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On Mandelstam’s Program in Potential Scattering
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Centro Brastleiro de Pesquisas Fisicas, Rio de Janeiro

Mandelstam’s program for construeting the scattering amplitude from its
analytic properties and unitarity is analysed in the case of nonrelativistic
scattering by a cutoff potential or by a hard sphere. The asymptotic behavior
of the scattering amplitude in the momentum transfer plane is obtained, lead-
ing to a double dispersion representation for the amplitude. The usefulness of
this representation is limited by an essential singularity at infinity in the
momentum transfer plane. An infinite system of dispersion relations, connect-
ing each partial wave with all succeeding ones, is derived from the dispersion
relation for fixed momentum transfer. The partial-wave amplitudes must be
constructed from this system together with the unitarity condition. Possible
ambiguities in the solution of this problem are investigated. It is shown that
ambiguities in the exact solution affecting only a finite number of partial waves
(Castillejo, Dalitz and Dyson ambiguities) do not exist. They would arise,
however, in approximate solutions and it would be very hard, in practice,
to eliminate them from the exact solution. The ambiguities can be formulated
in terms of the positions of the poles of the S-matrix. A series of sum rules which
must be fulfilled by the poles is derived. The solution of the system is investi-
gated in the particular case of scattering by a hard sphere. In this case, if one
agsumes that the exact solution is known for angular momenta larger than some
(arbitrarily given) value, each partial-wave dispersion relation for smaller
values of the angular momentum can be exactly solved, and it follows from
the sum rules that the solution is unique.

I. INTRODUCTION

Since the beginning of the work on dispersion relations, two essentially different
standpoints have been taken concerning their applications. The first one is to
regard them as consistency relations, which can be applied to test whether the
general principles from which they have been shown or are expected to follow
are compatible with the experimental data. They could then be considered as
broad restrictions, which might be fulfilled by a large class of physical theories,
rather than leading to a unique theory. The other and much more ambitious
standpoint is to regard dispersion relations, combined with unitarity, as the
basis for a complete theory of strong interactions. They are then treated as
integral equations which can be solved, in principle, in terms of a small number
of fundamental constants. This program has been proposed by Mandelstam
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(1), together with a conjecture on the validity of the double dispersion relations
upon which the program is based.

Assuming the correctness of this conjecture, it is still very difficult to test the
program in elementary-particle physics, on account of the complexity of possible
intermediate states. In practice, the approximation of neglecting multiparticle
intermediate states is always applied. It is far from clear to what extent the
results derived by means of this approximation are to be trusted and regarded
as an effective test of the validity of the program.

- In view of this difficulty, several investigations have been made in connection
with simpler models, specially for nonrelativistic potential scattering. The only
case which has been considered so far is that of a superposition of Yukawa
potentials:

) = [ " o) exp(—ur) dr. (1.1)

The validity of Mandelstam’s representation in this case has been proved by
several authors (2-4). According to Blankenbecler et al. (3), the scattering
amplitude can be uniquely constructed, in principle, given the Mandelstam
representation (including Born’s approximation and the energies of the bound
states) and the unitarity condition. However, there remained the problem of
determining the number of subtractions, which is related with the behavior of
the scattering amplitude at infinity in the momentum transfer plane.

This behavior was investigated by Regge and collaborators (2, 5, 6), who have
shown, with some further restrictions on the potential, that it is given by a
(generally complex) power of the momentum transfer. The power depends on
the energy, but upper bounds for it were determined and related with the
number of bound states and resonances.

The actual construction of the scattering amplitude has not been carried out.
The weight function of the representation is to be determined as the limit of a
sequence of polynomials in the coupling constant, but the rate of convergence
of this sequence is unknown. Moreover, it would be very hard to test the result,
because the behavior of the solution is not well known for this class of potentials.

The analytic properties of scattering amplitudes are simplest and most fully
known in the case of a cutoff potential, i.e., a potential which vanishes identically
beyond a certain radius. There are several examples, belonging to this class, in
which the exact partial wave amplitudes are known and have a simple analytic
form. A cutoff potential, however, cannot be represented as a superposition of
Yukawa potentials. The analytic behavior of the amplitudes is entirely different
in the two cases. It may appear strange that such a radical difference should
exist, for one would expect that the effect of introducing a cutoff in the potential
at arbitrarily large distances should be very small. However, arguments of this
kind cannot be applied to analytic continuation.
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The purpose of the present work is to investigate Mandelstam’s program in
the case of a cutoff potential. We shall also consider a singular limiting case of
such a potential, namely, a hard sphere.

The analytic properties of the scattering amplitude which are required for
deriving double dispersion relations are almost completely known for cutoff
potentials. The only exception is the behavior at infinity in the momentum
transfer plane, which will be derived in Section II. It is given by an energy-
dependent essential singularity, such that a double dispersion representation is
not valid in the usual sense, but only as a limit, in which interchange of the
order of the integrals is not allowed.

However, in the case of a cutoff potential, the double dispersion representa-
tion is not required: one can apply directly the partial wave expansion together
with the dispersion relation for fixed momentum transfer. This relation will be
employed in Section III, where we shall project the partial waves out of the
total scattering amplitude. The result is an infinite system of dispersion rela-
tions, coupling each partial wave to all succeeding ones.

In Section IV, we shall investigate to what extent this system, together with
the unitarity condition, suffices to determine the solution. It will be shown that
there are no solutions differing from the physical solution by a finite number of
partial waves only. Ambiguities involving an infinite number of partial waves
cannot be excluded, but they would be much harder to construct, in view of the
complicated form taken by the unitarity condition.

The possible ambiguities arising in each partial wave dispersion relation can
be expressed in terms of the positions of the poles of the corresponding S-fune-
tion. However, these positions are not completely arbitrary: they must fulfill
a series of sum rules, which will be derived in Section V.

In Section VI, we shall consider in more detail the case of a hard sphere. It
will be shown that, in this case, if the exact partial wave amplitudes are given
beyond a certain value of the angular momentum (no matter how large), all
lower-order partial waves can be uniquely determined from the system of disper-
sion relations, with the help of the sum rules.

I1I. THE DOUBLE DISPERSION REPRESENTATION
A. SumMARY oF KNowN RESULTS

Let V (r) be a potential which vanishes for » > a and satisfies the condition
[ rivear < =. (2.1)
0

Let f(k,7) be the scattering amplitude, expressed as a function of the wave
number k and the momentum transfer 7. The following properties of f are known
in this case:

(a) f(k,7) is an analytic function of both variables, regular in the topological
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product of the = plane and the upper half of the & plane, except for a finite num-
ber of simple poles on the imaginary axis, £ = 4«, , which are associated with the
bound states.

