t — 4m?)¢ from the (elastic)

partial amplitude t?(s) =4/Bi} (s)Bj(s)cpij( ). Note that tji(s) e tij(s) The phase space factors

are p;(s) = (1/16m)4/1 — 4m?/s. Use the unitarity equation Imt”(s) > ke 12,pk(s)t""*( )tfj(s)
or equivalently

Ton P O = = 8O W nits) = i ()7 + ptol (o) (22)
zlmt ( ) = p1(8)t"*(8)tE*(s) + p2(s)ti** (s)t3°(s), (2b)
W) J{ (5)=3) Y0 H’z Imt#2(s) = p1(s)|t42(5) ® + pa(s) tF2(s) 2, P Lg\ (20)
to derive the unitarity equations for the reduce amplitudes wéj. (ﬂ d) (o/p >~ EOSEERON
-l

T
4. In the single channel case 7w — 7w, assume the following form for the reduce amplltude we(s) = vt

B(s)/(£ — a(s)) and derive the unitarity equation for the Regge trajectory a(s) using the unitarity :—(53%
equation for the reduce amplitude, assuming the residue 3(s) is real. Gand @ 8 ("G(LQ

5. In the coupled channel case 7 — m, KK, assume the following form for the reduce amplitude
( ) = Bij (s)/(£ a(s)). Derive the unitarity gqua e\Regge trajectory a(s) using the
Tee unitarity equatlon-:for the reduce amplitudes ,Jassuming the residues §;;(s) are
real (and Bi2 = B21). Since these unltarlty equations are equal what are the resulting constraints on

| the residues 3;;(s)? Cny
3 O L
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2. By remplacement we obtain N ‘? Yo

1> Le'
Im ¢(s) = p(s)Be(s)|(s)[? ‘iﬁ)
or Im (p[l(s) = —p(8)By(s). / 5
3. By remplacement we obtain /
Imt (s) = pr(s)ti" (8)t7” (s) + pa(s)ti ()t (s) (5a)
Im \/ Bi(s) B} (s)¢} (s) = p1(s)y/ Bi(s) B} (s)¢i™* (s)y/ BL(s) B} ()0’ (s)
+ pa(s)y/ Bi(s) B2(s) i (s) Bz(s)BJ(s)cplj(s) (5b)
Im @} (s) = p1(s) B} (s)¢§" ()y (s) + pa(s) BE ()i (s)7" (5) (5¢)
Imey (s) = ) pr(s) BE(s)el ()gy” (s) (5d)

k=12

We can equivalently perform the same derivation in a matrix form. Let us define the matrices
(te)y; = t(s), (pe)ij = ¥5 I (s), (p);; = pi(s)di; and ( 1/2):']‘ = 1/ Bi(s)d;;. Note that t] =t,
and B;l = By. The unitarity equations read Imt; = t;ptg or Imt;1 = —p (by writing Imt; =
(1/2i)(t; — ;) and multiplying to left by (t}\)‘1 and to the right by ¢;'). Since t; = Bl/ch Bl/2
we obtain Im ¢y = Bl/2pBlfzqof orImy; ! = —Bl/zpBl/2 —pB;.



4. The trajectory is a(s) = £ — B(s)/we(s). We obtain

_ o B(s) o Ime(s)
Im a(s) - Im S02(8) - ,B(S) |90£(3)|2 - p(s)Bg(s)ﬁ(s),
as expected since Imp~! = —Ima/B = —pBy. e\t
BE

5. The trajectory is a:(s) = £ — ﬁij(s)/gozj(s). We obtain

tmas) = () L) _ 5o1(5) S () Bl (5)Bix(5) B (o)

[‘P;J(3)|2 k=1,2

More explicitly the three equations are (ij = {11,12,22})

22 05 Ima(s) = [p1(5) B} () B3 () + p2(s) B (5)8%(s)] /Bua (s)
: e = p1(3)BL(5)B11(5) + pa(s) B2(5)B2a(s)
‘>_( ! = [p1(s) B} (s)B%,(5) + p2(s)BE(3)B3,(5)] / Baa(s)

We then derive the factorization of residues

{B‘ﬁ [\”":\'{}“ tﬂfz(s) = B11(5)B22(s) j
T LI ¥ 3
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Joined Physics Analysis Center
Summer Workshop on the Reaction Theory
Exercise sheet 8
Vincent Mathieu
Contact: http://www.indiana.edu/ssrt/index.html

June 12 — June 22 To be discussed on Tuesday of Week-I1.

Classwork
1. Derive all the quantum numbers IGJFC in the t—channel of the following reactions
(a) 7 — 7w and KK — KK
(b) ¥N - N, #N —- nN and KN — KN
() YN — nN and yN — «N
(d) mp— pm
Notation: 7 = (7,7~ ,7%); p= (pT,p~,p°) ; K = (K*,K%) ; N = (p,n).






Solution

1. The list of exchanges having only I = 0,1 is presented on Table 1. Notation: signature 7 = (—1)’
and naturality n = P(=1)’. In the quark model, P = (—=1)¥! and C = (=1)**5, hence 0,
)“"r and (0,2,4,...)7 are forbidden in the quark model. Let's refer to these quantum

G «

Table 1: Regge Trajectories

JFPC 6™ JFPC ‘Q f_"g
0,2,4,..) [0 | £~ | (1,3,5,...)7 ’ -
(1,3,5,..) | 0= | ws | (0,2,4,..)" — ~
(0,2,4,...)7" | 177 | a_ | (1,8,5,...)"T 7N
(1,3,5,...) = | 177~ | pt | ( .)
(0,2,4,...)7 7 |07~ | n_ | ( .)
(1,3,5,..0% | 07+ | Ay | ( L)
(0,2,4,...) " || 177+ | 7 | ( o)
(1,3,5,..)7 | 17+ | by | ( L)













(a) for mm: G =+, n=+ and n(—1)! = + (Bose symmetry) = f+ and p_.
for KK: p=+and (1)) =+ = f., a., w_and p_.

