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1. Introduction

1.]. Reggepolesin hadrondynamics

Reggein 1959 [116,1171 observedthateigensolutionsof the Schrodingerequationof different
angularmomentumcould begroupedinto families, eachfamily beingconnectedby a singlepole
in the complexangularmomentumplanethat movedthrough the integersin angularmomentum
asthe total energywasincreased.TheseReggepoles,as they cameto be called,are connectedwith
the asymptoticbehaviorof thescatteringamplitudeas the cosineof the t-channelscatteringangle
cos0 in the four-particleamplitude(fig. 1.1) becomesinfinite (section1.2). Becausecos0is linearly
relatedto the invariant s = (Pa+Pb)2,the amplitudefor the crossedreactionab -~ ä’b’ hasthe
high energybehavior

A
4 ~ y(t)s~t). (1.1)

It is naturalto try to generalizethe ideaof Reggebehaviorto multi-Reggeasymptoticbehavior
of multiparticleamplitudes[94,130,115,63,34,148,13,1501.Theseextensionswereguessesmotivated
from Reggebehaviorof four-particleamplitudesanddid not attemptto reflect a detailedunder-
standingof the phaseandsingularitystructureof the multiparticleamplitudes.

Let us reviewthe difficulties briefly. Considerthe processac-÷ ä’b’~of fig. 2.1. Supposewe
were interestedin studyinga double-Reggeasymptoticlimit

s1, ~2’ s12—~ oo; t1, t2 fixed. (1.2)

The expectedresult is

A 5nj(t1)5a2(t2~)~t t s Is s ) (1 3)5 1 2 ~ 1’ 2’ 12 1 2

The difficulties in formulatinga rigorousderivationof sucha result centeraroundthenotion of
the helicity of the reggeons~ i and~ The kinematicanalysisof section2 belowshowsthatit is in-
deedpossibleto identify an angle,namelythe Toller anglew12, whoseFouriercomponentsare
thehelicitiesof both ct1 arid a2 (both,becausehelicity is not changedby the scalarparticleb’).
In thelimit (1.2) the angleis given by

s —~ PbFig. 1.1. Four-particleamplitude.
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= {2~/77i~cosw12— t1— t2+m~,}/X(t1,t2, m~,), (1.4)

X(a, b, c)a
2+b2+c2—2ab — 2bc— 2ac. (1.5)

It is necessaryto fix the helicitiesof the reggeonsin the limit (1.2), i.e. to fix ~12/~1~2’ andsothe
residueyin (1.3) becomesa function of this ratio.

The amplitudeA
5 can havea rathercomplicateddependenceon the ratio s12/s1s2,if we con-

siderthatit haspolesandbranchpointsin all threeinvariants.This leadsin generalto an infinite
spectrumin helicities for the reggeons,so that

~=~y~exp(iXw12), (1.6)

wherethe seriesmust divergeatvaluesof w12 correspondingthrough(1.4) to singularitiesin

Apart from the technicalproblemsof finding a rigorousderivationof (1 .3), thereis the prac-
tical problemof how oneshould go aboutintroducingsignatureinto (1.3) in view of the fact that
y musthavea phaseassociatedwith singularitiesin s12Is1 s2. In order to dealwith all of these
problems, onemustfirst understandwhatasymptoticsingularitiesin A5 as a functionof s1, s2
and ~12 might be permit\tedon generalgroundsandhow thesesingularitiesenterinto ‘y. A con-
venientvehicle for studyingthis questionis the generalizationof helicity to complexvalues.It
is necessaryto considerpolesin complexhelicity in analogyto polesin complexangularmo-
mentum.The existenceof complexhelicity polesis intimately relatedto theasymptoticsin-
gularity structureof multiparticleamplitudes.An understandingof the consequencesof Regge
behaviorfor multiparticle amplitudescannotbe completewithout taking them into account.This
is a featureuniqueto multiparticle amplitudesandneverappearsat the four-particlelevel.

Progresshasbeenmadein recentyearstowardsdevelopinga detailedunderstandingof multi-
Reggebehavior,and it is the purposeof this report to describewhat we know now. The story is
far from completeandis a rich areafor further research.

Our presentdiscussionis devotedmainly to theasymptoticbehaviorproducedby Reggepoles,
sincerelatively little is knownaboutthe role of cutsin the asymptoticbehaviorof multiparticle
amplitudes.We explorethe problemsin makingReggeasymptoticbehaviorcompatiblewith some
fundamentalassumptionsaboutthe asymptoticsingularitystructureof amplitudesandshowthat
a theory of multi-Reggebehaviorcan be formulatedconsistentwith a restrictedset of asymptotic
singularities,namelythosearisingfrom normal thresholdbranchpoints.Simple Reggepolescan-
not tell the wholestory. We know from unitarity that if thereare polesin theJ planethenthere
must be cuts. Our attitudetowardf-plane cutsis that theyshould be understoodasbeinggener-
ated from combinationsof polesthroughunitarity. This principle hasbeensuggestedpreviously
for cutsandpolesin the energyplane(seeref. [37]) underthe title “maximal analyticity of the
first degree”.In keepingwith thisprinciple,it is apparentthatonemustfirst understandthe
propertiesof pole-dominatedamplitudesbefore attemptingto understandthepropertiesof Regge
cuts.

Apart from the deeperquestionsrelatingto the foundationsof Reggetheorythereareother
reasonsfor studyingthe asymptoticstructureof multiparticleamplitudes.We list a few applications:
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(i) Phenomenologyof inclusivecrosssections.Herewe needto know howto takethediscon-
tinuity of multiparticleamplitudesin a particularchannel.Whatdoesmulti-Reggebehaviorsay
aboutinclusivereactions?Do the Regge-polecontributionsfactor in the discontinuity,if theydo
so in the amplitude?How muchdo we learnaboutthe full amplitudeby measuringthe discon-
tinuity?

(ii) Phenomenologyof exclusivemultiparticleproduction.Whatis the asymptoticphaseof a
multiparticle productionamplitude?What canbe saidaboutthe dependenceon the Toller angle?
Whatdoesthe presenceof a helicity polehaveto do with the asymptoticbehaviorof multipar-
tide amplitudes?