(b) For fixed 7, and | k | — = in the upper half-plane,

flk,7) = fo(7), (2.2)
where
fo(r) = ~57 feXp(—m r)V(r) dr (2.3)
is Born’s approximation (r = |+ ).

Properties (a) and (b), not including the analyticity in =, have been proved
by Khuri (7) and Klein and Zemach (8). The analyticity in 7 follows, as a
limiting case, from the results of (3) and from the work of Hunziker (9).

Property (a) has also been proved under more general assumptions about the
scatterer (10), which apply, in particular, to the case of a hard sphere. In this
case, however, property (b) must be replaced by

(b)f (k) = O (k) (2.4)
for |k | — « in the upper half-plane.
It follows from (a) and (b) that, in the case of a cutoff potential, f(k,7)
satisfies the following dispersion relation for fixed momentum transfer (7):

P(T) 2[

Jlkr) = folr) + 2 o) ' (k> 0, (29)

k/

where I',(7) is a polynomlal in 7 of degree I, , the angular momentum of the
nth bound state, and

1 4 /
g(k'7) = 5 [f(K7) = f(—K 7)), (26)
The relation (2.5) is valid for real or complex values of r. For real 7, the
symmetry relation f( —k,7) = (' ,7) implies
g(K',r) = Im f(K',r) (real 7). (2.7)
In the hard sphere case, the following dispersion relation follows from (a)

and (b'):

) = 500 + 28 [T IED S amk> 0. @8)

It was shown in (10), by direct summation of the partial wave expansion,
that
f0,7r) = —acos(ra), (2.9)

where a is the radius of the sphere.
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In order to derive a double dispersion representation for f(k,7), we must still
determine the behavior of ¢ (k,r) for fixed, real k and | 7| — . Unfortunately,
this is a completely unphysical limit, so that it is hard to foretell the result from
physical arguments.

For a cutoff potential, one might expect that (2.2) would remain valid. This
would imply

fk,7) = Olexp(—ira)] (2.10)

for | 7| — < in the upper half-plane.

For the hard sphere, the behavior of f(k,8), the scattering amplitude expressed
as a function of &k and the scattering angle 8, is known for fixed, physical 6 and
k| — o in the upper half-plane. According to classical causality arguments,
which can be applied in this case, we have, under these conditions (11),

F(kg) = 0 [exp(——Zika sin g):l (2.11)

Since r = 2k sin 6/2, this leads again to (2.10), for | 7| —» « and | k| — =
stmultaneously, in such a way that the above relation between 7 and k is pre-
served. One might expect this result to remain valid for fixed k and | 7| — «;
this seems to be confirmed by (2.9).

However, we shall see that (2.10) is not the right answer for real 7, although
it will turn out to be correct when | r | — < in the upper half-plane, in direc-
tions away from the real axis.

In order to determine the behavior of ¢ (k,7) for | 7| — =, we shall employ
the partial wave expansion

l;) (21 + D 18,k — 1]Pl< §T~kz> (2.12)

where S;(k) is the S-function for the /th partial wave and P; is the Ith Legendre
polynomial. It follows from (2.6), (2.12) and the unitarity condition that

D 1L () BECAE

The behavior of P; for | 7| — = follows from (12, I, p. 189)
Piz) = (2l — 1) 1121 (lz]— ;1 =012,---), (2.14)
where (20 — 1)!! = 1-3-5-.-(2] — 1). According to (2.14), (2.13) behaves

like a power series in 7 for | 7| — . It then follows from the theory of entire
funetions (13) that the behavior of g(k,r) for | 7| — o« is determined by the
behavior of the terms of the partial wave expansion for [ — .

‘We shall consider first the case of a hard sphere, and then we shall extend the
results to cutoff potentials.
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B. Tue HARD SPHERE

In this case, we have
Si(k) — 1 = —2j,(ka) /b (ka), (2.15)

where j; and A" are the spherical Bessel function and the spherical Hankel
function of the first kind, respectively, of order I.

The behavior of g(k,7) for | 7| — o, derived from (2.13) and (2.15), is
given by Eq. (A.13) of Appendix A. It corresponds to an energy-dependent
essential singularity which is quite different from (2.10), although (2.10) is
correct away from the real axis, as will be shown in Appendix A.

Let us now apply these results to derive a dispersion relation for g. It is con-
venient, for this purpose, to consider it as a function of the variables s = &
¢ = 7. For fixed s > 0, the function

G(s,) = exp[—2¢ " a(st)"]g (s,0) (2.16)

is analytic in the ¢ plane cut from 0 to « (0 < arg ¢ < 27) and, according to
(A.13),

Glst) = 0™ (4] > @). (217)

Taking into account (2.7), this leads to the dispersion relation
_1 N AN VT I\ 1/4 ,oodt

G(st) = = expl—a(4st’ )" sin[a(4st )] Im f(st') —

T J0 »t — 1 (2.18)

(Im t # 0).

Since we already know that both sides of (2.8) are analytic in the topological
product of the cut s and ¢ planes, we can now substitute (2.18) in the right-hand
side of (2.8) to get a double dispersion representation for f(s,?).

It must be remembered, however, that the asymptotic behavior (A.13),
which led to (2.18), is valid for fixed s and |¢| -—» «, whereas the values of
s’ = k" in the integral (2.8) range from 0 to ». The limit for s — «, | {| — <,
depends on the manner in which both variables approach their limiting values.
Thus, in order to substitute (2.18) in (2.8), we must interpret the integral in
(2.8) as the limit of an integral with finite upper limit of integration. Taking
into account (2.9), we finally get

fd (Zvi exp[2e— iﬂ/4a(8’t)1/4]
o s'(s" — 8)

. f” (gt_' exp[—a(4s't')/”4] sinla(4s’t)" Im (5'¢) (2.19)
o -1

(Ims = 0,Im ¢ # 0).

f(st) = —a cos(af'’®) + s lim

o>%
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This is the double dispersion representation for f(s,t) in the hard sphere case.
It differs from the usual kind of double dispersion relations by the exponential
factors which are required to remove the essential singularity at || — o« and
by the fact that the integral in s’ must be understood as a limit. Interchange of
the order of integration after proceeding to the limit ¢ — « is not allowed. This
is due to the nonuniformity of the asymptotic behavior in ¢ for s — .

C. ExTENsION To A CUTOFF POTENTIAL

In order to extend the above results to the case of a cutoff potential, it suffices
to determine the behavior of S;(k) — 1 for I — . If the potential is sufficiently
regular, the centrifugal term in the radial equation must predominate in thic
limit, so that S;(k) — 1 should tend to Born’s approximation:

&w>~1~—%y[ﬁﬂmnwhm (2.20)
0

where U(r) = 2mV () /#". It has been shown by Carter (14) that the absolute
value of the right-hand side of (2.20) is always an upper bound to the left-hand
side for large enough I. We shall restrict ourselves to potentials for which (2.20)
is valid for large [.

