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Dispersion sum rules which connect the high-energy scattering parameters with the integrals of low-energy 
cross sections are obtained. 

It was recen t ly  shown that the d i spe r s ion  sum 
ru l e s  [1] which follow f rom the ord inary  one-  
d imens ional  d i spe r s ion  re la t ions  under ce r t a in  
assumpt ions  about the h igh-ene rgy  behaviour  of 
the s ca t t e r i ng  ampl i tudes  al low one to obtain a 
g rea t  number  of r e l a t ions  between the coupling 
constants  of p a r t i c l e s  and r e sonances  [2-9]. These  
sum ru le s  a r e  of the fo rm 

~ I m f ( v )  d u = 0  (1) 

/~o 
where  f (u )  is  c r o s s i n g - o d d  invar iant  ampl i tude  of 
the reac t ion  a + b  -~ c +d which sa t i s f i e s  the d i s -  
pe r s ion  r e l a t ions  in the inva-riant energy  v a r i a -  
ble v at f ixed momentum t r a n s f e r .  The d i s p e r -  
sion sum ru le s  (1) holds only if the function f(u) 
d e c r e a s e s  with i nc rea s ing  energy.  T h e r e f o r e ,  
for  each p r o c e s s  only those  ampl i tudes  were  con-  
s ide red  up to now which, for  k inemat ica l  r ea sons ,  
must  d e c r e a s e  qu icker  than the r ema in ing  ones.  

The purpose  of this note is to show that the 
sum rule  (1) can be gene ra l i z ed  to n o n - d e c r e a s i n g  
ampl i tudes  if we known f rom exper imen t  the 
h igh-ene rgy  behaviour  of these  ampl i tudes .  At 
p re sen t  it is known [11] that the total and d i f f e r -  
ential  (for sma l l  momentum t r ans f e r s )  c r o s s  
sec t ions  in the range 5-30 GeV can be desc r ibed  
(with the expe r imen ta l  accuracy)  by a sum over  
Regge poles  ~ i  bi u°q with the p a r a m e t e r s  b i and 
(~i de t e rmined  f rom exper iment .  We will  show 
that the d i spe r s ion  sum ru les  p e r m i t  one to con-  
nect  these  p a r a m e t e r s  with the in t eg ra l s  of the 
c r o s s  sec t ions  over  the region of lower  ene rg i e s .  

This  makes  it poss ib le ,  on the one hand, to use 
in a s imple  manner  the expe r imen ta l  informat ion  
on the low energy c r o s s  sec t ions  for  the analy-  
s i s  of high energy sca t t e r ing ,  and, on the other ,  
to connect the low-energy  p a r a m e t e r s  (coupling 
constants ,  r e sonance  widths) with the h igh-energy  
ones.  

So, we suppose that at high ene rg i e s  v "- A and 
f ixed momentum t r ans f e r  the ampli tude f ( v )  can 
be r e p r e s e n t e d  as 

f ( v )  = ~ c i p i  + E(v), (2) 
i 

where  the function e(u) quickly d e c r e a s e s  as 
v --- ~ and is  negligibly sma l l  at v >A.  

Applying the Cauchy t heo rem  to the function 
e(v), using the c r o s s i n g - s y m m e t r y ,  and neg lec t -  
ing the in tegra l  

S Im e(u)du, (3) 

A 

we get the following sum ru le  

A 
Im c i AOti + 1 

f I m f ( u ) d u -  .~a~-_7~ 1 =0  (4) 

/~o 

which g e n e r a l i z e s  the sum ru le  (1) to the ease  of 
n o n - d e c r e a s i n g  ampl i tudes .  