(iii) Reggeonscatteringamplitudes.Canreggeonamplitudesbe definedwhich haveproperties
similar to particleamplitudes(i.e. unitarity, analyticity), so that we canwrite dispersionrelations,
finite energysumrules,etc., for them?

(iv) Theoremsaboutdecouplingof the pomeron.If the pomeronis a simplepolein angular
momentum,what canonesayaboutits couplings?

For the readerinterestedin thebasic theoreticalideas,we suggesthe readssections1.2—1.4,
2.1.—2.2, and3.1—3.5.Thisallows thereaderto completetheanalysisof thesimplestmulti-Regge
vertex,namely,the two-reggeon,one-particlevertex.The article as a wholecanbeviewed as fol-
lows. We studythe basicthree-pointreggeonvertices(fig. 1.2) for onereggeon(trivial case,sec-
tion 1.2), for two reggeons(section3) and threereggeons(section4). We discussthe analytic
structurein the helicity angle(sections3.5, 4.2). Then weshowthat factorizedproductsof these
basicverticesoccurin generalmulti-Reggelimits (section5). Theseideasare thenappliedto the
inclusiveprocess,wherewe encounterfour- andfive-point vertices(section6). Having discussedthe
behaviorof amplitudesdominatedby Reggepoles,we turn briefly to unitarizationproblems.As an
illustration, from direct (s) channelunitarity we find boundson diffractive production(section7)
andfrom crossed(t) channelunitarity, thetwo-reggeonscuts (section8). Clearly theseapplications
representonly the firstsmallstepsin aniterativeapproachto thegenerationof all f-planesingularities.

We haveincludedan appendixwhich illustratesthegeneraldiscussionin themain body of the
text bygiving the explicit forms in the dualresonancemodel,sinceit is thesimplestmodel ex-
hibiting all the Reggepolepropertiesdiscussedhere.The readermay find it useful to referto the
appendixfor comparisonfrom time to time.

1.2. Reggepoles— Review

In orderto motivateour approachto multi-Reggebehavior,we beginby reviewingReggethe-
ory for thefour-particleamplitude.(Forextensivereviews,seeCollins andSquires [45] and
Collins [44].)

A Reggepole is a polein the complexangularmomentumplaneof a partial waveamplitude.
Its presencehasimplicationsfor theasymptoticbehaviorof ascatteringamplitudeas the cosine
of a scatteringangle(andthereforecertainchannelinvariants)becomeinfinite.

Fig. 1.2. Three-pointvertices.
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For a scalar2-to-2amplitude(fig. 1.1) in the physicalregion for aa’ -~ bb’, the partial waveam-
plitudesaredefinedin the t-channelcenter-of-momentumframeby the usualLegendreseries

A(z,t) ~ (2J+l)P~(z)~(J,t), (1.7)
J= 0

wheret = (Pa+Pa)
2 is the squareof the total energyandz = cos0 is the cosineof the scattering

anglein that frame*.
Using the methodof FroissartandGribôv, the partial waveamplitudes~(J, t) may be continued

into the complexJ plane.It is necessaryto defineseparatecontinuationsfor evenandoddJ, and
this is doneby introducingthe signaturedamplitudesAT(z, t), r = ±1, which haveonly right-hand
cutsin z andarerelatedto A(z, t) as follows:

A(z, t) = [A~(z, t)+A~(—z,t)] + [A(z, t) —A(—z,t)] . (1.8)

The asymptoticbehaviordueto af-planepoleor cut is obtainedfrom the Sommerfeld—Wat-
sonrepresentationof (1.7):

—~+ico

AT(z,t) =—~ I’ . ~j (2J+l)Pj(_zYaT(J, t). (1.9)

The contourstandsto theright of polesin the signaturedpartial waveamplitudeäT(f, t) but to
the left off = 0. We recall that in order to be ableto pushthecontourto the left of Ref = —~

we needto useMandelstam’strick, which effectively replaces

P~(—z)/sinrrf by —Q ~
1(—z)/cosirf. (1.10)

Furthermore,sincewe arechiefly interestedin the leadingasymptoticbehavior,we replace

Q ( )~~F(_f) ( 2 )J (111)

-J-1 z F(—J+~) — z

If we expressonly the manifestsingularity in f in I’(— f) in (1.11) andabsorbinessentialfactors

in a redefinition of a
T(f, t) we areled to

AT(z,t) = ~-!- fdJ F(—f) (—z)~~T(f, t), (1.12)

wherethecontourseparatespolesin F(—f) from dynamicalsingularitiesin ä~T(f,t). A rightmost
factorizablepole atf = a(t) in a~T(J,t) leadsto anasymptoticbehaviorof the signaturedampli-
tude

AT(z,t)—~ ~5a’(t) ~~~‘(t) (_z)a(t)F(_a(t)) . (1.13)

This familiar resultexpressesnot just the fact that the amplitudehaspowerbehaviorin z. It also

* We use theconventionthat all momentumlabelsrefer to incomingparticles.Thus for anyantiparticles~E= ~~b’ etc.
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carriesinformationaboutthe presencein Ar(z, t) of a discontinuityin z. For non-integrala(t)
the asymptoticexpressionappearsto havea branchpoint at z = °°. This is a reflectionof theac-
cumulationat infinity of right-handbranchpointsin z in the signaturedamplitude.Since they
originate from branchpointsin the crossedchannelinvariantsS = (Pa+ Pb)2 and u = (Pa+
which arelinearly relatedto z, e.g.,

s = A(t)z + B(t)

x+ [t, m~,ma’2] X~[t, m~,mb’ I
A(t)=2

2v1 2Vt

t+m,2—m2 t+m,2—m2
B(t) = ma2+ m~,2+ 2 ( 2~ a) ( 2~ b)

X(a, b, c) = a2 + b2 + c2 — 2ab — 2bc — 2ac, (1.14)

it is naturalto rewrite (1.13)in termsof channelinvariantsalone:

AT(s,t) ~aa(t) ~bb’(t) (_s)n(t)F[_a(t)], (1.15)

where

~3(t)= ~(t)[A(t)]0(t)I2. (1.16)

Forspecialvaluesoft, the coefficientA(t) in eq. (1.14) is singular. Thesesingularitiesdo not cor-
respondto actualsingularitiesin t ands in AT(s,t) andsoarecalledkinematicalsingularities.
Therefore,theymust alsoappearin ~(t) in eq. (1.13)but not in ~3(t)in (1.15).Thus eq. (1.15) is
a morenaturalway to expresswhat the presenceof a Reggepoleimplies for the asymptoticbe-
havior of the amplitude.In fact it is alsowell-suitedfor analyticcontinuationin t to the physical
region for the s-channelprocessab-÷ã’b’.

