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Classwork
1. Derive all the quantum numbers ¢ JFC in the t—channel of the following reactions
() 7r — 7w and KK — KK
(b) TN — 7N, nN - nN and KN — KN
(¢) YN — nN and yN — N
(d) mp — pm
Notation: m = (7,77, 7%); p= (pT,p7,p°) ; K = (K*,K° ; N = (p,n).

2. Assume that the Regge exchange form a SU(3) octet and a SU(3) singlet with the coupling for the
octet and the singlet being different. Consider a vector and a tensor nonet (octet plus singlet). From
the duality hypothesis and the absence of double charge meson, find the combination of octet-singlet
tensor that decouples from w7. Use the SU(3) Clebsch-Gordan coefficients from Rev.Mod.Phys. 36
(1964) 1005. What are the quark content and the K K couplings of these states?

3. Assuming ideal mixing for the vector and tensor, derive the exchange degeneracy relations coming
duality and the absence of resonance in the following reactions

(a) mm — 7w

(b) KK - KK

(c) KN — KN

(d) mp — pr (and 7 — pp)

4. Derive a Lorentz-covariant basis, the isospin decomposition and the crossing properties for the following
reactions

(a) tN — 7N and KN — KN
(b) NN — NN

(c) w— mmand B — J/Y K

(d) mp — 7p

() YN — 7N and v*N — 7N (use F* = 'k — €’ k)


http://www.indiana.edu/~ssrt/index.html

Solution

1. The list of exchanges having only I = 0,1 is presented on Table 1. Notation: signature 7 = (—1)”
and naturality n = P(—1)”. In the quark model, P = (—1)**! and C' = (—1)**%, hence 07,
(1,3,5,...)"" and (0,2,4,...)" are forbidden in the quark model. Let's refer to these quantum
numbers as “exotic".

Table 1: Regge Trajectories

[G‘”Y JPC’ IGTn JPC’

0 F [ L [(0,2,4,. . )FF [oF— [ /- [ (1,3,5,..)FF
0~ | wo | (1,3,5,..)7 |07+ | wy | (0,2,4,...)" "
1 | ay | (0,2,4,..)% | 17— | a_ | (1,3,5,...)"F
15+ | s | (1,35, | 17 | oy | (0,2,4,..)
07 = | ns | (0,2,4,..)~F |[0FF | n_ | (1,3,5,..)F
0-== | h_ | (1,3,5,...)% || 0=+ | he | (0,2,4,..)%"
1=+ | mp [ (0,2,4,..)~F | 17—+ | 7_ | (1,3,5,...)"F
1= | b_ | (1,3,5,..)F | 177+ | by | (0,2,4,...)F

(a) for mm: G =+, n =+ and n(—1)! = + (Bose symmetry) = f; and p_.
for KK: n=+and n(-1)) =+ = fy, a;, w_ and p_.

(b) for7r77:_G:—,n:—|—, I=1;for NN: I =0,1 and no exotic = a,.
for KK: n=+ ;for NN: I =0,1 and no exotic = f;, ay, w_ and p_.

(c) for yn and 4% C = — ; for NN: I = 0,1 and no exotic. = w4, p+, b_ and h_.
for yaT: I =1; for NN: I =0,1 and no exotic. = a+, p+, b_ and 7_.

(d) for mp: G =— = ay, mx, wy and hy

Table 2: Exchanges

(@) | n#faT = ata™ fiEp
7070 — 7070 f+
KtTKT - KtKT frtw_+ay+p_
KtK® - KOK+ ay — p_
(b) T p —nn a
7r*p—>7ron \@p+
Ttp = wtp J+ £+
mn = 7¥n f+Fp+
K~ p— K% V2 (p- +ay)
K*n— K% V2(p- —ay)
K¥p— K¥p frtp_4+ayr tw_
K¥n — K¥n f+ Fp- —ay Fw
(c) Yp = P (W_+p )+ (h_+b_ +wy+py)
p — 7'p (wW—+p-) + (h— + b+ wi +py)
Yp = 7N (p—+aq)+ (b- + 7y +py +a-)
Y TP (p-—aq4)+b_—my +pp —a-)
d) | 7" = p'r* (ay + )+ (a— +74)
T = ptat | (wo —as +hy — 7o)+ (W —a- +ho =Ty
ot — T fi—p_

2. For a general treatment of exchange degeneracy using group theory, see Ref. [1].



We assume that the residues obey a SU(3) symmetry:

Bt) o (8Y, I, 1I,3;8Y ., I, 1%|8YrIRIRs), (1)

ac

where Y* = —Y and I3 = —1I3. The hypercharge Y is the strangeness and I3 is the isospin projection.
The Clebsch-Gordan coefficients for SU(3) are listed in Ref. [2]. Note the extra minus sign for the
7t and K.

