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Abstract: The absence of the rho resonance in the 7T~TT - subsystem of the 7T+Tr-# - final 
state produced by Dn annihilation has prompted the investigation of resonance ex- 
tinction in final state interactions. Resonance extinction is shown to be a general 
feature of a simple dispersion theoretic model. The qualities of the two-part icle 
amplitude necessary for the corresponding decay amplitude not to have resonance 
extinction are  discussed. An important factor throughout is the structure of the 
vertex function, i.e. the decay amplitude with no final state interaction. We re-  
examine, using explicit models of the two-part icle amplitude and vertex functions 
with structure,  the widespread conjecture due originally to Watson, that a t t rac-  
tive forces enhance a decay amplitude. 

i. INTRODUCTION 

In weak  d e c a y s ,  t yp i f i ed  by a point  p r o d u c t i o n  v e r t e x  in c o n f i g u r a t i o n  
s p a c e  (the e q u i v a l e n t  of a cons t an t  m a t r i x  e l e m e n t  in m o m e n t u m  space ) ,  it 
has  b e e n  s u g g e s t e d  tha t  r e s o n a n c e s  e x p e c t e d  in f ina l  s t a t e s  m a y  in s o m e  
c i r c u m s t a n c e s  be  ex t i ngu i shed .  T h i s  m e a n s  tha t  the  t h e o r y  i m p l i e s  tha t  
t w o - p a r t i c l e  r e s o n a n c e s  e x p e c t e d  in a m u l t i p a r t i c l e  f ina l  s t a t e  would  be 
absen t .  T h i s  has  b e e n  shown a n a l y t i c a l l y  and n u m e r i c a l l y  in an on m a s s  
s h e l l  t h e o r y  [1] which  d e s c r i b e s  the decay  p r o c e s s  1 p a r t i c l e  ~ 3 p a r t i c l e s ;  
but  it i s  i m p o r t a n t  to no t i ce  that  the s a m e  c a n c e l l a t i o n  would  o c c u r  if only 
two of the p a r t i c l e s  in the f ina l  s t a t e  i n t e r a c t e d .  T h i s  r e s u l t ,  though,  
s e e m s  to depend  on the p a r t i c u l a r  m o d e l  of f ina l  s t a t e  i n t e r a c t i o n s  ( f . s . i . )  
c o n s i d e r e d  which  is  a K - m a t r i x  m o d e l .  In p a r t i c u l a r ,  the l i t e r a t u r e  does  
not a n s w e r  the  q u e s t i o n  w h e t h e r  the p h e n o m e n o n  can  o c c u r  in o r d i n a r y  two-  
p a r t i c l e  f . s . i ,  u s ing  d i s p e r s i o n  m e t h o d s .  T h i s  q u e s t i o n  is  e s p e c i a l l y  i n t e r -  
e s t i n g  in v i e w  of the  l o n g - k n o w n  and u n e x p l a i n e d  a b s e n c e  of the p r e s o n a n c e  
in the r e a c t i o n  Dn -~ ~ % - ~ -  (ref .  [2]). Whi le  not p r o v i d i n g  a c o m p l e t e  dy-  
n a m i c a l  exp lana t ion ,  we wi l l  show tha t  such  c a n c e l l a t i o n s  a r e  p o s s i b l e  in 
the  t w o - p a r t i c l e  f . s . i ,  c a s e ,  wi th in  a d i s p e r s i o n  t h e o r e t i c  a p p r o a c h .  
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When  such  c a n c e l l a t i o n s  a r e  t a k i n g  p l a c e ,  we f ind  tha t  the  d e t a i l s  of the  
w e a k  p r o d u c t i o n  v e r t e x ,  o r  s o u r c e ,  b e c o m e  i m p o r t a n t .  A s i m i l a r  s e n s i t i v -  
i ty  to  the  d e t a i l s  of the  s o u r c e  has  r e c e n t l y  b e e n  r e p o r t e d  by A m a d o  and 
N o b l e  [3]" they  c a l c u l a t e d  the  e f fec t  of s t r o n g  a t t r a c t i v e  p a i r w i s e  f . s . i .  
a m o n g  t h r e e  p a r t i c l e s  on the  t o t a l  r a t e  f o r  t he  d e c a y  of one p a r t i c l e  into 
t h r e e ,  u s i n g  s e p a r a b l e  p o t e n t i a l  t h e o r y .  A m o n g  o t h e r  i n t e r e s t i n g  r e s u l t s ,  
t hey  f ind  tha t  s t r o n g  e n h a n c e m e n t s  o r  d e - e n h a n c e m e n t s  can  only be  p r o -  
d u c e d  in t h i s  c a s e  when the weak  v e r t e x  is  s t r o n g l y  l o c a l i s e d  in c o n f i g u r a -  
t i o n  s p a c e .  T h i s  r e s u l t  p e r t a i n s  to  the  3 - p a r t i c l e  f . s . i ,  c a s e ,  but  one i m -  
m e d i a t e l y  a s k s ,  e s p e c i a l l y  in v i ew  of our  r e s u l t s  about  c a n c e l l a t i o n s ,  if a 
s i m i l a r  s t a t e m e n t  can  be  m a d e  in the  s i m p l e r  t w o - p a r t i c l e  f . s . i ,  c a s e ,  
w h e r e  the  t h i r d  p a r t i c l e  d o e s  not i n t e r a c t .  The  r o l e  of the  v e r t e x  func t ion  
in f . s . i ,  i s  the  s e c o n d  m a i n  top ic  of t h i s  p a p e r .  

M o s t  of the  r e m a r k s  m a d e  in t h i s  p a p e r  app ly ,  with s l i g h t  m o d i f i c a t i o n s  
of the  c o n d i t i o n s ,  to  m u l t i p a r t i c l e  f ina l  s t a t e s .  The  r e m a r k s  a l s o  app ly  
v e r y  d i r e c t l y  to  the  t h r e e - p o i n t  func t ion ,  if the  b a r e  v e r t e x  in the  a b s e n c e  
of f . s . i ,  i s  e x p e c t e d  to  be  n o n - z e r o .  We a l s o  e x a m i n e  the  c u r r e n t  c o n j e c -  
t u r e ,  due to s o m e  r e m a r k s  by W a t s o n  [4], tha t  a t t r a c t i v e  f ina l  s t a t e  i n t e r -  
a c t i o n s  enhance  a d e c a y  a m p l i t u d e  and tha t  r e p u l s i v e  f . s . i ,  r e d u c e  it. T h i s  
c e r t a i n l y  s e e m s  to  be  j u s t i f i e d  with  a s c a t t e r i n g  l eng th  a p p r o x i m a t i o n  and 
an e f f e c t i v e  r a n g e  a p p r o x i m a t i o n  m o d e l  of the  t w o - p a r t i c l e  i n t e r a c t i o n .  

