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We present a generalization of Veneziano's model to the five particle (production) amplitude. The amplitude 
consists of multiple resonance exchanges and shows multi - Regge behaviour in all channels. The residues 
at the poles have the correct polynomial dependence on the momentum transfer variables. The model also 
has partial crossing symmetry. Some conclusions and possible applications are pointed out. 

The f ive-point  ampli tude is  s chemat i ca l ly  r e p r e s e n t e d  in fig. 1, where  the momentum enter ing  the 
i ' th  l ine is  denoted b y / } .  The f ive independent s c a l a r s  a re  chosen to be 

(Pi + Pi+l )2, 2 si, i+ 1 =- / = 1 , 2 , . . . , 5 ,  Pi =1, p6 =-Pl (1) 

and the ampli tude is denoted by F(S l2 ,  s23, s34 , s45 , s 51 )- 
F o r  s impl ic i ty ,  the p a r t i c l e s  a r e  taken to be ident ical  and of spin ze ro  and the Regge t r a j e c t o r i e s  on 

which the r e sonances  l ie  a r e  a s sumed  to be ident ical  in al l  channels.  
Jus t  as in the Veneziano model  [1], the t r a j e c t o r y  l = a(s) must  be a l inear  inc reas ing  function of s. 

We now l is t  the r e q u i r e m e n t s  we want the model  to sat isfy:  
a) F has  s imple  po les  in the f ive v a r i a b l e s  si , /+1,  which co r re spond  to r e sonances  in a given channel 

o r  to the c r o s s e d  poles  giving r i s e  to the Regge behaviour  in the same  channel. Two v a r i a b l e s  si j  and 
Snm can s imul taneous ly  develop a pole if t he r e  ex i s t s  a Feynman d iag ram of the f o r m  given in fig. 2. 
This  is  only poss ib le  if i , j , m ,  n, a re  a l l  different .  This  is  graphica l ly  r e p r e s e n t e d  by fig. 3, where  the 
v e r t i c e s  of the pentagon label the indices  of the s u b - e n e r g i e s  s i , i+ l ,  and the dotted diagonals  c o r r e s -  
pond to the al lowed double poles ;  

b) for  def in i teness ,  cons ider  the double pole in the va r i ab l e s  s12 and sa~_~ corresponding,  to fig. 2 .  Let  
the spin of the leading pole in the 12 channel b e j  and in the 45 channel j ' ,  with m a s s e s  a - l ( j )  and a - l ( f )  
r e spec t ive ly .  The ampli tude near  s12 = a - l ( / )  and s45 = a - l ( j  ') must  have the f o r m  

F ~ 
1 K=min(j,J ') 

(s12 - a- l (J) ) (s45 - a - l ( J ' ) )  K=O 

K j -K j' -K  
Ck(Sls) (s23) (s34) (2) 

where  c ' s  a r e  constants .  This  condition, eas i ly  der ivab le  f rom Feynman ru les ,  guarantees  that t he r e  
a r e  no " a n c e s t o r s "  to the leading Regge t r a j ec to ry .  Of course ,  it a l lows p a r a l l e l  daughters .  The same 
condit ion also appl ies  to o ther  pa i r s  of v a r i a b l e s  by a cycl ic  in terchange of v a r i a b l e s  or  by rotat ing the 
pentagon of fig. 3; 

c) the model  must  r egge ize  both in the single and the double Regge l imi t s  in a l l  channels.  That means ,  
choosing the p a r t i c u l a r  graphs  of fig. 4, 
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Fig.1. Fig. 2. 

F --  {1 + e x p ( - i y a ( s l S ) ) } ( s 4 5 ) a ( s l S ) f ( h , s 2 3 , s 3 4 ,  s15), s12 -~ ~, s45 -~ oo, h = s 4 5 / s 1 2  = fixed (3a) 

F --, { 1 + exp(-ilra(s23)) } {1 + exp(-iya(slS))  } ( s34)a(s23)(s45)a(S lS)g(K,  s23 , s lS) ,  

s34 ~ co, s45 -~ 0% 
s34 s45 

s12 
- -  - K = fixed, s15 , s23 fixed 

(3b) 

where K is s imply re la ted to the To i l e r  var iable  [2]. These re la t ions  mus t  also the t rue  under  any 
cyclic  permutat ion.  