We mayalsore-expressthe “leading behavior”of the Sommerfeld—Watsontransform(1.9) in
termsof channelinvariants:

AT(s,t) = ~LfdJ F(—J) (—s)~aT(J, t), (1.17)

where

aT(J, t) = [A(t)] ~aT(J, t). (1.18)

This expressioncontainsall the essentialfeaturesof the Sommerfeld—Watsontransform: the par-
tial waveseriesis obtainedas a polynomial in s by closingthecontourto the right; for integral
a(t) the Reggepoleresidueis a polynomial of orderJ =

Although(1. 1 7) was derivedonly for theleadings behavior,it is possibleto interpretit as an
exactexpression.It is a Mellin transformrepresentationof the amplitude.Suchrepresentations
in termsof the invariantswerefirst discussedby Khuri [931.Thereis a one-to-onecorrespondence
betweenthe leadingmemberof a family (integrallyspaced)of polesin the Mellin variableJ at
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J = a(t), a(t) —1, ... anda polein the true angularmomentumatJ = a(t). Sincewe are chiefly
concernedwith the analyticstructuremanifestedby cutsin theasymptoticbehaviorin s, a struc-
turewhich is unaffectedby additional inversepowersof s, we shall refer loosely to theMellin
variableJ in (1. 17) as “angularmomentum”.

For a poleof definitesignaturewe have,from (1.8)

A(s, t) I3aa(t)
13bb’(t) F(—a(t))[(_s)~(t) + r s~t)], (1.19)

whereleft- andright-handcutsin s areshownexplicitly. As longas the singularitiesin s accumulate
on the positiveandnegativeaxisat infinity, it is conventionalto expectthat eq. (1.19) gives a
valid representationof the asymptoticbehaviorof the amplitudefor the cut complexs plane
ir> arg s> 0, 2ir> args> ir. Realanalyticity requires13(t) to be real. Thepoint is that the phase
of eq. (1. 19) andthe rangeof validity in s dependon prior knowledgeof the locationsof the
singularitiesatvery larges. This knowledgeis providedby unitarityandis built into the Froissart—
Gribov amplitudesin part throughtheir asymptoticpropertiesfor Ref -÷ oc. Suppose,instead,
therehadbeena seriesof branchpointswhich accumulatedalongthe ray args = a, but that the
power behaviorwasotherwisethe same.Thesebranchpointscould be representedby an expres-
sionjust like eq. (1 . 1 5), exceptthat the expressionwould be valid for 2ir — a> arg s> a andthe
phaseof f3(t) would needto be adjustedaccordingto the availableinformationin that case.These
observationswill proveusefulin discussingthe asymptoticbehaviorof multiparticle amplitudes.

1.3. Methodofattack

The methodswhich we haveoutlined for the four-point amplitude in section1.2 abovearethe
oneswe shalladopt in thestudyof multiparticleamplitudes.The outlineof the procedureis as
follows:

(i) 0(3) partial waveanalysis. Identify scatteringangles,angularmomenta,andhelicities. Define
the asymptoticlimit in termsof the scatteringanglesandexpressthe asymptoticbehaviorof the
amplitudein termsof the angles,as in (cos0)’~,etc.We motivate this stepfrom our understanding
of the four-particleamplitude(1 .13).

(ii) Analytic expressionin termsof channelinvariants. Relatethe anglesto the channelinvariants.
Re-definethe limit andre-expresstheasymptoticbehaviorin termsof channelinvariants(1.15).
Thesearethe variablesin which the analyticstructureof the amplitudeis mostsimply expressed.
At this stagewe inject ourassumptionsaboutthe allowedsingularity structure.

(iii) Mellin representation.As a matterof conveniencewe thenrewrite theasymptoticbehavior
in termsof a Mellin transformin theJ planesandcomplexhelicity planes(1.1 7). This providesa
succinctrepresentationof theamplitudeandfacilitatesthe discussionof helicity singularities.

Apart from the relatively uncontroversialgeneralizationof the four-particleReggebehaviorat
step(i), the only point whereadynamicalassumptionis necessaryis in step(ii). This is, in fact,
theheartof our analysisandis socrucially importantto our conclusionsthat it deservesamplifi-
cation, which we providein the following subsection.
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1.4. Assumptions

We summarizeour assumptionsaboutthe asymptoticanalyticstructurefor the Regge-polecon-
tribution:

(A) Uniformity. Multiple asymptoticlimits canbe reachedin anyorder.
(B) Only normal thresholdbranchpointsin anychannelinvariant affect theasymptoticbe-

havior due to Reggepoles.
(C) ComplexJ-planepolesaremoving so thatthey producean asymptoticbehavior,e.g. (_

5)a,

giving a discontinuityin s.
Only assumption(B) requiresspecialcomment.It is thevery strongassumptionthat the only

singularitiesin asymptoticinvariantsaffecting the asymptoticbehaviorarenormal threshold
branchpoints*. The essentiallyuseful featureof normal thresholdsingularitiesascontrastedwith
higherorderLandausingularitiesis their independence[107]. For in takingmulti-Reggeasymp-
totic limits we will be facedwith the necessityof interpretingexpressionsof the form
(_SA)aA(_SB)OB whereSA andSB refer to two channelinvariantsof amultiparticleamplitude. If
the evidentcutsin

5A andSB in suchan expressionwereindependent,we would be safein inter-
pretingsuchan expressionas representinga productof two functionseachcut on the positivereal
axis. If theywerenot independent,the cutsin 5B might movein a complicatedway as 5A varied.
Suchan expressionwould not thenbe suitablefor a straightforwardinterpolationbetweenvarious
boundaryvaluesaboveandbelowcutsin 5A and5B~

B
/ B

fl ~ n m

Fig. 1.3. Diagramfor n-to-m scatteringamplitude showing(a) overlappingchannels,(b) non-overlappingchannels.