2:. E X T I N C T I O N  

To begin with, consider the decay of one particle into three. There are 
two sets of graphs which are thought to describe the f.s.i, problem. They 
are drawn schematically in fig. i for the case of two simultaneous f.s.i.. 
One either uses the set proportional to the ones in fig. Ib, or the entire set 
of fig. I. Both appear in the literature, but we prefer the latter for reasons 

to be stated. 
Numerous authors have found two features of f.s.i, to be most striking. 

The first is that f.s.i, can in some circumstances and in some theories be 

\ 
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y 

b 
Fig. 1. Graphs thought to describe the f.s.i, problem. 
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a b 
Fig .  2. Addi t iona l  g r a p h s  needed  to d e s c r i b e  the f . s . i ,  p r o b l e m .  

gigantic ef fec ts  of th ree  o r d e r s  of magnitude;  the second is that r e s c a t t e r -  
ing s ingula r i t i es  (due to p r o c e s s e s  like the th i rd  graph of fig. 2b) have not 
appea red  conspicuously  in e l e m e n t a r y  p a r t i c l e s  p r o c e s s e s  (although an in- 
t e r e s t i n g  example  is known in nuclear  phys ics  [5]). Eve ryone  knows that 
t w o - p a r t i c l e  r e s o n a n c e s  usual ly turn  up in final s t a t e s  with roughly the ex- 
pected  m a s s e s  and widths, so emp i r i ca l l y  one knows that mul t ip le  f .s . i .  
(i.e. r e s c a t t e r i n g  effects)  a r e  not ve ry  significant ,  except  poss ib ly  if the 
r e s c a t t e r i n g  ef fec ts  a r e  so s t rong as to produce  th ree -body  r e s o n a n c e s  [6]. 
So the dominant  g raphs  de te rmin ing  the impor tan t  s t ruc tu re  of the f .s . i ,  of 
p a r t i c l e s  1 and 2 a r e  shown in figs. 2a and 2b. In these  f igures ,  we a re  
dropping the t e r m  p re s en t  in fig. lb involving 2-3 sca t te r ing ,  s ince we want 
to examine  the quest ions r a i s ed  in the introduction in the s imples t  case  
poss ib le  - that in which only two pa r t i c l e s  in fact  in te rac t  s t rongly  in the 
final s tate.  Even in this  s imple  and supposedly well unders tood  case  some 
in te res t ing  r e su l t s  appear .  

With all these  s impl i f ica t ions  the decay ampli tude F(k 2) is given by 

1 S g*(q2)F(q2) F(k 2) = b(k 2) + -  - ~ - ~ : ~ -  dq 2 (1) 
77 O 

where  g(q2) is the t w o - p a r t i c l e  s -wave  ampli tude,  n o r m a l i s e d  so that 
g(q2) = exp (i6) sin (5) and b(k2) is the product ion ver tex ,  the pro jec t ion  of 
fig. 2a. The quantity k is the c .m.  momen tum of one of the two e q u a l - m a s s  
p a r t i c l e s  in the in te rac t ing  two-pa r t i c l e  subsys tem.  

A convenient  r e sonan t  fo rm with the c o r r e c t  analyt ic  p r o p e r t i e s  in the 
phys ica l  region is 

g(k2) _ Fk (2) 
2 k 2_ iFk k R - 

The solution of eq. (1) was shown by O r a n ' s  [7] to be 

F(k2 ) = b(k2 ) + 1 S 
D(q2)g(q2)b(q2) 

7rD(k2) o q~__~_~¢  dq 2 , (3) 

when the in tegra l  converges .  
The ampl i tude D(k 2) is given by 

(-1 dq2) = expA(k2) , (4) D(k2) = e x p , _  
O 
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w h e r e  D(k2) needs  only to be d e t e r m i n e d  up to a cons tan t  mu l t ip l i ca t ive  
f ac to r ,  and so s u b t r a c t i o n s  in the d i s p e r s i o n  in teg ra l  fo r  A(s) a r e  p e r -  
mi t t ed .  

With one sub t r ac t i on ,  B r o n z a n  [8] showed that  

2 _ k 2  iFk (5) D(k 2) = te R 

fo r  the r e s o n a n c e  f o r m  of eq. (2). If th is  is subs t i tu ted  d i r e c t l y  into eq. (3), 
the in t eg ra l  does  not c o n v e r g e  fo r  cons tan t  b, so p r o c e e d  by s u b t r a c t i n g  eq. 
(1) at k 2 : 0 .  

F(k 2) F(0) b(k 2) - b(0) 1 F g*(q2 )F(q2 )  
k2 - ~2 + k2 + ~ - -  a~(q~:- ~ :  ~ )  dq2 " 

o 

This is also an equation of Omn6s type, whose solution, using eqs. (3) and 
(5) is  

k 2 ~ rq (F (0 )  +b(q2) - b(0)) 
F(k2) = F (0 )+  b(k 2) - b(0) + vD(k2)  o ~ - k 2 2 i ~  dq2 " 

If b(k 2) is cons tan t ,  this  c o n v e r g e s  and 

2 _ k 2 
F(k  2) : F(0) kR (6) 

2 k 2 i F k  k R - - 

Th i s  is the  so lu t ion  and it equals  F(0) at k 2 = 0 and k 2 = ~. One can  eva lu-  
a te  F(0) by backsubs t i t u t i on  of eq. (6) in eq. (1) to find that  

F(k2) : ~ ÷ F(0) f~  irq(k~-  
q2) 

dq 2 

v o (k2 R _ q 2 ) 2 + F 2 q 2  q 2 - k 2  ' 

w h e r e  the i n t eg ra l  is c onve rge n t .  One obta ins  the fundamen ta l  f o r m  (6) 
aga in  with 

2 _ k 2 
F(k 2) : b kR (7) 

2 _ k 2 _ i F k  ' 
k R 

showing that  F(0) = F(~)  = b. 
An a l t e r n a t i v e  way to r e a c h  eq. (7) is to note f r o m  eq. (6) tha t  F(oo) = 

F(0) ,  so  tha t  the i n t eg ra l  in eq. (1), t o g e t h e r  with g(k 2) as  g iven by eq. (2), 
c o n v e r g e s ,  p r o v i n g  that  F(~)  = b fo r  a cons tan t  v e r t e x  pa r t .  