If we take also [ > (ka)?, (2.20) becomes

N o “ prarr,
MM_IN_EfFﬁWIT U dr. (221)

Let U™ (a — 0) be the first nonvanishing derivative of U(r) at r = ¢ — 0,
with U (¢ — 0) = U(a — 0). Then, by repeated partial integration, (2.21)
becomes
2iam+2U(m)(a . 0)(ka)2l+1

@+ nDpRL+3)Q2+4)---QA+3+m)’
This result can easily be checked in the case of a rectangular potential.

Comparing (2.22) with (A.3) and (A.4), we see that the only difference in
| §; — 1 is a slowly-varying factor

a2m+4l U(m)(a _ 0) l2
(2N 4 122N + 32N+ 4?2 --- (2N + 3 + m)?

which must be incorporated to the integrand of (A.6). Taking this factor at
the saddle points (A.12), we find, in the place of (A.13),

ka | oo — o) {exp[2a(ikr)”2] 4 exp[2a(—ikr)”2]}

9612 (Chr)mtGD (—tkr)mt®m

Si(k) — 1~ (~1)" (2.22)

glitr) ~ (2.23)

(7] — ).
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Taking into account (2.5), we get from (2.23), in complete analogy with
(2.19), the double dispersion representation

I‘ (t) dS exp zr/4a(8/t)1/4]
f(st) = fu(t) + Z S+ s M,f (s —5)
» 1 ., (2.24)
v i ol el e i 14

(Ims % 0,Im ¢t # 0).

The remark made in connection with (2.19) on the noninterchangeability of
the order of integration also applies to (2.24).

The radius of the potential does not appear in the dispersion relation for
fixed momentum transfer (2.5). This relation holds also for potentials of the
type (1.1). For these potentials, however, the function ¢g(k, 7), has branch cuts
in the 7 plane running from 2im to ¢~ and from —2im to —7w. The effect of
cutting off the potential is to remove these branch cuts to infinity, so that one
gets an entire function. The radius of the potential reappears in the behavior
at infinity, where there is an essential singularity, given by (2.23). This be-
havior also depends on how smoothly the potential approaches zero at r = «a
(this gives the value of m in (2.23)).

In contrast with the case of a superposition of Yukawa potentials, there is
no subtraction problem for a cutoff potential: (2.24) is valid irrespective of the
strength of the potential. However, on account of the exponential factors and
the corresponding lack of freedom in the order of integration, it is not so useful
as Mandelstam’s representation.

The unitarity condition takes the form (3)

Im f(ks) = _ff (k, | K — & Df(k, | K — k|)de’,  (225)

where 7 = [k — k| and ¥ = k" = %, According to (2.7), this condition
can be rewritten as follows:

k 2w 7 am ’ . . 4 7
k, cos 6 =——f d f —k, cos @ cos 6 + sin §sin 4 cos ¢ )
g( ) ik % J( @ (296)

- f(k, cos 6') sin ¢’ de’,

where cos § = 1 — (7°/2k%). The unitarity condition has physical significance
only for real values of £ and for —1 = cos § = 1. However, for real £, both
sides of (2.26) are analytic functions of cos 6, so that (2.26) remains valid for
arbitrary values of cos 6 or = by analytic continuation.

If we replace f by (2.19) or (2.24), taken for real values of r, in the right-hand
side of (2.26), we get, according to (2.7), an integral equation for Im f(k,7)



352 NUSSENZVEIG

However, the iterative solution proposed by Mandelstam and applied to the
case of a superposition of Yukawa potentials (3) cannot be employed here, be-
cause the weight function differs from zero in the entire first quadrant of the
(s,t) plane.

III. THE INFINITE SYSTEM OF PARTIAL WAVE DISPERSION RELATIONS

The unitarity condition takes its simplest form for the individual partial
waves. ['or this reason, the procedure usually followed in the applications of
Mandelstam’s program is to project the partial waves out of the dispersion
relation for the total amplitude.

For this purpose, we shall apply the dispersion relation for fixed momentum
transfer (2.5) or (2.8), together with (2.13). For potentials of the type (1.1),
the partial wave expansion (2.13) converges only for 72 < 4m?. For a cutoff po-
tential or hard sphere, however, we can apply it for all values of 7.

The partial wave amplitude f;(k) is given by

filk) = M 2[ < = 2k sin )P(cos ) sin  d6. (3.1)

Substituting by (2.5) or (2.8) and taking into account (2.13), we encounter,
in both cases, the integral

Cri(z) = 32" + 1) fo Py (1 — 2 4+ xcos 8)P(cos 8) sin 6ds. (3.2)

This integral is evaluated in Appendix B. The results are given by Eqs. (B.3)»
(B.5) and (B.8).
According to (2.9) and (3.1), we also encounter the integral

é f cos(2ka sin ) Pi(cos 6) sin 8 d§ = Elci—c [k (ka)i, (3.3)
which has been evaluated by differentiating the Clebsch-Heine expansion
(12, 11, p. 316).

Taking into account (3.3) and the results of Appendix B, we get from (2.8),
(2.9), (2.13) and (3.1), in the hard sphere case,

2042 © i
Refilh) = — g lhajitha)] + 5 p [~ 0 <aif
) (3.4)

k”“ = o (2 Im fiam (k)
,,,Zmzo (—1)*(;m;s) & _m_icﬁ_j@ia_dk’ l=012 -..),
where P denotes Cauchy’s principal value and the numerical coefficients (I;m;s)
are defined in (B.9).

Similarly, in the case of a cutoff potential, let 7p;, be the residue of S;(k) at
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the pole %k, , corresponding to the nth bound state of angular momentum
{(psn is real). Then, according to (2.5) and (2.12),

2
Tn(7) = residue f(k, 7)|emie, = (20 + L)pwm P (1 + 5%) (3.5)
In
Taking into account (3.5), we get from (2.5), in complete analogy with (3.4),

+ (=% Y ”;;3;"2" Z (L) K™/ kL m (3.6)

mzl n Kipmmn s=0

k2l o m~1 . . © IIIl . kl ,
X X (—0 Gmak [ TJZ:T(;I_) d’,
where the sums over m and » in the fourth term are both finite sums (the total
number of bound states is finite), and

(k) = = 2% [y (it thr)s ar (37)

is Born’s approximation.

Let us write explicitly the first few terms in the first few equations of (3.6)
(assuming for simplicity that there are no bound states) :
* Im fll(lc') K

—a0

+5f°°(1 ~ ku)Im{Cz,(k)dk/_l_ ]

Re fi(k) = fus(k) + = wa,—ﬂ%g‘(k—,)c)dk’ + 73[5 . Im,{ifk)

4 % / 4 ] /

Re (k) = fun() + & Pf_wk%z‘k_ﬁ(__k%dk' +5 [7 _whn—,{%(k—)

This infinite system of partial wave dispersion relations was first considered
in the relativistic case by MacDowell (715). It was also mentioned by Goldberger
(168) in the nonrelativistic case.