Anotheruseful consequenceof theindependenceof normal thresholdsingularitiesis thatmany
combinationsof cuts canberuled out, therebyvastly simplifying the asymptoticstructure.To
see this, consideran arbitraryn-to-rn scatteringamplitudeas shownin fig. 1.3. It is usefulto in-
troducethe notion of overlappingchannels.In the figure, thedottedline labeledA (B) separates
the momentaof channelA (B). When theselines intersectas in fig. 1 .3a wesay the channels
“overlap”. If not, as in fig. 1 .3b, theydo not. A propertyof normal thresholdsingularitiesis that
their discontinuityis free of normal thresholdsingularitiesin,overlappingchannels.Suchoverlap-
ping doublediscontinuitiesappearonly whenhigherorderLandausingularitiesareconsidered.
However,normal thresholdsingularitiesdo occursimultaneouslyin non-overlappingchannels.
Therefore,we canrule out asymptotictermsof the form (—~A)~(_sB)~B,whenSA and5B refer
to overlappinginvariants.

As a corollary to (B) we thereforehave:

* The single-Reggelimit of the four-particleamplitudeScs(t)~(t)hasa simultaneousdiscontinuityin s and t reflectinga higher

order Landausingularity.We arenot excludingthem.We areconcernedwith singularitiesappearingjointly in two ormore
asymptoticinvariants.
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(D) No overlappingchanneldiscontinuities:Discontinuitiesasrevealedin (C) do not occur
simultaneouslyin two overlappingchannelinvariants.

To restrictourselvesto normal thresholds,althoughwe aresafein doing so,maybe overly pes-
simistic. Whatwe know in S-matrix theory aboutlocationsof singularitiesin channelinvariants
comesfrom unitarity. Our presentunderstandingof the asymptoticstructureof amplitudesin the
presenceof higher orderLandausingularitiesis far from complete.Whatwe want to emphasizeis
not somucha particularassumptionabouttheasymptoticsingularity structure,as the importance
ofmakingsomestatementor assumptionand the relationshipbetweentheassumedstructureand
the Reggeasymptoticbehavior. We believethat furtherresearchwill indicatein what way our as-
sumptionshavebeenstatedtoo stronglyandin what way theywould needto be modifiedsoas to
makeourconclusionsmore broadlyapplicable.We remarkthat all explicit modelsfor multi-Regge
amplitudesstudiedthus far (e.g. laddermodel,dualresonancemodel)satisfy our assumptions.
For a possiblelimitation on theseassumptions,seeDeGrandandDeTar [1 531.

As an exampleof the possibility thatourassumptionsmay be relaxedin somecases,we refer
toftheSteinmannrelations.Thesefollow from axiomatic field theoryandthereis good reasonto
suspectthat theywill eventuallybe found to be valid in axiomaticS-matrix theoryas well [127,9,
126,29,30] . The Steinmannrelation [1271 statesthat (D) is valid for anymultiparticleamplitude
regardlessof whetherthe cutsaredueto normal thresholdbranchpointsor higherorder Landau
singularities,provided only that the discontinuitiesare takenin the physicalregionof somescat-
teringprocess*.We occasionallyrequire(D) outsidephysicalregionsas well, but on theotherhand,
only in certainasymptoticregions.Perhapsthe Steinmannrelationscanbeextendedto thesere-
gionsas well. This is certainly a subjectdeservingfurther study.

1.5. Otherapproaches

1.5.J. Sommerfeld—Watsonapproach
We concludethis sectionwith somediscussionof the relationshipbetweenthe approachto

multi-Reggebehaviortakenhereandthat takenby others.The direct andconventionalapproach
to multi-Reggebehavioris to generalizethe treatmentof the four-particleamplitude:

(i) Specifytheanalyticstructureof the amplitude.
(ii) Definethe Froissart—Gribovcontinuationof the0(3) partial waveamplitudes.Assumption

(i) affects thecontinuation.
(iii) Write the generalizedSommerfeld—Watsontransform.
(iv) Assumepolesin complexangularmomentum.Obtainthe Reggeasymptoticbehavior.
Althoughthis methodis almostthe reverseof ours,sincethe assumptionsareidentical,we of

courseexpectidentical conclusions.Specifically,the Reggebehaviormustbe conform to theassump-
tions (i), althoughthemannerin which the informationfrom (i) is translatedinto the Froissart—
Gribov continuationmay be quite subtle. It is for thisandpedagogicalreasonsthat we have
adopteda moreheuristicapproachin which the connectionbetweenthe assumedanalyticstruc-
ture and Reggebehavioris moretransparent.Indeedthe technicaldifficulties in carryingout this
conventionalapproacharequite awesome,andit maybe thatour heuristicapproachcanserveas
a usefulguide.

* To apply the Steinmannrelations as we apply (D) one must assumethat (_sA)~A(_~sB)aBrepresentsindependentcuts in

and
8B~Higher order Landau singularitiesdo not always have this property (seerefs. [111,112]).
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We feel that a rigorousdevelopmentof the conventionalapproachwould be quite valuable.Ac-
tüally a good deal of progresshasbeenmadein this directionrecentlyby GoddardandWhite [67]
andWhite [144,147] andwe shall refer to theseresultsfrom time to time for morerigoroussup-
port of our analysis.It is interestingto note thattechnicaldifficulties haveforceda restrictionof
a detailedtreatmentto normal thresholdsingularities,so the conclusionsfrom bothapproaches
shouldbe comparable.

