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An existence and uniqueness theorem is proved for the solution of the system of equations 
for the Regge pole parameters  proposed by Cheng, Sharp s and Mande~_stam. The proof p re -  
supposes the fulfillment of a certain condition that relates all the parameters .  The Kanto- 
rovich-Aktlov theorem is used, fulfillment of the conditions of this theorem ensuring the 
contraction property of the mappings. 

In 1963, Chcng and Sharp [1, 2] deduced an approximate system of equations for the Regge pole para-  
meters  ~(t) and fl(t). Their  derivation Was based on the analyi~clty propert ies and unitarity of the amplitude 
of the two-particle reaction in the t channel. 

It was ~ssumed that the amplitude satisfies the Mandclstam representation and has a Regge behavior 
asymptotically. Under these conditions, o{t) and fl(t)/(q lqj)Ct(t) were shown robe real analytic functions ia 
the t plane with the cut [to, ~). An approximate unitarlty condi~on for the partial waves was used and only 
the two-particle intermediate skate and a single Rcgge pole were taken into account. The assumption of 
narrow resonances, valid for Sn,~ll t, was also made. These assumptions were used to derive a system 
of equations for the parameters  o(t) and fl(t). 

Similar equations for the case of scattering by a Yukawa potential were solved numerically and com- 
pared with the results obtained by the direct methods {3, 4]. The comparison showed that the results were, 
on the whole, similar.  This prompted the idea that in the case of relativistic scattering, fcr which there 
are  no direct methods, the system of equations of Cheng and Sharp point a way to a dynamical determination 
of the Regge parameters .  

In 196% .~andclstam [:~-I modiftcd the equations of Cheng a~d Sharp in formulating a dynamical scheme 
based on Iin~-arly increasing Rcg-ge pole trajectories,  l lowever ,  Mandelstam [51 trsed only the trivial solu- 
tion of thcse eqtmtions for Im c, it) = 0. An analogous system of equations was proposed at the same t ime 
by Epstein and Kaus [6]; they solved their system r.umc,'lcally for the case of the p- t ra jectory in the reac-  
tion ~ + r0 ~ =0 . =0. Rcccr.tly [7], corrections have been introduced into the system of equations of Ep- 
stein and Kaus [6i; thcse take into acco,.mt the contribution of intermediate channels with more than two 
particles. However, a numerical calculation has shov,-n that the results a r e  only slightly affected {7]. 

This approach has als0 been used for bootstrap calculations of the Regge pole parameters  [5, 6~ 8|. 

The question of the existence and uniqueness of a solution of the system of equations for the Regge 
pole parameters  was already proposed by Chcng and Sharp {!, 21. Ilowever, to the best of our knowledge0 
this question remains open, both for the equations of I1, 2] as well as their subsequent modifications [5, 6, 
7]. In the present lxaper, we consider the question of the existence and uniqueness of a solution of the sys-  
tem of equations of Cheng, Sharp, and Mandelstam with one subtract ion.  Methods of functional analysis 
are used to show that this system of equakions has a unique solution if a certain condition which relates 
all the constants is satisfied. 

We write the system of equations for o(t) and flit) In the form [51 

a{O ffi at + b § -~-~'dr ~m,~{t') 
t. 
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~ . , , =  E(t)(4qS) ~x') ~[ a ( t - - t . )  f , ~ , |ma(f) 
{2) 

Here,  E(t) is an en t i re  function of t; t a a re  the values of t fo r  which ~{t) = - n - 1 / 2 ,  k(t) = ~ t - ~  ~ d  
q2 is the square  of the momentum t ransfer .  

The sys tem (1)-(3) differs  f rom the sys tem of equations in Mandclstam's  pape~ ~ that one subtrac~o~ 
has been introd,t~ccd and that ' the exponent of (e/a) in Eq. (2) is at + b and not a/t}. 

We reduce  Eqs. (1)-{3) to a single equation; for  values of t above the cut, we then have 

We note that Im o(t} = O for  t < ~.  

In cont ras t  to (1} and (2), Eq. (4) is not s ingular  since,  as t '  - - t ,  

f" / ( t ' - - , ) ~  
For E(t) = const we have Im~lt) ~ I// (if t -- ~, which corresponds to the ~ssumption c~ narrow 

resonances. 

In Eq. (4), we make the change of var iable  

Equation (4) then takes the form 

~ ' - -  ~ ~ ' / '  

0 ~ 1 .  