The formula  we propose is  an extension of the in tegra l  r epresen ta t ion  for the Euler  function which 
appears  in the Veneziano model,  

1 
B ( - a ( s ) , - a ( t ) )  = f du u-a(s ) - l (1 -u)  - a ( t ) - I  (4) 

o 

We genera l ize  the above formula  to the following: 

o o 

where a12 - a(s12) = as12 + b etc., and indices i and j are any two non-successive integers, counting 6 
and I equivalent. In the following we use the same F for the functions of sit and a/j. ui and u] corres- 
pond to the dotted diagonal lines in the pentagon of fig. 3. The variables ui satisfy the following con- 
straints: 

u i =1 - u i _  l u i + l ,  i = 1 , . . . , 5 ,  u6 = u  i .  (5b) 

Although these are five equations,  only three  a re  l i nea r ly  independent and hence all  the u ' s  can be ex- 
Ul 

u I I 
u2 [ 

Fig. 3.. Fig. 4. 
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p r e s s e d  in t e r m s  of two of them. By a change of va r i ab le ,  it is  eas i ly  seen that  the r igh t -hand  side of 
(5a) is  independent of the choice of i and j ,  and that it is  symmet r i c  under  the cyclic  in terchange of the 
indices  f rom 1 to 5. There fore ,  it is sufficient to prove proper t i es  b) and c) in one channel  only; be -  
cause of the cyclic symmet ry ,  the proof is  the same in other channels .  Having es tabl i shed the symmet ry  
of fo rmula  (5a), we now wri te  it in an u n s y m m e t r i c a l  looking form,  af ter  e l imina t ion  of some v a r i a -  
b l e s  by (5b), 

1 1 du4 \1-~-~-~!( 1-Ul ~-a23-1 \l_UlU4]( l - u 4  ~-a34-1 (1-UlU4)-a15"2 (6) F = f  du I f Ul a12-1 u4 a45- I  
o o 

Th i s  fo rmula  is convergent  when all the exponents have a negative rea l  pa r t  and, the re fore ,  it is  ana ly-  
t ic  in all  the v a r i a b l e s  in this  region. When Re(al2)  and Re(a45) become posi t ive ,  the in tegra l  d iverges  
at the lower l imi t s  of integrat ion,  and gives r i se  to poles  in the va r i ab le s  s12 and s45. F r o m  (5b) it is 
c l e a r  that ui and ui+ 1 cannot vanish s imul taneous ly ,  so that sij and Skl cannot  s imul taneous ly  develop 
poles  if they share  an index. On the other  hand, any two non-adjacent  v a r i a b l e s  like u 1 and u 4 can ap- 
p roach  the lower  l imi t s  of integrat ion s imul taneously ,  so that s12 and s45 can develop poles at the 
s ame  t ime.  This  ve r i f i e s  condition a). 

To study the s imul taneous  poles in va r i ab le s  s12 and s45, we wri te  

E E 1 E  E 1  1 1 

F =(f f + f f + f f + f f )d.t ~4{integrand} , 
0 0 E 0 OE E E 

0 < E < I  . 

(7) 

Only the f i r s t  t e r m  leads  to poles in both s12 and s ; the other  t e r m s  a re  e i the r  analyt ic  in s12 , s45 45 
or  both. We now expand the las t  three  fac tors  in the in tegrand in a double Tay lo r  s e r i e s ,  keeping a45 
and a12 negat ive,  in tegra te  t e r m  by t e r m  and obtain:  

F = ~ (E)k + m - a l 2  (e) l+m-a45 × (_a23_1). . .(_a23_k) × (_a34_1). . . (_a34_l)  × 

k,l,m--O k+ m-al2 l+m-a45 
(8) 

x (a23 + a34 - a15 ). . .(a23 + a34 - a 15 - m + 1 ) + t e r m s  without mul t ip le  poles in s12 and s45 . 

Th i s  formula ,  continued to posi t ive values  of a45 and a12 , displays the poles  at non-nega t ive  in tege r s  
in these  var iab les .  