(b) formn: G=—,n=+,I=1;for NN: I =0,1 and no exotic = a.
for KK: n=+; for NN: I =0,1 and no exotic = f+, a+, w— and p_.

(c) for ynp and y7% C = — ; for NN: I =0,1 and no exotic. = w, p+, b_ and h_.
for yw™: I =1; for NN: I =0,1 and no exotic. = a+, p+, b_ and m_.

(d) for mp: G = — = a+, m+, w+ and h+

~/



Table 2: Exchanges

@) | 7trT s> ataT f+Ep-
w070 — 7070 I+
KTKT - KTKT frtw_+artp-
KK - KOK+ @ —p.
(b) T p—nm as
7~ p—7n V2p.
TP TP frEpt
T =7 f+Fp+
K p— K V2 (p- +as)
K*n— K% V2(p- —as)
KTp— KTp fextp_+artw_
Ktn— KTn f+Fp-—a+r+w-

(c) Yp = np (- +p=) + (h— +b- +ws +ps)
p = 7'p (- +p-) +(ho +b_+wy +ps)
YT (p— +as)+ (b- +ms +ps +a-)
yn—= TP (p-—ai)+b_—mi+pi—a)

(d) | 77p% = plnF (ay +7_)+ (a— +m3)

atpt s pTrt | (w-—a++hy —7)+ (W —a— +ho —7y)
7r+p+ — 7r+p+ f+ —p_




2. Assume that the Regge exchange form a SU(3) octet and a SU(3) singlet with the coupling for the
octet and the singlet being different. Consider a vector and a tensor nonet (octet plus singlet). From
the duality hypothesis and the absence of double charge meson, find the combination of octet-singlet
tensor that decouples from wm. Use the SU(3) Clebsch-Gordan coefficients from Rev.Mod.Phys. 36
(1964) 1005. What are the quark content and the KK couplings of these states?



3. Assuming ideal mixing for the vector and tensor, derive the exchange degeneracy relations coming
duality and the absence of resonance in the following reactions

(a) 7 — 7w

(b) KK - KK

(c) KN = KN

(d) mp — pr (and 7 — pp)

4. Derive a Lorentz-covariant basis, the isospin decomposition and the crossing properties for the following
reactions

(a) TN —- 7N and KN — KN

(b) NN - NN

(¢) w— mwmand B — J/YKn

(d) mp — p

() YN — 7N and v*N — 7N (use F*" = e!k" — €”k")



oo A q

@ o ;4

ge A

g

e

o [ [ |68\

o |Jd|-] o |8

8§«

- o o o

B
-
B

-
o © © ©

o o © ©°o

14% =34

o110 0 1- \ﬁ

nooo

-
o o « o

o o A ©°

o |8 |- |8

18 [

no.&o

mo-..o

&l

o |- | 3

no-.o

nogo

- |4 |2 3 |42 |42 | B B & | &
s 13 [ | [ | R 2 [k |-

o | 3|8 [ |3 |8 [ |-
o | | B[-B|-R[-f]| B3] B[R | b

. e
oo A A ielm) © o_ﬁ.ﬁliﬂdooxooq.at
ﬁ. || alalo| a]la] of am|=
uﬁddoooooozl
ﬂox:&oﬁoﬁi
J .}2-.:!100400-.81
|| @]l a4l al 2]l o] of am ™
B
no-.z&.amﬁ&{.ﬁ%lloooooo‘md
|
g oA .ﬁx.;r.W 0
ﬁf_J.F...WJ
ﬂo.....ﬁo&o&flﬂ
o« Al ofas|ofanlofo
Moo a|Aalas)ofofalalms
| Al o | A A
RN EREE RS R
"
| Al Ao of
!-0.52...110-!2
® Alo|lo ool aqg
| -
"
o




o B

| csjey

WA e

0~11¢2..¢2

& | &

_m Lol LR

2
1

. d}

I

Mo o

&8 e

X

\

-3 |-

1 -

ot |

S RCAR AR AR

&

B

10

133

1@

1




101

F R

C R e S
udiiﬁﬂ\
il i vt i s oo
‘-. o
laton i s i i ) O
7
IR s it i R
8§ 7w | BB B IBIE R
it e i B - - I
7w wfaplas] o jasleny) o
g it s i e s oo ot o B Y
G I N R R
it b o
o Bl B Dol Kol Ko
k- b e 4 4 4 1 1
TR - e e e
B e wleseny) © [ ol
B 7w feslon) o o) o jcas
b s o = e Jr e (b
N I I I
B 7 e e oo
- o °|'..'|.'
U R - - © | 4| oam |
FY B Bd e A A R
- °
e
B

1




S B ~
g © o || s
] AN
-
ﬂ N A © | HN| AN
~HN
1]
B
mm N o A ~ 4_2 = .Hd
A | A
B o
N
AN i
ot ] 7| A A
® |
ot | HiN
i