The relations (3.4) or (3.6) couple the real part of each partial wave amplitude
with the imaginary part of the same amplitude and the amplitudes of all sub-
sequent partial waves, so that we have a “triangular” system of equations. The

Ro k) = funlh) + L P [T IA) ey 1

K’ + :I,
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coupling to higher-order partial waves appears in each equation through a series
of polynomials in °.

In addition to the system of equations (3.4) or (3.6), the partial wave am-
plitudes must satisfy the unitarity condition,

Im f;(k) = k| fi(k) [". (3.8)

Notice that both (3.4) and (3.6) automatically give the correct low-energy
behavior of the amplitudes: Re f; = 0(&*), Im f; = O&*™) for k — 0 (the
latter follows from the former and (3.8)).

The dispersion relation (3.6) can be rewritten in a more transparent way
by introducing the function

gi(k) = fi(k) /K" = [S:(k) — 11/ (2", (3.9)

which is regular at the origin. According to well-known properties of the S-matrix
for a cutoff potential, ¢; is a meromorphic function of k. It follows from the work
of Humblet (17) that, for | k | — « on the real axis,

Sik) — 1 =0k (3.10)
and, for | k | — <« in the lower half-plane,
Si(k) =~ (—1)"(2k/5) ™" exp (—2ika) /U™ (a — 0), (3.11)

where U™ (a — 0) is the quantity that appears in (2.22).

Let k;, be the poles of S;(k) in the lower half-plane, which are symmetrically
placed with respect to the imaginary axis. It was shown by Humblet (17, pp.
45, 71) that Re ki, = O(n) and Im k;, = O (log ») for large n. Let

R, = residue ¢; (k) |, -
The following dispersion relation is then verified by ¢;(k):

Rln
k— ki’
where the sum is extended over all the poles in the lower half-plane, taken in the
order of increasing modulus. This relation, which generalizes a result due to
Lee (18), is obtained by considering the integral on the left-hand side taken
over a sequence of contours closed by half-circles passing halfway between the
poles in the lower half-plane. It follows from (3.9), (3.10), and (3.11) that the
integrals over half-circles tend to zero when their radii tend to infinity, leading
to (3.12).

According to (3.9) and (3.12), (3.6) can be rewritten as follows:

Re [gz(k) D LD i flnkln] - égm(k)

n k""“‘ln n

_Pf Im g‘(k ) dk' = — Reg(k) +2Re ¥ (3.12)
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m—1
Y 3 P S (L) K K (3.13)

mzl n KH.mns—O

2i 55 U mk [ E I K

s=0

i

l\DI —

where
rin = residue g;(k) |imiy, = (—1) ‘om/ (2i55").

The expression within square brackets in the left-hand side of (3.13) is the
entire part of the meromorphic function g;(k), and gm(k) = fis(k)/k" is
according to (3.7), an entire function of k. Thus, the right-hand side of (3.13)
is the expansion of an entire function, which explains why it is valid for all k,
in contrast with the case of a superposition of Yukawa potentials.

According to Humblet (77, p. 53), the entire part of f;(k) is associated with
potential scattering, whereas the pole terms are associated with resonance scatter-
ing. Thus, we see from (3.13) that the coupling of each partial wave to the
higher-order ones is related with potential scattering of that partial wave.

IV. AMBIGUITIES IN THE SOLUTION

A dispersion relation involving a single partial wave is usually verified by a
large class of functions, rather than having a unique solution. This was first shown
by Castillejo, Dalitz, and Dyson (19), in connection with Low’s equation for
meson-nucleon scattering. The resulting ambiguities are known as CDD am-
biguities.

In the present problem, the partial wave amplitudes must verify the infinite
system (3.4) or (3.6), in which each partial wave is coupled to all the others,
together with the unitarity condition (3.8). The total amplitude, given by
(2.12), must fulfill conditions (a) and (b) (or (b")) of Section II,A and have
the correct behavior at infinity in the r plane.

The question which will now be investigated is: are these properties sufficient
to determine f(k,7) or do additional solutions exist, besides the physical one? If
they do, Mandelstam’s program cannot be carried out in this form unless supple-
mentary conditions are given to select the physical solution.

We shall restrict ourselves, for simplicity, to the hard sphere case and to the
case of potentials without bound states. The extension of the results to include
bound states is straightforward. With this restriction, it follows from condition
(a) and (3.1) that

(i) S;(k) is a regular analytic function in the upper half-plane.

According to (3.1), the behavior of S;(k) for | k | — = in the upper half-plane
depends on the behavior of f(k,r = 2k sin §/2) for | k | — . In the hard sphere
case, this behavior is given by (2.11), so that we get

S (k) exp(2tka) = O (k)
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for | k| — o« in the upper half-plane. Since | S;(k) exp(2¢ka) | = 1 on the real
axis, it then follows from the Phragmén-Lindelof theorem (20) that

(ii) | Si(k) exp(2ika) | £ 1 in the upper half-plane. This result is also known
to be true for a cutoff potential without bound states (17, 21).

The unitarity condition

(i) S;(k) S*(k) =1 (real k)
enables us to extend the definition of S;(k) to the lower half-plane, with the help
of the Schwarz reflection principle, by (22)

S (k%) = 18 (k)T (4.1)

According to (4.1), the only possible singularities of S; in the lower half-plane
are poles, corresponding to the zeros in the upper half-plane, so that

(iv) S;(k) is a meromorphic function.

The symmetry relation f(—k, —7) = f*(k,7) (real k), together with (3.1),
implies

W) Si(—=k) = 8*(k) (real k).

Conditions (i) to (v) are well-known properties of the S-function in the pres-
ent problem. Let us now introduce Wigner’s R-function (23)

oy 1 [Sw(k) =1
v =[5 1) )
where
Su®) = (—1)'exp(2ika) S (k). 4.3)

It was shown by Van Kampen (22, 24) that (i) to (v) imply the following
properties of the R-function:

(i) R, is a meromorphic function of K

(ii') R, is real for real values of k’;

(iii") all the poles of R, lie on the real axis;

(iv’) Im R; has the same sign as Im &*;

(v") the Mittag-Leffler expansion of R, is

2

R(K) = 32 ", (4.4)
n Mn — k?

where v, and p, are real and the poles u, cannot have an accumulation point at
finite distance.

It follows from (v') that any ambiguities in the solution can be expressed in

terms of changes in the parameters v, , u. , just like the CDD ambiguities (19).