To check condition b), we identify j = k + m, j '  = l + m .and observe  that the leading t e r m  of the poly-  
nomia l  that mul t ip l ies  this  pole is of the form (s )a (s )j-a (s )j'-a, and hence condition b) holds. 15 23 34 

An a l te rna t ive  and perhaps  be t t e r  way of der iv ing the above r e su l t s  p roceeds  through functional  r e -  
cu r s ion  re la t ions .  They can easi ly  be der ived by par t ia l  in tegra t ions  with r e s p e c t  to u 1 and u 4 and also by 
the r e a r r a n g e m e n t  of the va r i ab le s  in the in tegral :  

F(a12,a23,a34,a45,a51) = F ( a 1 2 , a 2 3  + l,a34,a45,a51 + I )  - F ( a 1 2 - 1 , a 2 3 + l , a 3 4 , a 4 5 , a 5 1 + l  ) , 

F(a12,a23,a34,a45,a51) = F(a12,a23,a34,a45,c~51+ I) - F ( a l 2  - I ,  a23 , a34 , a45 - I ,  a51 + I )  , 

1 
F(a12, ~23, a34, a45, a51) =a---~ {(a23 + 1)F(a12 -1 ,  a23 + 1, a 3 4 -  1, a45 , a51 + 1) + 

+ (a15 - a34  + 1) F(a12 - 1,a23,a34,a45-1,a51+1)} , 
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a51-a23+1  
F(a12,a23,a34,a45,a51) = a45 F(a12-1,a23,a34,a45-1~a51+l) + 

a34+1 
+ , F(a12,a23-l,a34+l,a45-1,a51+l). 

a45 

(9) 

O t h e r  func t iona l  e q u a t i o n s  can  be  ob ta ined  by a l l  c y c l i c  p e r m u t a t i o n  of the  a r g u m e n t s  in the  above  
equa t ions .  By r e p e a t e d  u s e  of  t h e s e  equa t ions ,  one can con t inue  F f r o m  i t s  o r i g i n a l  domain  of a n a l y t i -  
c i t y  Reaij < 0 to the  whole  c o m p l e x  p lane .  One then  e n c o u n t e r s  s i m p l e  p o l e s  c o m i n g  f r o m  the  d e n o m i n a -  
t o r s  in t he  l a s t  two f o r m u l a s ,  and t h e s e  c l e a r l y  have  p o l y n o m i a l  r e s i d u e s .  Condi ton  b) can be  e s t a b l i s h e d  
u s i n g  induc t ion  on (9). 

As  fo r  r e g g e i z a t i o n ,  no te  tha t  (6) does  not  have  the  s i g n a t u r e  f a c t o r s ,  s i nce  t h e r e  i s  no c r o s s i n g  
s y m m e t r y  b e t w e e n  say  l i n e s  1 and 5 and 2 and 3 in fig. 4. In any g iven  channe l ,  t h i s  can  e a s i l y  be  f ixed  
by m a k i n g  the  m o d e l  c r o s s i n g  s y m m e t r i c  b e t w e e n  the  a p p r o p r i a t e  l i n e s  "by hand" .  F o r  e x a m p l e ,  f o r  
the  channe l  c h o s e n  in f ig.  4, we  def ine  a new funct ion:  

i~(s12 , s23 , s34 , s45 , s51 ) =F(s 12 , s23 ,  s34,  s45 , s51)  + F ( s 4 5  - s32 - s12 + 3, s23 , s15 - s23 - s34 + 3, s45 , s51) + 

+ F ( s 3 4 - s 1 2 -  s 1 5 +  3, s23 ,s34 , s 2 3 -  s 1 5 - s 4 5 +  3, s 5 1 ) +  

+ F ( s l 2  - s 3 4 -  s45 + 3, s23, s15 - s23 - s34  + 3 , s23  - s15 - s45 + 3, ss1)  
(1o) 

w h e r e  s45 - s32 - s12 + 3 = s13 , s15 - s23 - s34+ 3 = s24  , e tc .  If F r e g g e i z e s  so does  i f ,  and with c o r r e c t  
s i g n a t u r e  f a c t o r s .  The  m o d e l  can  of c o u r s e  be  m a d e  c o m p l e t e l y  c r o s s i n g  s y m m e t r i c ,  but then  the  p r o o f  
of r e g g e i z a t i o n  is  m u c h  m o r e  d i f f icu l t  and wi l l  not  be  a t t e m p t e d  h e r e .  

We now g ive  the  s k e t c h  of  a p roo f  of double r e g g e i z a t i o n ,  the  s a m e  a r g u m e n t  can a l so  be  u s e d  to 
e s t a b l i s h  s ing l e  r e g g e i z a t i o n .  In eq. (6) t ake  a l l  a ' s  r e a l  and n e g a t i v e ,  and m a k e  the fo l lowing  change  of 

v a r i a b l e s :  

u I = exp , u 4 = exp 

which  g i v e s  

w h e r e  

F = (-a34) a23 (-a45) a15 1 

oo }(x)_a23_1(y)_a15.1 ~= f dx f dyexp { - y  + ? x [K(x',Y')l-a23-1L(x',y',a34)[M(x',y')] -a15-2 (11) 
o o 

with 

"k= a34a45/a12 = f ixed < 0 

1-exp {-x'y'-y'} 
y, 

x' = - x/a34 , y' = - Y/a45 , 

K(x',y') 1 - e x p  { -x ' y ' }  1 M(x',y')= 
= i-exp{-x'y'-y~ -~ ' 