1.5.2. Group theoreticapproach
The 0(2,1) [and 0(3,1)1 approachto multi-Reggebehavior[13,136,89,901,which is a gener-

alizationof SertorioandToller’s treatment[123,1321 of the four-particleamplitude,hasalso
beenquite fashionable.It hasthe advantageof directly treatingthe amplitudein the physical
scatteringregion of interest.However, the expansionof the amplitudein termsof 0(2,1) repre-
sentationsby itself doesnot give anyinformation. It is only by identifying the0(2,1) repre-
sentationlabelwith thecrossedchannelangularmomentum,usingthe equivalenceto the 0(3)
Sommerfeld—Watson-analysis[20,133,108,671thatoneknowswhat representationsareexpected
to be present.Thus in the endonemustreturn to the conventionalapproach,in anycase,again
at somestage,information on the singularitystructureof theamplitudemust beintroduced.We
shallnot discussthe0(2,1) partial waveanalysishere,but we shall occasionallyusethe0(2,1)
methodto treatphysicalregionkinematics,sinceit is particularlyconvenientandelegant.

The properlittle group for a momentumtransferschangesdiscontinuouslyas t varies [0(2,1)
for t < 0, 0(3,1)or E(2) for t = 0, and0(3) for t> 0]. However,the full amplitudeis smoothat
t = 0 so this complicationcanbe avoidedif we expressthe amplitudein termsof theinvariants
insteadof the groupvariablesas in step(ii).

2. Reggelimits for multiparticle amplitudes

In this sectionwe beginapplying the methodoutlined in section1.3 to multiparticle amplitudes.
Herewe presentthenotationandkinematicalanalysis,defininganglesandasymptoticlimits. In
subsequentsectionswe investigatetheanalyticstructure.

2.1. Definition ofscatteringangles

Beforedefining the scatteringanglesfor amultiparticle amplitude,it is necessaryto de.ëidein
which channelsandin which c.m. framesthe partial waveprojectionis desired.To illustratethe
procedure,let usconsiderthe amplitude for the processaa’ -~ b’~ë’shownin fig. 2.1. (All particles
havespin andparity j~)= 0k.) The particle labelsaretakenby conventionto referto incoming
particles,andthemomentaare Pa’ Pa” Pb’ = — P~’~P~= —p~p~’= —pg,respectivelywherethe
barsdenoteantiparticles.The channelinvariantst1 = = (p~+ ~a’~

2 andt
2 = Q~= (P~+ p~~)

2.We
havealsoindicatedfor future referencethe parametersa

1 anda2 of the leadingReggetrajec-
toriesin the(aa’) and(cc’) channelsrespectively,andthe invariants

5i Sa’b’ = (Pa’+pb~)2,

= (Pb’ +pc~)2S
12

5ac = (Pa+P~)2.Our conventionfor labelingthe channelinvariantsis
that thelettersa,b, c, ... alwaysrefer to the particlesin the channel.This provid.esa uniqueno-
tation for eachchannel.Among all the channelinvariantsoverlappingoneor moremomentum
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SI S
2

p ‘ Pb’ Pc’
~2~2

Pa ~ - -~—~ PC
S12

Fig. 2.1. Five-particlediagramshowing notation.

a~’ >~<:‘
a (b) (C)

Fig. 2.2. Alternativecoupling schemesfor the five-particleamplitude.

transfers~ we singleout one, as shownin fig. 2. 1, andgive it a numericalsubscript,correspond-
ing to the momentumtransfer(s)which it overlaps.

We intendto define the scatteringanglesappropriateto the partialwave decompositionin the
restframeof Q1 andin the rest frameof Q2. Thisstipulationdefinesa “coupling scheme”for the
multiparticleamplitude.Eachcouplingschemeis associatedwith auniquekinematicaldiagram.
Thereare ~‘ 5! = 60 uniquepossibilitiesor, excludingthoserelatedto othersby reversingc.m.
momenta,15 for the five particleamplitudeof which a few areshownin fig. 2.2. Eachof thecou-
pling schemesleadsto a particularconfigurationof scatteringangles,angularmomenta,andheli-
cities for the five-particle amplitude.

To illustratethe definition of the angles,we refer to the coupling schemeof fig. 2. 1. First,
treating(ee’) as a singleparticleof momentumQ2, we define01 to be theusual c.m. scattering
anglefor the processaa’ -÷ b’(~ë’).Second,in the restframeof (timelike) Q2, let 02 andw12 be
the polarandazimuthalanglesof the three-momentumpa-’, whenPa’ is in thex-z planeandp-h’ is
alongthe positivez axis (fig. 2.3). The angle0)12 is the helicity angleor Toiler angle[13]. Its

z

a ~ - , - ~ y

Fig. 2.3. Alignment of three-momentain therestframe of Q2 showing thedefinition of angles02 and ‘.12
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~ 1~~b/

IS Pb

Fig. 2.4. Six-particle amplitude.

Fouriercomponentsgive the Jacob—Wick[86] helicity of the quasi-particle(~‘)in the rest frame
of Q1. It alsohappensto give the helicity of the quasi-particle(aa’) in the restframeof Q2, since
the spinlessparticleb’ doesnot changethe helicity at the vertex.

Having understoodthe five-particlekinematics,the six-particlefunctionpresentsno new diffi-
culties,sinceit canbe treatedas a five-particle amplitudeif we lump two of its particlestogether.
Considerthe couplingschemeshownin fig. 2.4. Lumping (~‘),we follow the procedurefor the
five-particleamplitudedescribedabove,anddefinescatteringangles0~and°2 andToller angle

~12~ Lumping (bb’) together,we defineangles01 and03 andToller angle* (—W3~).Thisgives five
angles,which togetherwith the invariants t1, t2 andt3 give the eight Lorentzinvariantsneededto
describethe amplitude.Within a particularcouplingscheme,the Tollerangleis alwaysassociated
with a particularpairof momentumtransfersat a vertex.