Let f(k,7) be the physical solution, and let us assume that there exists another

solution f’ (k,7) differing from f in a single partial wave, S; being replaced by S ;
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and R; by R;. Then, according to (2.12), (4.2), and (4.3),

(81 + (R — Ry)
~ k(S + (B — R)]

, 1 !
(4.5)

2
- Py <1 — Qlki) exp(—2¢ka).

It follows from (ii), (4.2), (4.3), and (4.4) that the right-hand side of (4.5)
has an essential singularity of the type exp (—2¢ka) for | k| — « in the upper
balf-plane. Thus, ' (k,7) violates condition (b) or (b') of Section II,A, so that
it is not an acceptable solution. The same is obviously true for any function
differing from f only by a finite number of partial waves.

Thus, 4t 7s not possible to construct an extra solution by modifying any finite
number of partial waves: there are no CDD ambiguilies. This contradicts a result
due to Barut and Ruei (26). Their argument, however, is incorrect.'

The unitarity condition played an important role in the derivation of this
result, by allowing us to extend the definition of S;(k) to the lower half-plane.
The analytic properties of f(k,7) as a function of both variables were also re-
quired in the derivation of (i). However, the behavior for | | — « entered only
in the form (2.11), i.e., when | k| — o« simultaneously.

At least in the hard sphere case, the physical reason for the absence of CDD
ambiguities can be explained by causality considerations. In faet, in this case,
the amplitude is identical to that for scattering of a classical massless scalar field
by a totally reflecting sphere, so that signals with sharp fronts can be built.

The exponential factor exp (—2¢ka), which dominates the behavior of S;(k)
in the upper half-plane, represents the phase advancement of a spherical multi-
pole wave upon reflection at the surface of the scatterer. This factor cannot ap-
pear in the forward scattering amplitude because it would lead to instantaneous
transmission of signals across the sphere. It can be shown that the same condi-
tion also prevents the appearance of this factor for fixed nonzero momentum
transfer (10).

Thus, although each term of the partial wave expansion (2.12) blows up ex-
ponentially for | k | — « in the upper half-plane, the phases of the partial waves
are coupled by causality in such a way that the full amplitude has at most a
linear divergence. This result remains true for nonrelativistic particles, although
the classical causality condition can no longer be applied in this case.

! The argument is based on the assertion that the expression y:(k)f:2(£)[1 + y.(k)f1(k)]?
(25, Eq. (19)) tends to zero for |k | — o in the upper half-plane if f; behaves
like exp(—2iCk) (C > 0) and y; behaves like k% exp(k?) for | k | — «. However, this is
not true below the first or second bisector, where the above expression behaves
like exp(—2¢Ck), so that it has an essential singularity at infinity.
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It is not possible to modify a finite number of partial waves without destroying
the phase relationships that are responsible for the elimination of the exponential
factor. This explains why CDD ambiguities cannot exist.

Possible ambiguities, if any, must therefore involve modification of an infinite
number of partial waves. Partial wave analysis is then no longer of any use: one
can work directly with the total amplitude. However, any extra solutions must
satisfy the unitarity condition in the form (2.26), and it is very hard to see how
they could be constructed.

The above arguments allow us to eliminate CDD ambiguities in principle, but
not in practice. In fact, one would have to sum the whole series of partial waves
in order to make sure of the cancellation of the exponential factor in the asymp-
totic behavior in the upper half-plane, and this would be extremely difficult by
analytical means. The same applies, a fortiors, to approximate solutions.

V. SUM RULES FOR THE POLES OF THE S-MATRIX

It has been shown by Van Kampen (22) that a function S;(k) satisfying con-
ditions (i) to (v) of Section IV can be represented by a canonical produet
expansion

: (kn + k)
k) = — ~r 7
Si(k) = xexp(—2ika) I;J ="
where k, are the poles of S;(k) taken in order of increasing modulus, and & £ a.
In the present case, according to (3.4) and (3.6), we must take the + sign,
because S;(0) = 1. Moreover, it has been shown by Regge (26) that a« = a for
a cutoff potential. The same is true for the hard sphere (27). Thus,

Si(k) = exp(—2ika) J] (kn + k)

d =0 (5.1)

This expansion is a counterpart of (4.4), and the CDD ambiguities can also
be expressed in terms of the positions of the poles k, , instead of the parameters
(vu , 1.). However, in addition to conditions (i) to (v), the infinite system of
partial wave dispersion relations also imposes a condition on the low-energy
behavior of S; (cf. (3.1), (3.4) and (3.6)):

Si(k) — 1 = iCy(ka)™™™ + OE™) k—0), (5.2
where () is a real constant. According to (3.4),

2

N CE (5.3)

Ci =

in the hard sphere case.



ON MANDELSTAM’S PROGRAM 359

It will now be shown that (5.2) gives rise to additional restrictions on the po-
sitions of the poles k, . In the first place, by taking the logarithmic derivative of
(5.1) at & = 0, we get

1 . 1o .
Zk— = za+§Sz (0) = za(l +%Cz 51,0), (5.4)

where §;, 1s Kronecker’s delta and the last equality follows from (5.2). The
“sum rule” (5.4) was derived by Van Kampen (22).
Now let us take [ = 1 and let us consider the integral

dk
S RCTACE- AT FL) (55)

where C is a contour consisting of the real axis, from —R to —e and from e to
R, a half-circle v of radius ¢(e — 0) and another one T of radius R(R — «),
centered at the origin (Fig. 1).

We have

—e R B dk
[+ ] = [ rossc—msimn g = o, (56)
because S;(—k)S;(k) = 1. It follows from property (ii) of Section IV that
/F = O(R™)—0 forR— =. (5.7)
Finally, according to (5.2) and (5.5),

SR FPS (5.8)

lim =x(;a
>0 Y

-R -¢ |0 & R

Fig. 1. Contour of integration in the k plane. X X X, poles of S:(k); O O O, zeros of
Si(k).
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It follows from (5.6), (5.7), and (5.8) that
lim I = #Cu™s,,. (5.9)

>0
R—>»

On the other hand, by partial integration,

- — log Si(k) :' 1 Sl,(k) dk
I=—A; [(2]3 + 1)keett + TE I OE (5.10)

where Acf denotes the variation of f round the contour C.
According to a well-known formula (28), we have

Ac llog Si(k) /K™ = 2xi(N — n)/R™*,
S/(k) dk . 1 1
510 o = 20 3 e~ B e )

where N and n are, respectively, the number of zeros and the number of poles of
8:(k) contained within the contour C, k," are the zeros and 4k, are the poles in
the upper half-plane (bound states). According to Humblet (17, pp. 45, 71),
N = O(R) and, according to (2.1), n = O(1) for R — =, so that the first term
of (5.10) vanishes in this limit. On the other hand, to each zero k; in the upper

half-plane corresponds a pole k; = —Fk,’ in the lower half-plane, so that we
finally get
. 27 1
1:_1}3 = (2p + 1) Zn: IRk (5.11)
R—>w

where the summation is extended over all the poles of S;(k), both in the upper
and in the lower half-plane.
Equating (5.9) to (5.11), we get