1-exp{-y'} t -"34-1 
L(x',y',a34) ,-exp{-x' y -  y'} S 

The  r a n g e  of both  x and y and y '  and y '  i s  b e t w e e n  0 and + ,o. In th i s  r a n g e ,  the  fo l lowing  s t a t e m e n t s  
can  e x p l i c i t l y  be  v e r i f i e d :  

I l<c, ILl<c, IMI<C 
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where  C is  a f ixed constant  independent of al l  v a r i a b l e s  (0 ~< x '  ~< 0% 0 --< y '  --< 0% a34 < 0) 

lira K(n',y') = 1 , l i m  M(x',y') = 1 ( 1 2 )  
x',y'~O x',y'-.O 

l i ra  L ( x ' , y ' , a 3 4 )  = e x p { - x }  . 
x ' -~ O,y'--.O 

x, y=fixed, a34--+- ~o 

The above l im i t s  a r e  al l  uni form in both v a r i a b l e s  in the neighbourhood of x',y' = O. We can now wr i te  

P 

,:{o I 
P P P oo 

f + ff f+ f+ ff Ff I dxdy× {integrand}=lo(P)+ II(P) + 12(P) + 13(P) 
o P o P PP 

(13) 

where  P is a constant  independent of all  s ' s .  Now, given an e, we choose P so la rge  that 

II1] < ~ 1121 < E 113t < E, independent of s34 and s45 (14) 

which follow f rom the fact  that L, M,N are  bounded. 
At the same  t ime ,  keeping P fixed and taking s34 and s45 suff icient ly l a rge ,  we can sa t i s fy  the 

fol lowing: 
P P 

xY}(x)-a23-1(y)-a15-1] < ~ (15) Iio(P) - f f d x d y  exp { - x - y  + -~ 
o o 

which fol lows f rom the exis tence  of un i fo rm l imi t s  for  K, L,M. Final ly  we can c l ea r ly  have 

oo ~o P P I II f f - f f } dxdyexp{-x-y+X~}(x)-~23-1(y) -a15-1 <~ . (16) 

Combining eqs.  (13), (14), (15) and (16), the following l imi t  is  de r ived  

lira 
s34-~-oo 
s45--~-oo 

fixed 

I =g (17) 

which p roves  regge iza t ion  for  the f i r s t  t e r m  in (10) and also gives  

g(K, s23, s15) = ( a)a23+a15 F ? (x)-a23-1( y)-~15-I exp{-x-y + ~-~}xY dxdy 
o o 

(18) 

where  a i s  the slope of the t r a j e c t o r y  and g i s  the res idue  function defined by (3b). 
The  above a rgument  goes through even when a34 and a45 a re  complex  as long as Re a34 < 0 and 

Rea45  < 0. To reach  the r ight  half plane in these  va r i ab l e s ,  one has to rota te  the line of in tegra t ion of 
x and y in eq. (11) f rom the posi t ive  axis  to a complex direct ion.  In this  manner ,  one can es tab l i sh  (17) 
fo r  any complex  d i rec t ion  with the exception of pos i t ive  rea l  axis.  As a check,  one may introduce the 
expected Regge  behaviour  (3b) into (9). One then gets  functional equations for  g and v e r i f i e s  that they 
a r e  the s a m e  as those  de r ived  f rom (18). 

The model  we have p re sen t ed  sa t i s f i e s  the duality condit ions of Dolen et al. [3] for  the f ive-poin t  
product ion  ampli tude.  The ampli tude cons i s t s  of only mult iple  resonance  exchanges  and yet  it r egge izes .  

As  a resu l t ,  it r e s o l v e s  the paradox of Deck effect  v e r s u s  d i rec t  r esonance  model  in the manner  
con jec tu red  by Chew and Piguott i  [4]. F inal ly ,  it p r ed i c t s  the f o r m  of the res idue  function in case  of 
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m u l t i p l e  r e g g e i z a t i o n .  The  d e p e n d e n c e  on the  v a r i a b l e  K g iven  by eq.  (18) i s  an i n t e r e s t i n g  c o n s e q u e n c e .  
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