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Classwork
1. Using fooo e~ *dx = 1/a, compute the series (and make the factor s* appear)

o0 SJ
F(s,a):ZJ_a. (1)
J=0

2. Consider mm — m with m being the pion mass. The reduce amplitude ¢, is defined by removing the
barrier factor B, = (t —4m?)* from the (elastic) partial amplitude t;(s) = By(s)@e. The phase space
factor is p(s) = (1/167)+/1 — 4m?2/s. Use the unitarity equation Im#,(s) = p(s)|t¢|? to deduce the
unitarity equation for the reduce amplitude.

3. Consider 7w — 7w and 7w — KK with my being the pion mass and my being the kaon mass. Let us
denote by 1 (2) the 77 (K K) channel so that ¢/ (s) is the partial wave for the scattering i — j. The

reduce amplitude ¢ is defined by removing the barrier factors Bi(s) = (s —4m?)* from the (elastic)
partial amplitude tzj(s) = \/Bé(s)Bg(s)wzj(s). Note that tzi(s) = téj(s). The phase space factors
are pi(s) = (1/16m),/1 — 4m?/s. Use the unitarity equation Im ¢ (s) = D k=12 ()L (s)t57 (s)

or equivalently

Imtg'(s) = p1(s)lts" () + p2(s)lte*(s) 7, (2a)
Imtg(s) = pr(s)t; ()t (5) + pa(s)t™ (s)t7% (), (2b)
Imt7(s) = p1(s)|t2*(s)* + p2(s)[t7(s) 7, (2¢)

to derive the unitarity equations for the reduce amplitudes goéj.

4. In the single channel case 7w — 77, assume the following form for the reduce amplitude @,(s) =
B(s)/(£ — «a(s)) and derive the unitarity equation for the Regge trajectory a(s) using the unitarity
equation for the reduce amplitude, assuming the residue 3(s) is real.

5. In the coupled channel case 77 — 7w, KK, assume the following form for the reduce amplitude
¢/ (s) = Bij(s)/(€ — a(s)). Derive the unitarity equation for the Regge trajectory a(s) using the
three unitarity equations for the reduce amplitudes ©!!, ©'2 and ??, assuming the residues 3;;(s) are
real (and B12 = fB21). Since these unitarity equations are equal, what are the resulting constraints on
the residues f3;;(s)?
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Solution

1. Use the trick given and the change of variable ¢ = se™% to obtain
o'} ox s 4—a—1
J e e*dx « t
dr = = dt 3
(s,0) Z/ v /0 1—se® s /0 1-t¢ (3)

2. By remplacement we obtain

Im @y (s) = p(s)Be(s)|e(s)|? (4)

or Im @, ' (s) = —p(s)By(s).

3. By remplacement we obtain
It (s) = p1(s)ti (), (s) + pa ()t (s)t (s) (5a)

Im \/ Bi(s) B} (s)¢¥ (s) = p1(s)y/ Bi(s)BL(s)pit* (s)\/ BL(s) Bl (s)p,” ()
+ pa(s)\/ Bi(s) B2 () (s)\) B2 () Bi ()} (s) (5b)
Im @y (s) = p1(s) Bi (s)0i " (s)i0y” (5) + p2(s) BE(s) 0" (5) 07 (s) (5¢)
Im oy (s) = p(8)BE ()i (s)¢} (s) (5d)
k=1,2

We can equivalently perform the same derivation in a matrix form. Let us define the matrices
ij ij 1/2 :

(t0)i; = 19(5), (we)y; = 97 (5), (p)i; = pils)d;j and (B/ )J — \/Bi(5)d;;. Note that t7 = t,

and Bg_1 = By. The unitarity equations read Imt¢, = tzptg or Imtg_1 = —p (by writing Imt, =

(1/2@')(15} — t¢) and multiplying to left by (tT)* and to the right by £, ). Since ¢, = B;/Q gBl/Q

we obtain Im ¢y = cpZBl/ZpBl/ g or Imgo = Bl/2pB1/2 —pBy.
4. The trajectory is a(s) = £ — B(s)/pe(s). We obtain
B(s) Im ¢(s)
Ima(s) = —Im = f(s = p(s)By(s)B(s), 6
as expected since Imp~! = —Ima/B = —pBy.

5. The trajectory is a(s) = ¢ — @j(s)/gpzj(s). We obtain

o mef(s) k(g .
Ima(s) = Bi;(s)— = B;'(s) Y pr(s)BE(5)Bin()Brj(s) (7)

‘902](5)’2 k=1,2

More explicitly the three equations are (ij = {11,12,22})

Ima(s) = [p1(s)BL ()81 () + pa(s) BE(5)B2a(s)] /B (s) (83)
= pi(s ) ( )B11(s) + pa(s) B (s) Baa(s) (8b)
= [p1(5) B} (5)Bia(s) + pa(s) B (5)B32(5)] / Baa(s) (8¢c)

We then derive the factorization of residues

Bia(s) = Bui(s)Baa(s) (9)