Here, 

o Ot~ 

r 1 6 2  t n 1/2 " 

Equation (5) has a number  of interest ing proper t ies ,  

1. A ~oltition'of the equation is ,  if i t  exists ,  a positive function and 

Im a(O < r 

2. The solution must vanish as v x in the limits v ~ 0 and as i-v in the limit v --I, where ~ = a~ 

+ b + 1/2. We introduce the new function 

Equation (5) takes the fo rm 

or ,  in opera to r  f o rm ,  

lm-O,) ImaO,) z ( 0  ffi v ' / 'O - v ) ' t , "  " - ~ ) -  " {'~ 

{8) 

F~luations (5) and (8) a re  equivalent in the sense t l ~ t  each solution of one of  them corresponds ~ s 
def in i te solut ion ot the other .  
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In o rde r  to invest igate  the exis tence and uniqueness of a solution o~ Eq. (9), we shalt  use the methods 
of functional ana lys is .  To be p rec i se ,  we shall  use  a theorem proved in the book of Kantorovich and Akllov 
[9J (see a lso  [10]). 

T.JJ~_.P.~.  Suppose an operat ion P maps a se t  fl ~ X Into X ~nd at  every  point of a c o n v e x  closed 
set  fit ~ ~ has a der ivat ive .  Then,  

e(~,)~ fl,. (Io) 

then there exists a unique fixed point of the operation P in R0. If P'(x) is continuous, the condition (11) is 
,'also necessary. 

As the space X, we sl~ll take the space L~ (0, 1) of square-summable functions on |0, I]. This Im- 
poses no additional restrictions on the desired function. As the sets II and f~0, we shall take the cone of 
negative functions in this space; this cone ~s a closed convex set. 

As we b.ave seen above, the condition (10) of the theorem is satisfied. In order to verify the coR- 
dition (11)o we must estimate the norm of the derivative P' of I ). 

The Fr~chet dffferenti:~l of P has the form 

{ } +' " q'~ --~-~ (du'-P(~i! ~z(--t'') In . P'(z)~zCu)= ~)(u) --~du 'P (u,)z~') In 

Let us make  some es t imates :  

{12) 

~.>ao i )  �9 
=t?f~, 

| t 

�9 S" <". "'~ + ' - -  ~ S'~,,"~' ~~176 ~"'~ ~" ~~176 ' ' ' ,  p' c,,~ ~,,'-,,) i N  = ~.~'-~,)" ~*  ~o~ o".,, - ,.r.,,",.~,_.~ ~,, - , , )  - o'v. lo ~,,'Jle~ 

L 

where ~l,(v) = r is a bounded function and 

~,".( t -  r,)'1.v",.(l, o'yl. !,., (,'~1 

is a lso bounded and, as follows f rom a numer ica l  calculation, i ts  m,~ximum does not exceed 1.2. 

Then, 

lP'lz)~rl < I m,x V max ~t}do d~'xg'-~v'd~'-v~ez'(o 3 

Applying the Cauchy-Schwarz -Bun iakowsM inequaliW to the Integral  ove r  v '  m~d calculating the in tegrals ,  
we obta in  

1 P ' ( z ) |  ~ maz ~ m*x V nx  for all z ~ ~ , .  

~dh~ 
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Let us  e s t /mate  max~(v ) :  
cO 

',r {0 Ek (t) {t, aq,/,)~,.~ IT a (~ - ~.} Ek(t)(~aqye? ~'~ 
"~- V~ (t) i'(at t ~ '  

since the Infinite product doea not exceed unity. Applying 8tiritng's [ormuh [or a positive argument to 
the r function, we find 

Finally. 

, P ' { t ) < ~ .  

A sufficient condition for (1!) to hold is 

E ,:~|, x = a t # + b + l ] 2 .  o..3,5 ,~ ~ 0 6 }  

For the case of the p-trajectory, a = 0.84 (BeV/c) "2, b -- 0.57, to = 0.072 (BeV/c) z, E = 0.2 [6]. 

Substituting these values, we see that the condition (16) is satisfied for the p-trajectory. 

Of course, t h e  condition (16) is more stringent thants necessary for the existence of a unique solu- 
tion. However, it is quite clear that a restriction of the type (16) on the [rajectory parameters must hold 
for a solution to exist: and to be unique; this circumstance must be taken into account in the construction 
of Rcgge bootstrap sc~b~nes and also in the determination of the actual solution of a system by ~he me~hod 
of successive approximations, 
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