B e f o r e  c o n s i d e r i n g  the imp l i ca t i ons  of eq. (7), let  us  f i r s t  f ind the so lu-  
t ion  fo r  the c a s e  when b(k2)  is not cons tan t .  A conven ien t  cho ice  is 

b~2 (8) 
b(k2) - ~2 +k2 " 
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Now the in t eg ra l  in eq. (3) c o n v e r g e s ,  and we might  be t e m p t e d  to think that  
the c o r r e c t  so lut ion was,  us ing  eq. (3), 

2 k 2 + Ff~ 
F(k 2) - b~2 k R -  (9) 

/~2+k2 2 h 2 - i F k  
h R - 

Howeve r ,  th is  cannot  be the c o r r e c t  solut ion,  s ince  eq. (8) r e d u c e s  to 
b(k2) = b = cons tan t  in the l imi t  i~ ~ ~, but eq. (9) does  not r e d u c e  to eq. (7). 
The  r e a s o n  in that  the p r o c e d u r e  leading to eq. (9) is inval id in this  l imi t ;  
s ince  above all  we r e q u i r e  cont inui ty  of solut ion,  we m u s t  find the solut ion 
which does  tend to eq. (7) as  F~ ~ co. 

Le t  us use  the s u b t r a c t e d  f o r m  of the equat ions ,  given above.  We then 
obtain  

F(k 2) [F(0)(/32 + k 2) - bk2](k 2- k 2) - Fbf~k 2 
: (10) 

( 9  ÷ k 2 ) ( ~  - k 2- irk) 

We see  that  F(k 2) ~ F ( 0 ) - b  a s k  2 ~ ,  so tha t  the in teg ra l  i n e q .  (1) con-  
v e r g e s  and F(~)  = b(~) = 0 fo r  f ini te  t~. Hence  F(0) = b, and eq. (10) r e -  
duces  to 

2 k 2 k2rf 1 
F(k2) = bfi2 ka- - , (11) 

fi2+k2 2 k 2-iFk 
k R - 

which indeed reduces to eq. (7) as ~ ~ oo. From eq. (11), it follows that 
F(0) =b, while for finite fi, F(°o) = 0; on the other hand, for b(k 2) = con- 
stant, F(0) = b = F(oo). It is now clear why eq. (9) was incorrect in the limit 

-~ oo. As fi-- ~o from finite values, the equation with inhomogeneous term 
b(k 2) = b~2/(fi 2 +k 2) tends to the equation with inhomogeneous term b(k 2) =b; 
but the latter has the solution (7) with F(0) = F(~) = b. Hence we must en- 
sure that for the case fi finite we also have F(0) = b. The solution of eq. (9) 
does not satisfy this condition, so we have to add to it a constant multiple 
of D-l(k2), the solution of the homogeneous equation. If the arbitrary con- 
stant is determined by F(0) = b, we recover precisely eq. (11), which is 
then, by Omn~s work, the unique solution of the problem which --~ 0 at ~, 
for finite fi, and has the value b at k 2 = 0. 

Let us now examine the physical consequences of eq. (11). The most 
striking feature is the existence of a zero of the numerator at k 2 = 
k2R(l + F/fi)-I. Now fi-1 measures the spatial extension of the source, f3 its 
extension in momentum space. If fi >> F, the numerator of eq. (11) vanishes 
close to the resonance energy; the resonance is extinguished in this model 
for a very localised source. On the other hand, if [~ << F which corresponds 
to a diffuse source, the resonance will survive, though it will be distorted 
and damped. Some typical cases are shown in fig. 3a for F = 1 and in fig. 
3b fo r  F = 0.5. T h e s e  show tF(k2) 12 p lo t ted  v e r s u s  k 2, and Ig(k2) l 2 is 
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F(k 2) 12 

~ ( ~ )  12 

~2=m 

, , ,  

Ficjure 3a 

1 2 3 4 5 

F~gur¢ 3b 

Fig.  3. (a) Decay ampl i tudes  with ~2 = ~o, 10, 3 and 1, I ~ = 1; (b) decay ampl i tudes  
with fi2 = ~ 10, 3 and 1, 1-" = 0.8. 

s h o w n  f o r  c o m p a r i s o n .  T h e  r e s o n a n c e  e n e r g y  i s  f i x e d  a t  k2 R = 3, and  fi2 i s  
g i v e n  v a l u e s  1, 3, 10 and  ~.  

It i s  c l e a r  t h a t  a s p a t i a l l y  l o c a l i z e d  s o u r c e  l e a d s ,  in t h i s  m o d e l ,  to  d i s -  
t o r t i o n  of  a r e s o n a n c e .  T h i s  i s  r a t h e r  s i m i l a r  to  t h e  c o n c l u s i o n  of  A m a d o  
and  N o b l e  in  t h e  t h r e e - b o d y  c a s e  [3]. If ~2 i s  r e d u c e d ,  s o  t h a t  t h e  f o r m  
f a c t o r  i s  s t r o n g e r ,  t h e  r e s o n a n c e  i s  d a m p e d .  W e  i n v e s t i g a t e ,  in s e c t .  4,  to  
w h a t  e x t e n t  t h e s e  a r e  m o d e l - d e p e n d e n t  e f f e c t s .  
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3. AN A L T E R N A T I V E  MODEL OF T W O - P A R T I C L E  F.S.I .  
THE HOMOGENEOUS SOLUTION 

B e f o r e  cont inuing f u r t h e r  with the ques t ion  of r e s o n a n c e  ext inc t ion ,  we 
c o n s i d e r  the a l t e rna t i ve  mode l  men t ioned  e a r l i e r ,  in which the g r a p h s  of 
fig. lb  a lone a r e  c o n s i d e r e d ,  so that  f igs.  2a and 2b a r e  r e p l a c e d  by fig. 2b 
alone.  This  mode l  r e q u i r e s  the so lu t ion  of the h o m o g e n e o u s  equat ion a s s o -  
c i a ted  with eq. (1), 

F(k2 ) = 1 ~ g*(q2)F(q2)dq2 (12) 

F o r  g(k 2) given by eq. (2), Omn~s  showed that  [7] 

F(k2 ) _ F × r e g u l a r  funct ion of k 2 . 
2 k2_ k R - iFk  

In this  f o rmu la t i on ,  any r e s o n a n c e  ext inct ion has  to  be put in by hand, 
tak ing  the r e g u l a r  funct ion to have a z e r o  at k 2 ,  say .  D i s p e r s i o n  t heo ry  
need  have nothing to say  about  the z e r o s  of the ampl i tude ,  and in this  mode l  
such  a z e r o  is c e r t a i n l y  quite  u n r e l a t e d  to the f o r m  of the d e c a y  ve r t ex .  

