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Classwork

Wigner D-Matrices

The Wigner matrices of the rotation group are given as

D(j)
σ′σ(α, β, γ) = e−iασ

′−iγσd
(j)
σ′σ(β) (1)

where α, β, and γ are the Euler angles (see Fig. 1) and the little d-matrices are de�ned by

d
(j)
σ′σ(β) ≡ 〈j, σ

′| e−iβJy |j, σ〉 . (2)

Using the properties of the rotation generators:

J2 = J2
x + J2

y + J2
z , (3)

J± = Jx ± iJy, (4)

J2 |j, σ〉 = j(j + 1) |j, σ〉 , (5)

Jz |j, σ〉 = σ |j, σ〉 , (6)

J± |j, σ〉 =
√
j(j + 1)− σ(σ ± 1) |j, σ ± 1〉 , (7)

derive the little d-matrices for the spin-1/2 representation and the spin-1 representation. If we de�ne the

half-angle factor ξσ
′σ(z) =

√
(1 + z)/2

|σ′+σ|√
(1− z)/2|σ

′−σ|
, write the d-matrices in the form d

(j)
σ′σ(z) =

ξσ
′σ(z)P

(j)
σ′σ(z), where z = cosβ, and P

(j)
σ′σ(z) is a regular polynomial in z.

Figure 1: Euler Angles.
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