We could makethe assignmentof variablessymmetricalby introducinga third Tollerangle~23

This angleis relatedto the two otherby the constraint

~12 + ~23 + “31 = 0. (2.1)

Becauseof the greatercomplexityof the three-pointvertexin this couplingscheme,the rela-
tionshipbetweenthe andhelicitiesis moresubtle.In order to definehelicity, it is necessary
to haveapoint of referenceto which rotationsaboutthez axisarecompared.If we alwayslet
Pa’ definethex-zplaneas we havein the aboveandin fig. 2.3, then~12 is theFouriertransform
of A2, the helicity carriedinto the vertexby th~line Q2, and(—~13) is the Fouriertransformof
A3. Sincehelicity is conservedat the vertex,the helicity carried in by Q1 is A1 and

Al+A2+A3=0. (2.2)

The analysiscanbe mademore symmetricalby choosinginsteadof Pa’ somearbitrarydirection
for thex-z planein fig. 2.3. Thenif we saythat ~ gives the polar angleOf Pa’ and02, the polar
angleofp~’(in place of ~12), etc,andif we define

* The minus signis chosento make subsequentexpressionssymmetric.
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SI2 ~ S
23~

~si~ ~ ~S3~

Q2~2~ ~

S~3 ~ d

Fig. 2.5. Six-particleamplitude.

= ~2 — 01; ~3l = — 03 ~23 = 03 — 02 ; (2.3)

thenA1, A2 andA3 arethe Fouriercomponentsof Oi’ 02 and03. Becauseof helicity conservation,
the amplitudeneverdependson ourarbitrarychoiceof the x-z plane— nordo the wij~of course
— sowe couldjust as well haveput 0i = 0, as we did in fig. 2.3, anddefinedX~usingeq. (2.2).

A secondcouplingschemeis shownin fig. 2.5. We considerthereactionaa’ -* b’~’d’d.We then
proceedto define the scatteringangles01 and02 appropriate to the rest framesof,Q1 andQ2’
respectively,and theToller angle~l2~ We thenshift one link to theright and,lumping(aa’) in
the restframeof Q3, we constructa diagramanalogousto fig. 2.3 (seefig. 2.6a,b),therebyde-
fining 03 and~23 as thepolarandazimuthalanglesof Pd’-

The generalizationto arbitraryamplitudeswith arbitrary couplingschemesshould be obvious.
A systematicprocedureis describedin section2.3.

z z
(a) Frame (2) (b)Frome(3)

~.I=~’ ~

____ Pa’/x ~ ~ \ x~~2~-” -

~‘ b’ c’ d’ a’ b’ c’

I 2 <d a 2 13 d

Fig. 2.6. Orientationof threemomentain variousframesof referenceshowingdefinitionsof anglesfor thesix-particleamplitude.
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2.2. Definition ofasymptoticlimits

2.2.]. Definition in termsofangles
We shall considerthreetypesof limits.
(i) Reggeasymptoticlimit. In this limit the cosineof one of the c.m. scatteringanglescos

is takento infinity with all otheranglesandchannelinvariants t
1 held fixed.

(ii) Helicity asymptoticlimit. In this limit the cosineof oneof the Toller anglescoswij is taken
to infinity with all otheranglesandchannelinvariantst1 fixed.

(iii) Multiple limits. We shall alsoconsidermultiple limits found by takingcombinationsof the
above.We alwaysassumea uniformity in the amplitudethatpermitslimits to be reacheduniquely
in anyorder.

2.2.2.Single-Reggelimit in termsof channelinvariants
How aretheseasymptoticlimits expressedin termsof channelinvariants?Let usconsiderthe

limit cos01 -~ oo in the five-particleamplitudeof fig. 2.1. It is usefulto distinguishtwo classesof
invariants:thosethat overlapthe channelof momentumtransfert1,i.e. the Reggeline a1, and
thosethat do not. The six invariants

s , s s , , s , s , s (2.4)
ab ab ac ac ac ac

all overlap,whereasthe four invariants

~1, ~ ~b’c”
5b’c ‘ (2.5)

do not.
All invariantsoverlappingt

1 havein commonthe propertythat theyarelinear in cos01 andin
sin01 with coefficientsin thelinear expressiondependingon non-overlappinginvariantsandon
~l2~ For example,it is straightforwardto showthat

Sb s~= m~+ m~— 2E,E~’~+ 2 ~ cos01,

~2 m~+ m~+ 2E~E~~— 2p~p~PcosO2
Sac = ~12 = ma + m~—

2EcEacoshq
12+

2PaEc sinhq
12 cosO1—

2,ncEasinhq
12cosO2

+2p~p~coshq12cosO1cosO2 ~ sinO2 cosw12

E. = (t1 + m
2 — rn2)/2v’7j, E = (t

1 + m~— m~,)/2’~/~,

= (t1 + m~— t2 )/2~/ij, = (t1 — m~— t2 )/2Vi~,

= (t2 + rn
2 — m~)/2~7~, E~= (t

2 + rn~—

Pa = A~(t1,m
2,m2,)/2./i~, p~~)A~(t

1,t2, m~)/2v’7i, p~ A
4(t

1, t2, m~)/2V7~,

= A~(t2,m
2,m~)/2’,./ç, coshq

12 = (t2 + t1 — m~,)/2V7~V7; (2.6a)
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5ab’ = —S
1 — t1 + t2 + m~+ rn + ma,

5b’c = ~2 — + t
1 + m~+ rn~+

5ac’ = ~l2 t
2 +s1 +m +m~+m~,, S = ~12 t1 +s2 +m

2 +m2 +m2,,

= —s
1—s2+s12 +m

2, +m~,+m2,. (2.6b)

Since5b’c’ doesnot overlapt
1, cosO~dependsonly on non-overlappinginvariants.Therefore,the

dependenceon the overlappinginvariantsis as described.
Thus,as cosO1-* oc, all overlappinginvariantstendto infinity with fixed ratios. All the non-

overlappinginvariantsstayfixed. To fix ~l2 in this limit, it sufficesto fix

~ac~~a’b’ s12/s1= CcosO.~12+ D , (2.7)

andthis ratio canbe usedin placeof thevariable ~12’

Generalizingfrom this example,wedefine:
(i) Reggeasymptoticlimit: Taketo infinity all channelinvariants that overlapthe Reggeline,

but fix theratios betweenthem. Fix, also, thechannelinvariantsthat do not overlap the Regge
line.