It is  expec ted  that  a r e a l i s t i c  t w o - p a r t i c l e  ampl i tude  g(k2) will tend to 
z e r o  as  k2 ~ oo. If the v e r t e x  b (k 2) = b = cons tan t ,  one expec t s  the so lu t ion  
of eq. (1) to tend to b as  k 2 -~ ~o, and the  so lu t ion  of the h o m o g e n e o u s  eq. (12) 
to tend to z e r o  as  k 2 -~ ~o (ref .  [9]). 

C o n s i d e r  the c a s e  when the t w o - p a r t i c l e  ampl i tude  is g e n e r a t e d  by a po-  
ten t ia l  which r e p r e s e n t s  the exchange  of s o m e  a r b i t r a r y  p a r t i c l e s .  The  
d i a g r a m  of fig. 2a r e p r e s e n t s  the b a r e  ve r t ex ,  the decay  Hami l ton ian  in 
F e y n m a n  theo ry .  The  d i a g r a m  of fig. 2b is the sum of all  F e y n m a n  g r a p h s  
in which the two f inal  s ta te  p a r t i c l e s  exchange  p a r t i c l e s .  T h e s e  g r a p h s  a r e  
the only ones  with the  t w o - p a r t i c l e  n o r m a l  t h r e s h o l d  and which have an im-  
a g i n a r y  p a r t  a s s o c i a t e d  with them.  So the d i s p e r s i o n  in t eg ra l  in eq. (12) 
g ives  the g r a p h s  con t r ibu t ing  to fig. 2b. The  p r o b l e m  is whe the r  we should  
use  eq. (1) o r  eq. (12) to d e s c r i b e  d e c a y  ampl i tudes .  If e i t he r  equat ion  is 
s u b t r a c t e d ,  one ge ts  the s a m e  v e r t e x  funct ion  when the v e r t e x  funct ion  b(s) 
is  cons tan t .  Th i s  p r o c e d u r e  s imp ly  evades  the diff icul ty .  

It s e e m s  to us that  the f i r s t  mode l  (figs. 2a and 2b) b a s e d  on the so lu t ion  
(3) is to be p r e f e r r e d  b e c a u s e  Ca) the so lu t ion  is m a n i f e s t l y  p r o p o r t i o n a l  to 
the decay  v e r t e x  if it is cons tan t  (b) when the decay  v e r t e x  has s t r u c t u r e ,  
the ampl i tude  does  not have an addi t ive  p a r t  independent  of this  s t r u c t u r e  
and (c) when the f . s . i ,  van ish ,  and the t w o - p a r t i c l e  phase  shift  is  z e r o ,  the 
decay  ampl i tude  is p r e c i s e l y  the decay  ve r t ex .  

4. SOLUTIONS WITH VARIOUS RESONANT 
T W O - P A R T I C L E  A M P L I T U D E S  

We r e t u r n  now to the ques t ion  of ext inct ion,  us ing  f igs .  2a and 2b as  a 
model .  The  r e s o n a n t  ampl i tude  of eq. (2) has  c o r r e c t  ana ly t i c  p r o p e r t i e s  on 
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the  r i g h t - h a n d  cut ,  but  h a s  no l e f t - h a n d  cut  a t  a l l .  One m i g h t  w o n d e r  if the  
c a n c e l l a t i o n  was  s o m e h o w  due to  t h i s  f ac t .  In t h i s  s e c t i o n ,  i t  w i l l  be  shown 
tha t  the  d e c a y  a m p l i t u d e  F (k  2) does  d e p e n d  s t r o n g l y  on the  p r e c i s e  f o r m  of 
the  t w o - p a r t i c l e  a m p l i t u d e :  r e s o n a n c e  f o r m s  with  r e s o n a n c e  m a s s  and 
w i d t h s  equa l  s i m p l y  do not p r o d u c e  s i m i l a r  f o r m s  fo r  F(k2) .  A K - m a t r i x  
m o d e l  wi l l  exh ib i t  the  e x t i n c t i o n  p h e n o m e n o n ,  and  wi l l  show how the  e x t i n c -  
t i on  z e r o  m o v e s  when the  l e f t - h a n d  cut  i s  r e p r e s e n t e d  by  a po le .  On the  
o t h e r  hand,  one p a r t i c u l a r  but  f a i r l y  r e a l i s t i c  N/D m o d e l  of the  t w o - p a r t i -  
c l e  a m p l i t u d e  g i v e s  l i t t l e  o r  no p o s s i b i l i t y  of an e x t i n c t i o n  at  a l l .  The  only  
p o s s i b l e  c o n c l u s i o n  of such  an a n a l y s i s  i s  tha t  un t i l  the  f o r c e s  r e s p o n s i b l e  
f o r  a c t u a l  p h y s i c a l  t w o - p a r t i c l e  r e s o n a n c e s  a r e  u n d e r s t o o d ,  one can  m a k e  
no c a t e g o r i c a l  s t a t e m e n t s  about  the  n e c e s s a r y  p r e s e n c e  o r  a b s e n c e  of z e -  
r o s  in d e c a y  a m p l i t u d e s .  One can  e a s i l y  c o n s t r u c t  a u n i t a r y  m o d e l  of a 
t w o - p a r t i c l e  a m p l i t u d e  by c h o o s i n g  a m e r o m o r p h i c  K - m a t r i x  and c h e c k i n g  
tha t  the  r e s u l t a n t  a m p l i t u d e  has  no p h y s i c a l  s h e e t  p o l e s  e x c e p t  on the  n e g a -  
t i ve  r e a l  a x i s .  Use  a K - m a t r i x  

K(k2 ) _ t a n 6  _ a + c 
k 2 k2 k2+b ' 

k R - 

wi th  a, b > 0 and a and c s m a l l .  Then  the  r e s u l t i n g  T - m a t r i x  i s  