The four couplings are Sgv, Bsr, S1v and Sir for the octet/ singlet for the tensor and vector tra-
jectories. The absence of isospin 2 meson in 7t K+ — K*n™ and in 777" — 777t lead to

3 1
KT — Ktnt: 1—06§T56“8T — gﬁgvsasv =0 (2a)

1 1 1
atat > atat gﬁiTSalT + gﬂgTSQST - gﬁﬁvso‘” = (2b)

We combine them to get agy = agy = asr and (2/5)83 = (1/8)83. | choose by convention

\/>61T \/>ﬂ1v (3)
Let us define the octet-singlet mixing

f\ _ ([ cosbr sinfr fs (4)
f')  \—=sinfr coslr) \ f1
The states are fg = [8;000) and f; = |1;000). The notation is |R;Y II3). Let us impose that the
f' coupling to 77" vanishes

— sin by (—\/EBST> + cos O (ﬁﬂﬂ> = 0. (5)

With the relation between the couplings, we obtain sin 7 = v/2 cos fr or tan? 7 = 1/2. The quark
content are then

2 _ 3 3 V6
)= 2 /1) \ uutddtss (6)
SS —\/3 V3 /3

The couplings are

1 1 . 3
S o= _\/;ﬁST cos O + \/;ﬁlT sinfp = —\/;BST (7a)
1 1 . 1 /3
Blet v = \/ %&T cos O + \/gﬁlT sinfp = _2\/;BST (7b)
ﬁ ! __\/TIB sin @ —|—\/T/B cos 6 _—1\/§,B (7C)

. In this section, | only wrote the relative sign, not the relative magnitude given by SU(2) and SU(3)
Clebsch-Gordan coefficients. In the 7t7+t — 7t case we obtain

0 = ()50 — g (1)s%- . (8)

Since this relation is valid in a range of s and ¢, we obtain a, (t) = ay, (t) and 87~ (t) = p/+(¢).
For particles with spin, one can repeat the argument with specific combination of helicity amplitudes



having good naturality. Hence we obtain EXD relations between exchanges with the same naturality.
In the case of 77 pt — pTnT case we obtain for the natural exchanges

0 = 3 (1)s%e- O — g (1) 0 4 B (1) O — g7 (1) s @ (9a)
= (B (1) = B (1) ™0+ (B (1) = 57 (1)) 522, (9b)
and for the unnatural exchanges

0= g (1)s%s @ — g (1) O 4 g (1) O — g7+ (1) ) (%)
= (Bt = B (1) + 8" (1) - BT (1)) 5™, (9d)

In the reaction 7t7™ — pTp™, the exchanges pick up a sign equal to PC, we obtain
0= (847 (1) = B+ (£)) 5O 4 (8 (1) — B™ (1)) s (9€)
0= (B ()= B (1) = B" (1) + B7 () ) 20 (9F)

There are then EXD relation between exchanges with same naturality, same PC, same G—parity and
opposite signature. The Regge trajectories are indicated on Fig. 1. The exchange degeneracy relations
are summarized in Table 3 and in Fig. 1
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Figure 1: Regge trajectories. The solid lines are ay(t) = 0.9(t —m?) + 1 and ay(t) = 0.7(t — m3) + 0.

Table 3: Exchange degneracy relation

rtat s atat | ap = o, jjiﬁ =p
KYKY - K'K" | aa, =ap_ | By o = B oo
KTKT = KYKY | ap, =au | B ey = 857 11
Kt™n — K'™n Qo = p_ o = Bop
Kp—K'p | ap =au 0 = By
mtpt — ptat Qpy = Op_ B::I,ﬁ = ﬁ;rler
mtrt — ptpt Qp_ = Qp, ﬁﬁlﬁ = ﬁ;rier
Qay = Quw_ Bii,ﬁ /Bj:lp+
Qg_ = Qg B:jr[ﬁr B::ier




4.

(a) For pion-nucleon scattering, the covariant basis is [3]

(N (pa)m® (p3) | Ni(p2) 7 (p1)) = @(pa) | A% + (1t #3) BYY | u(p2) (10a)
Abe = 6215, AT 4 jerbe(r¢) ;A (10b)
AB (v, 1) = £ A (—pt) (10c)
B®(v,t) = ¥BH)(—1,1) (10d)
The crossing variable is v = (s — u)/2 with s = (p1 + p2)? and u = (p; — p4)%. To derive the
crossing relation, use C invariance T' = c-irc, v=-cat, v =afcC, C'_lfyMC = _,YE and
C~195C =+~ and take the transpose complexe conjugate.
For kaon-nucleon scattering, the covariant basis is
(Nj(pa) K (p3)|Ni(p2) K" (p1)) = t(pa) | AT + (h+ #3) B | u(p2) (11)
and the isospin decomposition is
Al = 055 A0 + (1), (%) A (12)
A© and A have isospin 0 and 1 in the t—channel. The crossing relations are
AO (= t) = +4O (1, 1) BO(—y,t) = —BO (1, ) (13a)
AN (—p, ) = —AD (v, 1) BW(—y,t) = +BW (v, 1) (13b)