We find that choosinga particularcouplingscheme,definingthe scatteringanglesin that
scheme,andtakingan asymptoticlimit on the anglesleadsto a well-definedlimit on the channel
invariants.Had we chosena secondcouplingschemeandtakenan asymptoticlimit on the angles
appropriateto the secondscheme,we might haveobtaineda different limit on the channelin-
variants.Supposewe turn the procedurearound.Doesa particularasymptoticlimit on thechan-
nel invariantssingleout a uniquecoupling scheme?Not always.Considerthe single-Reggelimit
just discussedin which the invariants(2.4) becomeasymptotic,while the invariants(2.5) remain
fixed. Thereareactuallythreecouplingschemesin which the invariants(2.4) overlapa Regge
line whereasthe invariants(2.5) do not.Thoseareshownin fig. 2.1 andfig. 2.2a,b, correspond-
ing to whetherwe pair (~ë’),(b’e’) or (b’ë~.The othersareruledout. Any of thesethree
couplingschemesis suitablefor analyzingthe single-Reggelimit.

2.2.3.Helicity asymptoticlimit in termsofchannelin variants
To illustratethe helicity asymptoticlimit we consider,onceagain,the five-particleamplitude.

From(2.6) as cos~12 becomesasymptotic,theonly asymptoticchannelinvariantsare those
overlappingboth linesa1 and a2, namely,

5ac 5a’c’’~ 5ac’ ‘~ “5a’c~ , (2.8)

All otherinvariantsremainfixed.
Generalizingfrom this example,we define:
(ii) Helicity limit: Taketo infinity all channelinvariantsthat overlapboth linesconnectedby

the Toiler angle. Fix their ratios. Fix all other channelinvariants.
We remark that in taking the helicity asymptoticlimit of the six-particleamplitudeof fig. 2.4

onemustbe carefulto respecttheconstraint(2.1),which requiresthatat leasttwo cosw~
1’sbe-

comeasymptotictogether.
Specifyingthe ~ielicity asymptoticlimit for the five-particleamplitudein this way singlesouta
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uniquecouplingscheme,sincethereis only onein which the four asymptoticinvariants(2.8)
overlaptwo Reggelinesand theothersdo not.For the six-particleamplitude,the correspondence
is not uniquefor isolatedvaluesof the invariants,but holds otherwise[1101. We shallavoid these
specialconfigurationsin our discussion.

2.2.4.Multi-Reggelimit in termsof channelinvariants
Let usnow considerthe effect upon the channelinvariantsof taking two Reggeasymptotic

limits at thesametime (double-Reggelimit). For the five-particleamplitude,we seefrom (2.6)
thatas cos01 andcos°2 becomeasymptoticall invariantsoverlapping 1 grow like cos01, all
thoseoverlappinga2, like cos02, andall thoseoverlappingboth, like the productcos01 cos02,

~i
5a’b’ — 5ab’ ~ cos S

2
5b’c’ — 5b’c a cos°2~

~12 5ac 5a’c’ —S~ ‘ 5a’c cx cos0~cos02 -~ 0O (2.9)

In particularthe Toller angleis found from the (fixed) ratio*

s
12/s1s2 ~12 = (~~1— + m~+ 2~/i~/7~cos~12 )/A(t1, t2, m~). (2.10)

Thus we write:
(iii) Multi-Reggelimits: Group the channelinvariantsaccordingto the Reggelineswhich they

overlap. Ratiosof invariants in eachgrouparefixed. Invariantswhich overlapseverallines tendto
infinity as theproductof invariantsoverlappingeachof the individual linesalone. All invariants
not overlappinganyasymptoticReggeline arefixed.

Note that for the five-particleamplitude,specifyingthe double-Reggelimit in termsof the
channelinvariantssinglesout a uniquecouplingscheme(fig. 2. 1).

An additionalcomplicationarisesin discussinglimits for amplitudeswith six or moreparticles.
Considerthe coupling schemeof fig. 2.5. If we follow theprescription(iii) above,the triple-Regge
limit is

5—~00

t1, ~ ~3 = ~12~1~2 ‘ ~23 = ~23/s2s3 ~l23 = ~123~ fixed - (2.11)

Sincethe six-particleamplitudedependson only eight Lorentzinvariantsandnot the ninelisted
here,theremustbe a constraint.Indeed,whenwe considerthat the angles0, caneachbe replaced
by s~andthe anglesw~eachby r~,as in (2. 10), we see that the fixed ratio ri123 mustdependon
theotherfixed variables.It is straightforwardto showthat, in fact,

p123 ~12~23 or ~l23~2 ~12~23 (2.12)

In the coupling schemeof fig. 2.4 we would definethe triple-Reggelimit as

5-400

t1, ~ ~3 ~~12= s12/s1s2 ~23 = 523/S2S3 ~13 = s13/s1s3fixed - (2.13)

~‘ TheCambridgenotation for ‘~12 is the inverseof ours [55].
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In this casethe m1’s are relatedto the w~1,’sthroughexpressionslike (2.10), andtheconstraint
(2.1) reducestheninevariablesto eight.

2.3. Kinematicsforgeneralmulti-Reggelimits

In this subsectionwe describea systematicprocedurefor definingthe scatteringanglesand
working out their connectionto the channelinvariantsfor an arbitrarycouplingscheme.This is
the elegantgroup-theoreticalproceduredueto Toller [136] andBali, ChewandPignotti [13].