2 
e i5  ab + ck R + k2(a - c) 

T(k2 ) _ s in  6 _ 
1,, l?)(l? ÷b)_ ik( b +c,i?_ck2) , 

which, ,has  two c o m p l e x  c o n j u g a t e  p o l e s  on the  u n p h y s i c a l  k 2 s h e e t  n e a r  
k 2 = k ~  r e p r e s e n t i n g  r e s o n a n c e s .  I t  ha s  two p o l e s  n e a r  k 2 = -b  on bo th  
s h e e t s ,  and the one on the  p h y s i c a l  s h e e t  r e p r e s e n t s  a weak  l e f t - h a n d  cut .  
If c i s  p o s i t i v e ,  i t  r e p r e s e n t s  a t t r a c t i v e  f o r c e s ,  and if c i s  n e g a t i v e ,  r e p u l -  
s i v e  f o r c e s .  If the  po l e  in t h i s  l a t t e r  c a s e  was  i t s e l f  g e n e r a t e d  by  f o r c e s ,  
t hen  the  po l e  m i g h t  be  i n t e r p r e t e d  as  a bound  s t a t e ,  but  in t h i s  c on t e x t  the  
p o l e  i t s e l f  i s  r e p r e s e n t i n g  the  f o r c e s  and the  f ac t  t ha t  t h i s  p o l e  l o o k s  l i ke  a 
bound  s t a t e  shou ld  not  be  t a k e n  l i t e r a l l y .  

Suppose  tha t  the  p h y s i c a l  s h e e t  po le  of T(k 2) o c c u r s  at  k 2 = k2 B. T h e n  the  
O m n ~ s  D func t ion  i s  found to be  

D ( k 2 ) =  [(k2R - k2)(k2 + b ) - ik(ak 2 + ab + Ck2R - ck2) ](k 2 -  k2)  -1  

and the  s o l u t i o n  fo r  F ( k  2) wi th  a c o n s t a n t  v e r t e x  p a r t  b(k 2) = b V i s  

(k2R-k2) (k2+b)+k2[kBJ- l (ak2B+ab+Ck2R-Ck2)  

F ( k  2) : b  V ( k 2 _ k 2 l ( k 2 + b l _ i k ( a k 2 + a b + c k 2 _ c k 2 )  

T h e  d e c a y  a m p l i t u d e  F (k  2) has  the  p h a s e  of the  t w o - p a r t i c l e  a m p l i t u d e  and 
the  e x t i n c t i o n  z e r o  i s  s e e n  to  be  s h i f t e d  by a s m a l l  a m o u n t  to  h i g h e r  o r  

e n e r g i e s  a c c o r d i n g  a s  to  w h e t h e r  (ak2 B +ab +ck 2 -  k2c)  i s  p o s i t i v e  o r  l o w e r  
n e g a t i v e .  



FINAL STATE INTERACTIONS 691 

T h e  d e c a y  p r o b a b i l i t y  IF(k  2) 12 i s  s h o w n  p l o t t e d  a g a i n s t  k 2 in f ig .  4, and  
t h e  d i s t o r t i o n  c a u s e d  by t h e  z e r o  i s  v e r y  c l e a r ;  I T(k2)  12 i s  a l s o  s h o w n  f o r  
c o m p a r i s o n .  T h e  r e s o n a n c e  p o s i t i o n  w a s  f i x e d  a t  k2.2. = 3, and  r e p r e s e n t a -  r~ 
t i v e  p a r a m e t e r s  a = 0 .3 ,  b = 3 w e r e  c h o s e n .  F i g .  4a  s h o w s  t h e  c a s e  of  c = 
0.3 and  f ig .  4b t h e  c a s e  of  c = - 0 . 3 .  

A l t h o u g h  t h i s  K - m a t r i x  m o d e l  d e s c r i b e s  an  a m p l i t u d e  in w h i c h  a l e f t -  
h a n d  c u t  a s  w e l l  a s  r e s o n a n c e  p o l e s  a r e  p r e s e n t ,  t h e  r e s o n a n c e  p o l e s  a r e  
no t  g e n e r a t e d  by  t h e  f o r c e s  r e p r e s e n t e d  by t h e  l e f t - h a n d  cu t :  t h e y  a r e  p o l e s  
of  t h e  CDD n o n - d ' m a m i c a l  t ype .  

(k 2) 12 

1 2 3 4 5 

Figure 4a 

1 2 

Figure 4,b 

Fig .  4. (a) Decay ampli tude with K - m a t r i x  model  and a = 0.3, b = 3.0, c = 0.3 and 
k 2 = 3.0, (b) decay  ampli tude with K - m a t r i x  model  and a = 0.3, b = 3.0, c = -0.3 and 

k 2 = 3. 
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In c o n t r a s t ,  c o n s i d e r  t h e  P - w a v e  N/D t w o - p a r t i c l e  a m p l i t u d e ,  in w h i c h  
a p o l e  a p p r o x i m a t i o n  f o r  N r e p r e s e n t s  d r i v i n g  f o r c e s .  W i t h  s u f f i c i e n t l y  
s t r o n g  f o r c e s ,  t h i s  l e a d s  to  an  a m p l i t u d e  w i t h  a m o v i n g  z e r o  of  D w h i c h  c a n  
p r o d u c e  a r e s o n a n c e .  

T a k e  

N = h a - l ( k 2 + a 2 )  - 1 ,  

Im  D = - k 3 N ,  

D(0) = 1 ,  

then the P-wave amplitude is 

T(k2 ) _ e /5  s i n 5  _ Nh 2 _ ~,h2a-1 
k D ( a + i h ) ( a - i h - ~ k 2 a - 1 )  ' 

w h i c h  h a s  m o v i n g  p o l e s  at  

h+(k) = -a(i  + {-(4;~ - l))/2k . (13) 

These poles are plotted in the complex k-plane in fig. 5. For k > 0.25, the 
poles move round the circle and may be interpreted as resonances for 
k > 0.5. There is the slightly curious feature of this 'one-pole' model that 
complex conjugate poles of T occur with Re (q2) < 0, when k is in the range 
0.25 < X < 0 . 5 .  

j 
\ 

\ 
I 2 

Figure 5 

Fig.  5. The complex  k plane: locus of z e ro s  of D. 1. )~ = oo, k:L = 0, 2. ~=  0, k _ = - i a ,  
3. ~ 9~ . = = 0 . .o ,  k ~ _ - - 2 i a ,  4 ~ = 0, k+ - i ~ .  