(b) In nucleon-nucleon scattering there are five independent Lorentz structures. One possible solution
is to use a t—channel base

5
(N (p2) Ni(ps)|Ni(p2) Ni(p1)) = > (An) tzpun tiadyyua (14)
n=1
The index A is a collective representation of Lorentz indices. The tensor structures are
s 1
¢ =1 $2 =5 ¢ =" o = 157" ¢ =50""] (15a)

In this base, the scalar amplitudes A,, have good t—channel quantum numbers.
One could also use a s—channel base
5
(N (p2)Ni(ps)|Ni(p2) Ni(p1)) = Y (Bn)f; tiagiun tishyyua (16)
n=1

Fiertz identities relate the two basis. The transformation is

B 1/4 1/4 —1/4 —1/4 1/4\ [4

B, 1 —1/2 0 -1/2 -1 | |4,

Bs|=]-3/2 0 -1/2 0 -3/2|]|4s (17)

By -1 -1/2 0 -1/2 1 Ay

Bs 1/4 —1/4 —1/4 1/4 1/4 ) \45

The isospin decomposition is the same as in KN scattering and the crossing relations are

AP (<) = + A0 (1) (18a)
AP (<, t) = +4DMD (v, 1) (18b)
AP (—vt) = — AP (<) (18¢)
AP (vt) = AP (- (18d)
AP (v, 1) = +APD (<v,) (18¢)

As and A4 pick up a minus sign because they correspond to negative signature exchanges (vector
and axial-vector exchange). That's a good cross-check of the method.



(c)

The reactions involve a vector with momentum py and polarization tensor €, (py, A) and three
pseudoscalar with momenta p; 2 3. We need a Levi-Civita tensor e for parity (an odd number of
unnatural parity mesons) if parity is conserved. If parity is not conserved (weak decay) there are
two additional structures. In the parity conserving decay w — wwm the Lorentz structure is

(7 (p1)7 (p2)7 (p3) | (py, A)) = A% (v, )i apue® (v, APy Ph DS (19)

The only isospin structure is A%¢(v,t) = ¢ A(v,t). Two pions are always in isospin 1. The
scalar function is odd under crossing (p1.2 — p21 if t = (py —p3)?), A(—v,t) = —A(v,t), since
only vector are allowed.

The decay B — J/¢¥ K can violate parity. There are then three Lorentz structures

(7 (p1) K (p2) /()| B(p1, V) = A1(v, t)icappe® (pv, \py Phps
+ AQ(”? t)ep'(pv, )(pl - p2)#

+ As(v, t)e" (pv, A (p1 + p2)p (20)
Isospin is not conserved, so the isospin structure is irrelevant. This base is relavant to study
crossing under p; 2 — p21. We obtain Ay(—v,t) = —Ai(v,t), As(—v,t) = +As(v,t) and
As(—v,t) = —As(v,t). So the exchanges (or resonances) in the 12 channel are (n = +,7 = —)
in Ay, (n=4+,7=+4)in Ay and (n=—,7=—) in A4s.

There are four independent structures. With the notation P = (p1 + p2)/2, €1 = €(k1, A1) and
€2 = €(ka, A2), they are

(1 (p2) p (k2, A2) | (p1)p" (k1, M) = ALY (v, 1) €1 - €2

+ A%y t) Poe) P ey
+ Agde(l/,t) [k‘g ceq P-eo+ P-e1 k- 62]
+ AZde(l/, t) ko - €1 k1 - €. (21)

The isospin decomposition is
Aabcd 5(105 A(O)—l— (5ab56d 5ad6bc) A(1)+ (5ab56d+5ad5bc) A() (22)

The Lorentz and isospin bases are chosen to have good properties under crossing the two pions
(or the two p's). We obtain, for i = 1,2, 3,4

ACD(—y ) = +49D (1, 1) AWy 4y = —AW (1) (23)

)

The momenta are v(*) (k) +N (p1) — m(q)+N(p2) and p = (p1+p2)/2. Use Fl, = €,k — ke,
Parity requires a 5 or an £44,,,. The matrix element is

(N; ()7 (@)Y (k) Ni(p1)) = Y (An)§; M (24)

n

We found in the notation of Ref. [4]

1
M, = §V5W%F“” (25a)
My = 2vs5q,p, F* (25b)
M3 = v57y.q,F* (25¢)
)
My = ieaﬁwfyaqﬁF““ (25d)
Ms = ’YS'YHICVF;W (256)
Mg = 75q‘ukyFuu (25f)



The last M5 are zero for photoproduction. The isospin decomposition is
a a — 1 a a
(An)j; = AH)6%5; + A )5[7 i+ AOT,

Finally the crossing properties are

AEO’+)(—V, t) _ “—AEO’JF) (I/, t) AZ(*)(_V’ t) — _Al(f)(ljv t) 7= 1, 274
Az(;OH'_)(_I/, t) — —Aé07+)(l/,t) Aé_)(—y, t) = +A1(J,_)(V7 t)
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