1 1 . 911 _ 1. gt
; W_H = 3 (21) + 1)ia Clap,l = 51]:3; E8, (k)]ap.l (5.12)
(p=1’27"')l')°
According to (5.4) and (5.12), we have, for [ = 0,
Z_ =da + = So (0) = za( + C;*) (5.13)
and, for I = 1,
L : (5.14)

1
Zkz_pﬁ=0 (p=1,2---1—1), (515)
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1 1. T8/ (k)7 1 )
En: e =3 Ig; [—%l—)] =3 (20 + 1)za2’f101. (5.16)

These relations, which give the sums of the inverses of odd powers of the poles
of the S-matrix, will be called sum rules. For the Ith partial wave, I + 1 sum
rules must be fulfilled. Any modifications in the positions of the poles (CDD
ambiguities) must be compatible with these rules.

VI. THE HARD SPHERE CASE

We have seen in Section III that the infinite system of partial wave dispersion
relations is a “triangular’’ system. This suggests trying to solve it backwards,
starting at some very high value of [ to find the asymptotic form of the solution
for large 1, and then going back step by step to lower values of 1. For each [, one
then has to solve a partial wave dispersion relation with known inhomogeneous
term. Since f; should tend to Born’s approximation f;g for I — o, one could
take as first approximation, for sufficiently large I,

Refl ~ le y Imfl ~ 0,

which would effectively reduce (3.6) to a finite system. However, one would en-
counter CDD ambiguities at each step of the solution.

In order to investigate further this “backwards” method of solution, let us
now consider the hard sphere case, assuming that the exact solution of (3.4) is
known for { > I, . Substituting the solution in the right-hand side of (3.4) for
l = Iy, one gets an equation of the form

_ R 0 Tm fu(K)
Resilk) = =—F |, s = 1y

dk’ + Fi(k), (6.1)
where F,(k) must be computed by summing the series of polynomials in the
right-hand side of (3.4). We shall assume that this summation has also been
carried out. In order to compute the result, let us consider the exact solution
(2.15). We shall denote the corresponding partial wave amplitude by

Si(k) — 1 4ji(ka)

f(k) = = . 6.2
fl( ) 2%k kh;l)(ka) ( )
By the same method which led to (3.12), we find
o Im {(KY
- . P | kr2l+2(k/ — k) dk (6 3)
= Re fi(k) — 2 Re Z (—k~>2l+2 P lC’ o .
= \[on (k— T 2 : !

where C; is given by (5.3), k. are the poles of ; in the lower half-plane, and
pn = residue f; (k) | i, . (6.4)
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The poles are the roots of : h{” (ka) = 0. There are exactly [ poles (27). It follows
from (6.1) and (6.3) that

Fl(k) = 2 Re [}K’C) - zl: <£>21+2 —-&—T—] — "]-"Cl k2la2l+1. (6.5)
nei \kn (k — [n) 2

Let us consider the function

1. (ka)

_ _ 2112 - ¥ 212 WS
gi(k) = [f(k) — F(l)l/k filk) — fi(k))/k +{k2’+3h§2’(ka)

1 * C (6.6)
1
; W + Z (k )2z+2(k En*) + 2k2a2z+1} :
In terms of this function, (6.1) can be rewritten as follows:
I k
Re g,(k) = %P w—rl?,g—’(ﬁl (6.7)

According to Titchmarsh’s theorem (29), (6.7) implies that g;(k) has an ana-
lytic continuation which is regular in the upper half-plane and tends to zero for
| k| — oo. It is readily seen that the expression within curly brackets in (6.6)
also has these properties. Thus, the same must be true for the remaining term
18:(k) — Si(k)]/ (26",

The function

A(k) = Si(k) — Si(k) = Su(k) — exp(—2ika) Ul E;i + ;’3

is therefore regular in the upper half-plane and o (") for (k| — «. Since
| Ai(k) | £ 2 on the real axis, it follows from the Phragmén-Lindelsf theorem
(20) that

(6.8)

[A;(k) | £ 2 in the upper half-plane. (6.9)
Thus, according to (6.8),
Si(k) = (—1) exp(—2ika)[l + O (k)] + O(1) (6.10)
for | k | — <« in the upper half-plane.
It follows from the above results that S;(k) satisfies conditions (i) to (v) of

Section IV. Furthermore, its behavior for & — 0 is given by (5.2) and (5.3).
According to Section V, this implies

(k 3 k)
— k)’

where the poles &, in the lower half-plane must verify the sum rules (5.13) to
(5.16).

Si(k) = exp(—2ika) H (6.11)
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It follows from (6.10) and from the unitarity condition on the real axis,
| 8:(k) | = 1, that there cannot be an accumulation point of zeros of S;(k) at
infinity in the upper half-plane. Since the poles in the lower half-plane cannot
have an accumulation point at finite distance (22), the total number of poles k,
must be finite: we shall call it .

This implies that &y, k2, - -+, k. are roots of an algebraic equation of degree
. Let us write this equation in the form
k™ + Qmak™ T+ o ak + 1= 0. (6.12)
Then, the inverses of the poles, vy = 1/ky, -+, 2w = 1/k,, are roots of
2" 4 ax” 4+ s ez 4 am = 0, (6.13)

and (5.13) to (5.16) give the sums of the first I 4+ 1 odd powers of the roots of
(6.13).

It is well known that the coefficients of an algebraic equation of degree m can
be expressed in terms of the sums of the first m powers of the roots. It was shown
by Vahlen (30) that they can also be expressed in terms of the sums of the
first m odd powers.

Let
S. = ank. (6.14)
n=1
Then, according to Vahlen,
a1Z+a3Z3—I—..,——- m "
T+ i+ tanh[n; tanh (an)]
(6.15)

il

3 5
—tanh(slz S R AR )
The first member of (6.15) is the ratio of the odd-power terms of (6.12) to
the even-power ones, i.e., it is a rational fraction of order m. This implies that

the continued fraction expansion of the last member,

3 5
__tanh(SlZ-{—Sa.Z_.;.SEZT_;_ >= CoZ 2
3 5 Y
14 .7
(6.16)
1+
1+ Cpar 2

terminates with the term C,_Z°.
By identifying the coefficients of the power-series expansions of the first and
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second members of (6.16), one can express C; as a rational function of
S, 8:, -+, Swy: . For instance,

CO = _Slv
8¢ — 8
€, = .
' 35,

On the other hand, by identifying the first member of (6.15) with the second
member of (6.16), one can expressa, ,az, -+ - ,a,intermsof Cy,Cy, -- -, Cpy .
In this way one gets expressions for a,, ay, -, a, as rational functions
of 81,8, -+, Semr .