The Omn6s D function is 

D(k 2) = (a- ih -  Xk2a-1)(a + i}) - I  , 

and if we take a constant vertex b, the decay amplitude (ignoring the angu- 
lar  dependence for the P-wave in the final state) is 
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{T (k2)l 2 

1 2 3 4 5 

FiEjure 6a 

IT(I(2)I 2 

13 2 = oo 

k2 
1 2 3 4 5 

Figure 6b 

F ig .  6. (a) Decay  a m p l i t u d e s  in N/D m o d e l  wi th  t = 3.0, a = 2.45; (b) Decay  a m p l i -  
t udes  in N/Dmodel with ;~ -- 5.0, a =  3.46, (~2 = 1 0 , ° o  

693 
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1 2 3 
Figure 6c 

~2= co 
~ - " - ' - " - " ~  ! k 2 

4 5 

Fig. 6. (e) Decay amplitudes in N / D  model with 3 = 10.0, a = 5.2, fi2 =oo, 100, 30. 

F ( k 2  ) = b ( a -  i k )  (14) 
a -  i k  - ~tk2a - 1  " 

T h e r e  is no ex t i nc t i on  in th i s  case .  F o r  the ca se  when the v e r t e x  has  s t r u c -  
t u r e ,  we fol low the p r o c e d u r e  d e s c r i b e d  in sec t .  2, n a m e l y  we choose  that  
so lu t i on  which r e p r o d u c e s  eq. (14) as  /3 ~ co. T h i s  can be done by adding to 
so lu t ion  (13) a c o n s t a n t  m u l t i p l e  of D-1  so that  the r e s u l t a n t  e x p r e s s i o n  
t ends  to the s a m e  l i m i t  as  k -* 0 as  eq. (14) does ,  which is  F(0) = b. T h i s  
s o l u t i o n  is  

b~ 2 ._a _- i k  { 1-  ;tk2 A F(k 2) 
/.~2 +k2 a _ i k  _ ~ t k 2 a - 1  \ a ( a  + /~)} ' 

which indeed  r e d u c e s  to eq. (14) as  ~ ~ oo. E x t i n c t i o n  o c c u r s  when ~2 = 
a 2 / ( ~ t -  1)2: the z e r o  is  at k 2 = a ( a  +fi)~t-1 and the phase  shif t  i n c r e a s e s  
t h rough  ~Trt at k 2 = a 2 / ( ) t -  1). 

The r e s u l t s  of a c a l c u l a t i o n  a r e  shown in fig. 6. We used  ~ = 3 in  fig. 6a, 
~t = 5 in fig, 6b and ) t  = 10 in fig. 6c. The  v a l u e s  of a a r e  chosen  so that  
r e s o n a n c e  o c c u r s  at k 2 = a 2 / ( ~ t -  1) = 3. The  decay  p r o b a b i l i t y  IF(k2) I 2 is  
peaked  at e n e r g i e s  a l i t t l e  l e s s  than  the  r e s o n a n c e  e n e r g y  when the v e r t e x  
is  c o n s t a n t  (~? = ~) ;  IT(k2) I2 is  p lo t ted  for  c o m p a r i s o n .  We note  the s t r o n g  
d a m p i n g  c a u s e d  by the f o r m  f ac to r  when fi2 = 10. It would s e e m ,  t e n t a t i v e -  
ly,  that  ' d y n a m i c a l l y  g e n e r a t e d '  r e s o n a n c e s  can be s t r o n g l y  damped  by in-  
t e r f e r e n c e ,  while  the n e c e s s a r y  c a n c e l l a t i o n s  for  comple t e  ex t i nc t i on  migh t  
e a s i l y  occu r  for  the n o n - d y n a m i c a l  or CDD type of r e s o n a n c e .  
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5. SOLUTIONS WITH N O N - R E S O N A N T  T W O - P A R T I C L E  A M P L I T U D E S  
SOURCE E F F E C T S  

M o t i v a t e d  by the  f o r e g o i n g  r e s u l t s  about  p o s s i b l e  e x t i n c t i o n  of t w o - b o d y  
r e s o n a n c e s  by  f . s . i ,  and the  s i g n i f i c a n c e  of the  p r o d u c t i o n  v e r t e x ,  i t  s e e m s  
w o r t h w h i l e  to  r e - e x a m i n e  the  g e n e r a l  q u e s t i o n  of to  what  ex ten t ,  if at  a l l ,  
the  t r a d i t i o n a l  s t a t e m e n t  tha t  a t t r a c t i v e  t w o - b o d y  f o r c e s  e nha nc e  d e c a y  a m -  
p l i t u d e s  whi le  r e p u l s i v e  ones  s u p p r e s s  t h e m  is  a f f e c t e d  by i n t r o d u c i n g  
s t r u c t u r e  into the  p r o d u c t i o n  v e r t e x .  I t  i s  i n t e r e s t i n g  to r e c a l l  t ha t  the  
a b o v e  s t a t e m e n t  was  f i r s t  m a d e  by W a t s o n  [4], but  wi th  the  p r o v i s o  tha t  the  
s p a t i a l  e x t e n s i o n  of t he  s e c o n d a r y  ( f inal  s t a t e )  i n t e r a c t i o n s  be  l a r g e  c o m -  
p a r e d  with  tha t  of the  p r i m a r y  (p roduc t ion )  i n t e r a c t i o n .  The  not ion  tha t  p r i -  
m a r y  and s e c o n d a r y  i n t e r a c t i o n s  a r e  s e q u e n t i a l  i s ,  of c o u r s e ,  i m p l i c i t .  
The  d i s p e r s i o n  t e c h n i q u e  i s  we l l  s u i t e d  to d e a l i n g  with  t h i s  q u e s t i o n .  

The  two m o s t  p o p u l a r  p a r a m e t r i s a t i o n s  of l o w - e n e r g y  a m p l i t u d e s  a r e  
u s e d ,  n a m e l y  the  s c a t t e r i n g  l eng th  a p p r o x i m a t i o n  ( s . l . a . )  and the  e f f e c t i v e  
r a n g e  f o r m .  In the  s . l . a . ,  the  s - w a v e  t w o - p a r t i c l e  a m p l i t u d e  i s  

T(k2 ) _ e i5 s i n5  _ a 
k 1 - i k a  ' 

w h e r e  t an  5 = k a .  