We note that the analogous sum ru le  can be 
eas i ly  wri t ten  down if the sum over  Regge poles  
in eq. (2) is r ep laced  by any known analyt ic  func-  
tion. For  these  ease  of an a r b i t r a r y  behaviour  of 

f ( u )  at infinity one may cons ider  the sum ru le  for  
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the func t ion  f(v) ~(v),  w h e r e  ~(v) i s  a c r o s s i n g -  
even  ana ly t i c  func t ion  h o l o m o r p h i c  at  Iv! < A  and 
d e c r e a s i n g  qu ick ly  enough a s  v ~ ~o, 

As an e x a m p l e ,  we c o n s i d e r  the  sum r u l e s  (4) 
fo r  the  f o r w a r d  p i o n - n u c l e o n  s c a t t e r i n g .  Tak ing  
as  f (v) the  c o m b i n a t i o n s  of a m p l i t u d e s  A(- )  + 
+ vB(-) and v(A(+) + v B(+)) (the amplitudes A (:e) 
and B(±) a re  defined, e.g. in ref. i0) we get 

- 2 ~ 2 9 2  ( - - ~ }  + ~  k (a ( - ) -~ (+) )dv= 

b ! - ) -  b}+){ A ~ i - l A 2  (5) 

i ~ i  + 

p a r a m e t e r s  of the  v a c u u m  t e r m s  the v a l u e s  found 
f r o m  the high e n e r g y  r e g i o n  [11] we obta in  at 
A = 5 and 7 GeV the  r i g h t - h a n d  s ide  of eq.  (6) to 
be  l a r g e r  than the l e f t - h a n d  one m e r e l y  by 2% 
what  is  wi thin  the e x p e r i m e n t a l  e r r o r s .  A d e -  
t a i l e d  a n a l y s i s  of the  sum r u l e s  for  d i f f e r e n t  p r o -  
c e s s e s  wi l l  be p u b l i s h e d  e l s e w h e r e .  

We s e e  that  the ob ta ined  sum r u l e s  can be 
e a s i l y  u s e d  in the a n a l y s i s  of the  h i g h - e n e r g y  
s c a t t e r i n g .  On the  o the r  hand,  they g e n e r a l i z e  
the  low e n e r g y  s u m  r u l e s  t r e a t e d  e a r l i e r  [1-9]  
and a l l ow  on e to obtain  a g r e a t  n u m b e r  of r e l a -  
t i ons  be tween  the decay  wid ths  of the r e s o n a n c e s  
as  we l l  a s  t h e i r  connec t ion  with the h i g h - e n e r g y  
s c a t t e r i n g  p a r a m e t e r s .  

~2 2 ' g  (_~)g'4 +~ix ~ ( a ( - ) +  ~ ( + ) ) d v =  

i a i  + 2 \ v  I ] m ' (6) 
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R e r i k h  fo r  n u m e r i c a l  c a l c u l a t i o n s  and to I. T o d o -  
r o y  fo r  a d i s c u s s i o n .  

w h e r e  g2 = 14.6, ~z i s  the pion m a s s ,  m i s  the  nu -  
c l eon  m a s s ,  k and v s tand  fo r  the lab.  m o m e n -  
tum and e n e r g y  of the  inc iden t  pion and ~(+) i s  
the to t a l  ~+p s c a t t e r i n ~  c r o s s  s e c t i o n .  

The  c o e f f i c i e n t s  bit+) a r e  n o r m a l i z e d  by the  
equa l i t y  (at v > A t  

(~(~) = ~ b! ±) (v/v1) °~i-1 . (7) 
i 

Doing a s  in the  c u r r e n t  h i g h - e n e r g y  a n a l y s i s  [11] 
we take  A = 5-7  GeV and r e s t r i c t  o u r s e l v e s  to 
the two v a c u u m  and p - m e s o n  t e r m s  in the  r i g h t -  
hand s i d e s  of eqs .  (5) and (6). 

Then  only the  o - m e s o n  t e r m  c o n t r i b u t e s  to eq .  
(5). T h e  n u m e r i c a l  c a l c u l a t i o n s  of the  i n t e g r a l s  
of the c r o s s  s e c t i o n s  y i e l d s  the  fo l lowing  r e s u l t s .  
F o r  C~p = 0.54 the c o e f f i c i e n t  b O i s  found to be 
bp = 2.48 (in mb) at A = 5 GeV and bp = 2.60 a t  
A = 7 GeV,  wh i l e  d i r e c t l y  f r o m  the  a n a l y s i s  of 
the  c r o s s  s e c t i o n s  at v > A [11], i t  f o l l ows  tha t  
bp = 2.75 + 0.25.  The  v a c u u m  t e r m s  g ive  the c o n -  
t r i b u t i o n  to  the  sum r u l e  (67. Us ing  fo r  the 
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