Any symmetric function of the roots, in particular S,,,;, is therefore a
rational function of S;, Sz, -+, Sem_y :

_ Qu(S81, 8, -+, Sem)

Somi1 = , 6.17
i Pm(Sla S?:; Tty S2m—1) ( )

where P,, and Q,, are rational entire functions without a common factor. The
function

Rpi(81, S5, -+, Sempa)
(6.18)
= S2m+1Pm(S1 y Sx, Tty S2m—1) - Qm(sl, Ss, MY S2m—1)
is therefore an irreducible entire function of S;, S;, - -, Samy1 , which vanishes

if 81, 8;, -+, Semsr are sums of odd powers of the roots of an algebraic equa-
tion of degree m. To each value of m there corresponds a (uniquely defined)
function B,y .

It was shown by Vahlen (30) that

1 Rty Ry

= D@ FD BeBs

(6.19)

Now let us apply these results to the sum rules (5.13) to (5.16). These rela-
tions are fulfilled by the poles &, k2, ---, & of (6.2), which are roots of an
algebraic equation of degree [. According to the above, the first ! sum rules
suffice to determine the coefficients of this equation, and therefore its roots

ki, ke, -+, k. The last sum rule, which gives the value of Sy14; , must therefore
be a consequence of the first [ rules, so that, according to (6.18), we must have
R =0 (6.20)

It follows from (6.19) and (6.20) that
C, =0 (6.21)
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in (6.16). Therefore, the equation

CoZ

_————,2 =
{4 Gz

1+ (6.22)

1+ C2°

is an algebraic equation of degree ! which, according to (6.15) and (6.16),
must follow from the original equation of degree m (6.12):

01Z+03Z3+ e
1+ @Z2+ -
This leads to the following alternative possibilities:
(A) m = [, so that k, = k, .
(B) m > I. In this case, the numerator and denominator of (6.23)} must have
a common factor, which is a polynomial in Z*, and can be factored out in the

= —1 (6.23)

left-hand side of (6.12). Then, in addition to the poles %, , - - - , &, , there would
exist pairs of equal and opposite poles (k,, — k,). Clearly, such pairs would
not alter the value of Sy, Sy, ---, Serq1 -

Alternative (B), however, is excluded by the fact that S;(k) cannot have
any poles in the upper half-plane. Thus, (A) must be valid and, according to
(6.8) and (6.11), this implies

Si(k) = 8i(k). (6.24)

The solution of (6.1) is therefore unique and it is given by (6.2). Substituting
the result in (3.4) for I = [y — 1, we get another equation of the type (6.1);
the same procedure can therefore be applied to all remaining equations of the
system.

Thus, if we know the exact solution of (3.4) for { > Iy, the solution for { < [,
is uniquely determined and follows from the sum rules.

VII. CONCLUSION

Although a double dispersion relation in the usual sense does not exist for a
cutoff potential, we have seen that one can obtain an infinite system of coupled
partial wave dispersion relations by projecting the partial waves out of the
dispersion relation for fixed momentum transfer.

It is generally meaningless to speak of the solution of a dispersion relation
involving a single partial wave, because there is a wide class of possible solu-
tions. However, in the case of the infinite system, the analyticity requirements
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in both variables for the full amplitude (including the behavior at infinity),
together with the unitarity condition, imply the nonexistence of alternative
solutions differing from the physical one only by a finite number of partial waves.
On the other hand, it seems very hard to modify an infinite number of partial
waves in a way compatible with the unitarity condition.

If one considers an isolated dispersion relation taken from the infinite system,
its solution still involves CDD ambiguities, which can be expressed as ambiguities
in the position of the poles of the S-matrix in the lower half of the k-plane. How-
ever, the low-energy behavior of the amplitude, which follows from the disper-
sion relation, leads to a series of sum rules which must be fulfilled by the poles.

In the particular case of a hard sphere, if one assumes that the exact solution
is known for angular momenta larger than some (arbitrarily given) value, the
remaining finite system of partial wave dispersion relations can be explicitly
solved with the help of the sum rules, and the solution is unique. This is probably
due to the specially simple structure of the S-matrix in this case: there is a finite
number of poles for each value of the angular momentum, whereas the number
of poles is infinite in the general case of a cutoff potential.

The above results suggest that Mandelstam’s program can lead, in principle,
to a unique solution in the present case. In practice, however, the elimination of
ambiguities is an extremely difficult problem, and it seems to be practically
impossible when approximation methods are employed.

APPENDIX A. ASYMPTOQOTIC BEHAVIOR OF g(k,r) FOR |7 | — «

In order to determine the behavior of the scattering amplitude for | 7 | — o,
Regge (2) applied Watson’s transformation (31) to the partial wave expansion
(2.12), reducing it to the integral

(2)\+ 1) : d\
fkr) = f [Sx(k) — 1Py <2k2 - 1)@;

where C is the contour shown in Fig. 2. The contour is then deformed onto the
imaginary axis. In this process, it sweeps across the poles of Sy(k), which are
located in the first quadrant. For a suitably restricted class of potentials of the
type (1.1), Regge showed that the number of poles is finite. The behavior of
(A1) for | 7| — o is then determined by the residue of the integrand at the
pole having the largest real part.

In the case of a hard sphere (2.15), this method cannot be employed, because
Sx(k) has an infinite set of poles, which are the zeros of h (ka) (31). We shall
therefore follow a different procedure, which combines Watson’s transformation
with the saddle-point method.

It follows from (2.15) that

(A1)

2 4.7'12(7“1)
Sik) = 1= 5500y + niia)” (A2)



ON MANDELSTAM’S PROGRAM 367

F1a. 2. Contour of integration in the X plane

where 7; is the spherical Neumann function of order I. For [ > (ka)?, we can
apply the expansions (32)

[jl(ka)]g _ (ka)4l+2
Lni(ka) {20 — DMPE + 1P

(A.3)
( 4l + 2 9 (ka)*
Yo ey +0[ Z ]}
and
ISi(k) — 1" = Jz(ka)/nz(ka)] — Afjika) /mka)]' + - (A4)

Although the expansions (A.3) and (A.4) are valid only for sufficiently large
1, we can replace them in (2.13) for all I, because the difference affects only a
finite number of terms, which contribute at most a polynomial in r. Restricting
ourselves to the main terms of these expansions and employing also (2.14),
we find that, up to a polynomial in 7, the behavior of ¢(k,7) for || — « is
the same as that of the function

_ 1T (2d%) .
'Y(k,T) ka® Z( 1) [(‘)l)’:l m (A.O)
Just as in (A.1), this series can be rewritten as a contour integral,
1. [T+ 1)j|2 (2a°kr)™  dn
(k) = 5 tha [ [r(zx + 15| Tx + 2) sin(an)’ (A6)

where C is the contour shown in Fig. 2, I'(Z) is the gamma function, and the
integrand is rendered single-valued by restricting ourselves to &k = 0 and to the
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first quadrant of the r plane:
0 < arg(ra) £ g (A7)

The behavior of g in other quadrants follows from the symmetry relations
gk,r) = g"(k, —7%) = g(k, —7) = ¢*(k,7™), (A.8)
which are an immediate consequence of (2.13).