The  s . l . a ,  i s  the  a m p l i t u d e  d e d u c e d  by  t ak ing  N = a = c o n s t a n t  in t he  N / D  

m e t h o d ,  and u s i n g  one s u b t r a c t i o n  at  t h r e s h o l d  fo r  D. So the  c a s e  a > 0 i m -  
p l i e s  a t t r a c t i v e  f o r c e s ,  a p o s i t i v e  p h a s e  sh i f t  and a v i r t u a l  bound s t a t e  i s  
p r e s e n t .  If a < 0, one can  s a y  tha t  t h e r e  a r e  r e p u l s i v e  f o r c e s  and a n e g a -  
t i ve  p h a s e  sh i f t .  But  how do we i n t e r p r e t  the  p h y s i c a l  s h e e t  p o l e ?  F o r  the  
p u r p o s e s  of a p p l i c a t i o n ,  we can  say  e i t h e r  t ha t  the  a m p l i t u d e  has  a bound 
s t a t e  o r  t ha t  the  po l e  r e p r e s e n t s  a l e f t - h a n d  cut .  The  s . l . a . ,  b e i n g  a c r u d e  
o n e - p a r a m e t e r  m o d e l ,  s e r v e s  fo r  bo th  t h e s e  c a s e s .  If a bound s t a t e  e x i s t s  
a s  a p h y s i c a l  p a r t i c l e ,  i t s  po l e  shou ld  be  p r e s e n t  on the  p h y s i c a l  s h e e t  of a 
d e c a y  a m p l i t u d e .  If the  po le  of the  s . l . a ,  m e r e l y  r e p r e s e n t s  f o r c e s ,  then  
the  f . s . i ,  m o d e l  shou ld  not  have  such  a po le  on the  p h y s i c a l  shee t .  A d i s -  
p e r s i o n  i n t e g r a l  of the  OmnSs  type  g i v e s  a d e c a y  a m p l i t u d e  with  a r i g h t -  
hand  cut  only:  t h i s  i s  c o r r e c t  if the  po l e  r e p r e s e n t s  f o r c e s .  If the  po l e  r e p -  
r e s e n t s  a genu ine  bound  s t a t e ,  we ob t a in  the  c o r r e c t  D func t ion  fo r  t h i s  a p -  
p l i c a t i o n  by a n a l y t i c  con t i nua t i on  f r o m  p o s i t i v e  to n e g a t i v e  a.  The  c a s e  
w h e r e  the  s . l . a ,  i s  a bound s t a t e  m o d e l  i s  d e n o t e d  by BSM, and w h e r e  the  
s . l . a ,  i s  a r e p u l s i v e  f o r c e  m o d e l  i t  i s  deno t ed  by R F M .  

The  O m n S s  D f u n c t i o n s  a r e  

D(k 2) = (1 + k a ) -  1 a < 0 R F M  

a ~ 0  
D ( k  " = 1 -  i k a  { a < 0  BSM 

Tbe d e c a y  a m p l i t u d e s  a r e  c a l c u l a t e d  with  a v e r t e x  func t ion  

b(k 2) = bfi2/(~ 2 + k 2) , 
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and  are 

F(k2 ) : b/3 2 l + i k a  
i32 + le2 1 - /3a a < 0 ,  R F M  

b~ 2 1+/3a a >  0 BSM 
F(k2)  - /?2 +k2  1 -  ika {a < O ' " 

So one s e e s  tha t  (a) W a t s o n ' s  t h e o r e m  is  obeyed ,  (b) a t t r a c t i v e  f o r c e s  en-  
h a n c e  the  d e c a y  a m p l i t u d e  and r e p u l s i v e  f o r c e s  r e d u c e  it ,  (c) the  BSM has  
t he  p h y s i c a l  s h e e t  p o l e  in t he  d e c a y  a m p l i t u d e .  We p r o c e e d  with  a m o r e  so-  
p h i s t i c a t e d  m o d e l  which  r e m o v e s  the  a m b i g u i t y  in i n t e r p r e t a t i o n  of the  po l e  

The  e f f e c t i v e  r a n g e  a p p r o x i m a t i o n  i s  a t w o - p a r a m e t e r  a m p l i t u d e  and in 
t he  S - w a v e  N / D  f o r m u l a t i o n  h a s  a w e l l - k n o w n  a n a l y t i c  f o r m  [10]. The  two-  
p a r t i c l e  a m p l i t u d e  is  

e i5 s in  5 ( k -  ia) -1 ( k + i a  k -  i a ] - I  
T(k2) - k - \ ~ +  ~ ]  ' 

and 

k cot S = a2 ( 1 -  ~ )  + k2 ( 1 +  ~-~) . 

The  a m p l i t u d e  has  two p o l e s  r e p r e s e n t i n g  l e f t - h a n d  cu t s ,  a t  

k = ia and k = ia(X - 2a)(X + 2a) -  1 

The  s e c o n d  p o l e  i s  on the  s e c o n d  k 2 s h e e t  when - 2 a  < X < 2a,  and we con-  
s i d e r  a t t r a c t i v e  f o r c e s  wi th  X > 0 and a l s o  r e p u l s i v e  f o r c e s  wi th  X < 0. 

The  O m n ~ s  D - f u n c t i o n  in t h e s e  c a s e s  i s  

D(k2) = ( ~  + k -  ia] 2a-a J ( k + i a ) - I  . 

T h e  d e c a y  a m p l i t u d e  wi th  a c o n s t a n t  v e r t e x  i s  

(k + ia)(2a + X) F(k 2) : b 
(k + ia)2a + X(k - ia) ' 

and wi th  a m o m e n t u m - d e p e n d e n t  v e r t e x  

bfi 2 
b(k2) - k2 +/32 ' 

i t  i s  

bfi 2 k + ia ( 2 a - X +  2Xfi~ 
F(k2)  - ~2 + k2 (k + ia)2a + X(k - ia) ~ ]  " 

One s e e s  a g a i n  tha t  r e p u l s i v e  f o r c e s  r e d u c e  the  d e c a y  a m p l i t u d e  and a t -  
t r a c t i v e  f o r c e s  e n h a n c e  it. 

We note  t ha t  fo r  a l l  t h e s e  c a s e s ,  we have  the  s i m p l e  g e n e r a l  r e s u l t  [11] 

F(k2)  : b(k 2) O(-f i  2) 
D(k 2) 
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6. CONCLUSION 

The purpose of this paper was to consider certain simple models which 
have been thought to describe f.s.i, and to observe that good simple models 
of resonant two-particle amplitudes are not necessarily satisfactory for 
use in decay theory. This is upsetting because it was conjectured that a 
phenomenological parametrisation of two-particle amplitudes in the physi- 
cal region might suffice to determine decay amplitudes. In particular, if 
model-dependent effects are important, then one must be suspicious of 
separable potential models which have bad analytic properties on the left- 
hand cut. 

We find that with non-resonant two-particle amplitudes, the decay am- 
plitude of one particle (to a multiparticle state with two strongly interacting 
particles in it) is enhanced by attractive forces and reduced by repulsive 
ones, whether the source has extension or not. In the case of resonant two- 
particle amplitudes, we saw that there is the possibility of resonance ex- 
tinction, or of gross distortion of resonances when the zero is shifted a 
little from resonance, caused by destructive interference between figs. 2a 
and 2b. This may be a model-dependent effect, but it is a plausible model, 
and there is a significant piece of experimental evidence for the extinction 
of the rho resonance in the 3~ mode of ~n annihilation at rest. 

All the remarks made in this paper, except sect. 3, refer to the graphs 
of fig. 2, which ignore graphs of the interactions of particle pairs I, 3 and 
2, 3. More generally, the remarks apply to a multiparticle final state with 
one pair of particles having a significant interaction. It may be a good ap- 
proximation to ignore these other interactions for some pairs of physical 
particles. In the on-shell model [I], equal and simultaneous resonant in- 
teractions in all channels do not prevent the extinction of the resonance. In 
any case enhancements in the I, 3 and 2, 3 subsystems appear averaged 
(over an angle variable) when events are plotted against the I, 2 subenergy 
variable, so that their effect on the 1, 2 channel is likely to be smoothed. 
The projection ensures that reflected singularities are no worse than loga- 
rithmic. 
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NOTE ADDED IN P R O O F  

(i) Af t e r  c o m p l e t i o n  of th i s  p a p e r ,  we r e c e i v e d  a p r e p r i n t  e n t i t l e d  ' R e -  
s c a t t e r i n g ,  O m n b s  equa t ion ,  and z e r o s  in a r e s o n a n c e  peak '  by L. R e s n i c k  
( P h y s i c s  D e p a r t m e n t ,  C a r l e t o n  U n i v e r s i t y ,  Ot tawa,  Canada ;  May 27th 
1969). T h i s  p a p e r  ob t a in s  a r e s u l t  s i m i l a r  to o u r s ;  n a m e l y ,  a z e r o  at  or  
n e a r  the e l a s t i c  r e s o n a n c e  m a x i m u m  may  oc c u r  in the f . s . i ,  p r o b l e m  when 
the e l a s t i c  phase  shif t  r i s e s  smoo th ly  f r o m  0 to ~ ( tending to ~ at oo). T h i s  
i s  the b e h a v i o u r  of the phase  shif t  g iven  by our  eq. (2). We a r e  g ra t e fu l  to 
Dr .  R e s n i c k  for  c o r r e s p o n d e n c e  about  the p r o b l e m .  

(ii) We wish  to add s o m e  f u r t h e r  c o m m e n t s  about  CDD poles .  W e r e  B a s -  
d e v a n t ' s  [11] r e s u l t ,  F(k 2) = b(k2)D(-/~2)/D(k2), t r u e  in g e n e r a l ,  t h e r e  
could  n e v e r  be ex t inc t ion .  The  r e a s o n  it  i s  not  t r u e  in our  ca se  is  tha t  the 
a m p l i t u d e  g iven  in  eq. (2) c o r r e s p o n d s  to one CDD pole p r e s e n t .  T h i s  m a y  
be s e e n  f r o m  the w e l l - k n o w n  fact  that  5(0)--5(oo) = ( n u m b e r  of bound s t a t e s - -  
n u m b e r  of CDD poles)  X 7r. In t h i s  s i t u a t i o n  the D d y n a m i c a l l y  g e n e r a t e d  by 
N, ca l l  it DN, wil l  not be the  s a m e  as  that  which m u s t  be u s e d  in the f . s . i .  
p r o b l e m ,  ca l l  it  Do, which is c a l c u l a t e d  f r o m  the phase  shif t  5 v ia  eq. (4). 
We have 

N o dq2/  
DN I V 

_ ' i (  ' 

which,  with a CDD pole  p r e s e n t ,  is  mod i f i ed  to 

COD 1- f Npdq2/Tr 
D N : q2 - k2 - i~ + k2 + k2 ' 

w h e r e  y, k 2 a r e  the CDD p a r a m e t e r s .  Now it i s  known that  D occ  
cc (k2 + h2)D'CNDD ( see  E.  J. S q u i r e s  and P . B .  Co l l in s ,  Regge P o l e s  in P a r -  

c 
t i c l e  P h y s i c s ,  S p r i n g e r - V e r l a g ,  1968, Ch. 6). So the f . s . i ,  p r o b l e m ,  eq. (1), 
has  the s o l u t i o n  (as in eq. (3)) 

_ : c %  (q2 1 bgDodq2 b e i 6 { c o s S + T r ! ~ o ~ p j  q 2 - k ~  + dq2} 
k2) 

F= b + ~oo f q 2 -  h2- ic 

w h e r e  P s t a n d s  for  the p r i n c i p a l  va lue .  The  i n t e g r a l  i nvo lv ing  N is  no 
l o n g e r  s i m p l y  r e l a t e d  to Do, which is  the b a s i s  of B a s d e v a n t ' s  r e s u l t .  

1 Since  cos  5 = 0 when 5 = 57r, it a p p e a r s  tha t  it  depends  on the choice  of the 
CDD p a r a m e t e r s  whe the r  the  e x t i n c t i o n  z e r o  is  at  or  n e a r  the  r e s o n a n c e  
pos i t i on ,  or  not;  in our  e x a m p l e  of sec t .  2, and in R e s n i c k ' s  c a se ,  r e s o -  
n a n c e  e x t i n c t i o n  o c c u r s .  We a r e  g r a t e fu l  to P r o f e s s o r s  B l a n k e n b e c I e r  and  
A m a d o  for  e m p h a s i z i n g  to us  the i m p o r t a n c e  of CDD po les  in th i s  p r o b l e m .  