To determine the asymptotic behavior of (A.6) for | r | — =, we shall apply
the saddle-point method. For this purpose, let us deform the upper half of the
contour C into the upper half-plane and the lower half into the lower half-plane,
away from the real axis. The main contributions to the integral arise from large
values of | M|, for which the gamma functions can be replaced by Stirling’s
approximation. Moreover, if | Im A | is sufficiently large,

[sin (7N ] & F 2¢ exp (£0\w), (A.9)

where the upper signs correspond to Im A > 0 and the lower ones to Im A < 0.
Thus, we find

y(k,f)z?_gl:m{ fc explF (N jor)] dh — fc explF—(\jer)] dx}, (A.10)

where C and C_, shown in dashed line in Fig. 2, are the upper and the lower
half of the deformed contour, and

Fo\ k1) = —4nlog A + [2 log(2a’kr) — 2(3 log 2 — 2) = x|\

RV 1))
— 35 log A + OO,

The saddle points of F,. are located at

Ay = % (ir )™, (A.12)

respectively. According to (A.7), A belongs to the first quadrant and A_ to the
fourth quadrant, as it ought to be.

Evaluating the contribution from the saddle points, we find that the asymptotic
behavior of v, and therefore also of g, is given by

. ka expl2a(ikr)'] | expl2a( —ik'r)m]} e
g(kr) = —2?/-2{ o) + (=i (|} ). (A.13)

Although this expression has been derived only for values of 7 belonging to the
first quadrant, it is readily seen, with the help of (A.8), that it remains valid in
the other quadrants as well, provided that we take: —7 < arg(ra) = =.

The first term within curly brackets dominates the asymptotic behavior in
the lower half of the 7 plane, whereas the second term dominates in the upper
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half-plane. On the real axis, both terms are of the same order, and we find

™

glhr) =~ 2 ka(kr) ™" expl(2kr)"a] cos[(Zkr)ma — Z]. (A.14)

Thus, we have an oscillation with exponentially increasing amplitude,

The contribution from the second term within brackets in (A.3), which was
neglected above, is of the order (ka)**(ra) ™ relative to the first term. Thus,
the conditions for the validity of (A.13) are: | kr [*a > 1, | ra | > (ka)®. Simi-
larly, the second term of the expansion (A.4) gives rise to contributions of the
order of exp[da(Zik’r)"], which are negligible in comparison with (A.13) for
| 7] — .

This method can also be applied directly to f(k, 7), by writing (2.12) in the
form

o) e ELED [i00) ottt | ]

n(ka) ni¥(ka)  ni(ka)
2
'Pl (1 _— §7{;§> .

The sum of terms containing even powers of j;/n; in the above expansion is
equal to g (k, 7). The first term within square brackets gives rise to a contribu-
tion behaving asymptotically like —a cos(ra) (ef. (2.9)). The contribution
from the third term is of the order of exp[3a(=2=ik’r)"?), and so on: the nth
term gives contributions in exp[na(&=¢k™7)"'"]. Thus, while (2.10) is indeed
correct for | 7| — « along any direction in the upper half-plane, it is not valid
on the real axis, where the imaginary part of f, given by (A.14), dominates the
asymptotic behavior.

Notice that, although the first term within square brackets in (A.15) is much
larger than the second one for [ 3> (ka)?, it is the latter which determines the
asymptotic behavior on the real axis. This is due to the alternating character
of the series (A.5). Since this might give rise to some doubts concerning the
validity of the approximations which were employed in the derivation of (A.13),
it is worthwhile to establish some inequalities which confirm this result.

It was shown in ref. 10 that, if I = 2ka = 0, (log )" > 1,

Ji(ka) eka \#H
|M”(Ta} = (2l + 1) ' (A.16)

(A.15)

On the other hand, according to Picone’s inequality (12, 11, p. 276),

1Pz = B2 g z) (A.17)
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Substituting these results in (2.13) and (2.15), and employing Stirling’s ap-
proximation for the factorials, we get, for | 7| > k,

eka 1 ea |tk |1/2)“+1
[g(k,v’) ‘ < ]Tk 11/2 Zl (w12 (

2 F 1
2%k 1 e 441 it
% | 7k |12 Zz 2r(d + D2 (4; T 1) (2a |7k |") (A.18)
< 2ela SR20LET)

Tk [

An inequality in the opposite sense can be obtained on the imaginary axis,
T = 1] 7|, because (2.13) then becomes a series of positive terms, the sum
of which is certainly larger than any one of its terms. For sufficiently large
| 7], the largest term of the series corresponds to | & a kr |"*/2, leading to

ka'”® exp(2a|rk ")
/4 nl1/2 | k ‘3/4 :

{g(k, £é|r ] > (A.19)

The inequalities (A.18) and (A.19) confirm the result (A.13).

APPENDIX B. EVALUATION OF THE INTEGRAL C; (x)
To compute the integral (3.2), let us employ the result (12, I, p. 15):

I ’
_ _ e U+ p)! p(l — ¢os 0)"
Pll(l x+xcos 0) ——p;o( 1) m{.’b —T—' . (Bl)
We have (12, 11, p. 219)

10 /1 — W\ )
3 Pw)du =0 if p<l,
—1

2
2 {B.2)
IERY: (p!) .
=V =i T PR
Substituting (B.1) and (B.2) in (3.2), we get
Co(z) =0 if I' <1, (B.3)
oy - (=D + p)! .
Crale) = (D' D) 2 o i = i+ 1+ D1 (B4)
if =21

In particular,
Culz) = ', (B.5)
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It is readily seen that, form = 1,

Crrma(z) = “;jgfﬂjj_”: —lf—)!l)!meF (—21 —m -1, —m;
(B.6)
—20 — 2m; 1),
x
where F(a, b; ¢; Z) is the confluent hypergeometric function. We have (33)
Fla,b;¢;2) = (1 — Z2) " F(c—a,¢c— b;¢; Z). B.7)

It follows that
m—1
Crima() = 2'(1 — 2) 2 (=1)*(; m; s)a* (m=1,2--), (BS)
s=0

where

oy _@+2m+1) @2l +m-4+ s+ 1!
Gms) = S ¥ mt Dalmn —s = Di@Fs ¥ 17 BY
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