Theidea is actuallyquite simpleandis bestillustrated by consideringthe six-particleampli-
tudein the couplingschemeof fig. 2.5. We recall that to definetheLangles02 and~12, we con-
sidereda particularorientationof the three-momentaof particlesa’, b’ and~‘ in the rest frame
of Q2, shownin fig. 2.6a.Thento definethe angles03 and~23’ we consideredthe analogous
orientationof the three-momentaof particlesb’, ~‘ andd’ in the restframeof Q3, which we
showin fig. 2.6b. The key ideaof the Tolleranalysisis that theseframesarerelatedby a simple
combinationof rotationsandLorentzboosts,and the rotationanglesarepreciselythe sameas
arenecessaryfor the partial waveanalysis. In particular,we seethat if we startedwith themo-
mentaas in fig. 2.6a,we could put them in the configurationof fig. 2.6bby the following se-
quenceof operations:rotateaboutz by (—~l2); rotate abouty by (—02); boostalongthez axisso
as to makeQ3 = 0. The magnitudeof theboostis determinedcompletelyby t1, t2 and (m~’)

2.
Let uscall the Lorentzframe of fig. 2.6a,frame(2) andthatof fig. 2.6b, frame (3). Thenusing
superscriptsto denotethe framein which the momentaareexpressed,we have,in going from
frame(3) to frame(2):

~(2) = Rz(Wi
2)Ry(O2)Bz [q~~(

2)]p(3) , (2.14)

for anyfour-momentump. The R’s denotefour-by-fourrotationmatrices,theB’s boostmatrices,

andq~)~(2),a boostangle.Since

= Q
3 + p~, = ~ 0, 0, 0), Q~= (~/7,0, 0, 0),

Q~
2)= (‘~/i~cosh~ ~ sin0~cos~12 sinh ~~2)

sin02 sin~12 sinhq~~2~,\/7~cos0
2sinhq~~

2~), (2.15)

we find*

coshq~~2)= (t
2 + t3 — m~’

2)/2/t~..,/T

sinhq~~~2~= _Ai[t
2, t3, mc’

2]/2Vi~-s/i’ . (2.16)

The resulteqs. (2.15)and(2.16) is the sameas what we would haveobtainedhadwe beencon-
sideringthe decayof a resonanceof mass\/7~to a resonanceof mass\1i~anda particleof mass
me’.

* The boostq~’~0quitegenerallytransformsfrom therestframeof p
1 to that of with pkthethird momentumat thevertex.
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q(C’)~(2j(,) q~d)~)

(I)’ / (2) (3)

a

Fig. 2.7. Diagramshowing thesequenceof Lorentz transformationsin theToller analysisof thesix-particleamplitude.

We areled naturally to a sequenceof Lorentz framesfor describingthe orientationof the mo-
mentaof the six-particleamplitude.We canindicatethe relationshipamongthe framesby draw-
ing the couplingschemefor thesix-particleamplitudeand letting a positionof the diagrambe as-
sociatedwith a frame. Thus the frames(2) and(3) arelocatedwith an asteriskon the diagramsin
fig. 2.6 andthe relationshipamongthe framesis summarizedin fig. 2.7. Onecanalsodefinez

boostsq(1)~(a~etc., to transformto the rest frame Ofp2, etc.Thesearealsoshownin fig. 2.7.
In this way it is possible to follow a paththroughdiagramsof arbitrarycomplexityby a se-

quenceof z boostsandrotations.The variouschannelinvariantscanbe definedin a straightfor-
ward manner— for example,for

5a’b’, readingthe transformationsfrom the restframeof b’ to
the restframe of a’ from fig. 2.7, we have

Sb = (ma)2+ (mb)2 — 2 Pa’ Pb’

= ma1nb~BZ[q(l)~(a’)] Ry(01)B~[q~b’)~(l)] ~ (2. 17)

where { } ~ denotesthe time-timecomponentof the four-by-fourLorentztransformationma-
trix. Thus

= (ma)2+ (mb)2— 2mamb[coshq(l)~(a’)coshq~b’Y~(1)+sinhq~) sinhq ~ cos0k].
(2.18)

In this mannerthe expressionsof eq. (2.6) canbe calculated.
As a furtherillustration, we showthe rotationsandboostsfor anothercouplingschemeof the

six-point function in fig. 2.8. Note in particularthe closed ioop of transformationsaboutthe
middlevertex. Sincez boostscommutewith z rotations,it follows that

~12 + ~3l + = q~3~’(2)+ q~2~’~+q~3) 0. (2.19)

Thus thereareonly two independentw~~’sat a vertexwith threeQ’s.
Let us countvariablesto see if the setof (ti, 0~,w,,) gives the correctnumberof Lorentz-in-

variantdegreesof freedom.Considera generalcouplingschemewith N externallinesp, andthere-
foreN — 3 momentumtransfersQ

1 and N — 2 vertices.Suchan amplitudehas3N — 10 Lorentz
invariant rlegreesof freedom.

If wed.lfine
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(c)

(C’)
(a) (~i3r

)i)-~(3) 7
q, ,/—13 ‘)1~)2~

~ (3)—IS)
I _ ~ 2) ~q b’)9i

(a) q(I))5) (~Jl2

a’ 02 C.
q

Fig. 2.8. Diagram showing the sequenceof Lorentz transformations in the Toiler analysis of the six-particle amplitude.

T = numberof verticeswith threeQ’s,
D = numberof verticeswith two Q’s andonep.
S = numberof verticeswith oneQ andtwo p’s.

Thencountingp’s andvertices,we have

lD+2S=N, T+D+S=N—2. (2.20)

Therefore,sincethereare two w~
1’sfor eachT andone for eachD, thereare2 T+ D = N — 4 of

the wy’s. With the additionof N — 3 eachoft1 and0, thereare3N — 10 altogether,as required.
If we considerthe foregoingdefinition of anglesin more abstractterms,we areled to a gener-

alization. The rotationsthroughangles0~and arecarriedout in the restframeof Q1. The
reasonwe choseto rotatewas simply that a rotationkeptus in therest frame of Q1, i.e. the little
groupof Q1 is 0(3) for this case.The mostgeneralrotationdependson threeEulerangles,say
(p,,, 0~,u1), wherep1 and referto z rotations.Had we usedthis full rotation in placeof ~ 0,)
in the sequenceof fig. 2.7, wesee that eachof theq~f)~(o)z boostswould havebeenprecededby
a z rotation of p~andfollowed by a z rotationof i’s. Sincez boostscommutewith z rotations,the
channelinvariantswould actuallydependonly on the sum ~ + = ~ So ourchoiceof anglesis
completelygeneral.

We aregenerallyinterestedin performingthe aboveanalysisfor timelike Q1. Thepartial wave
analysison the rotationR2CU1)Ry(

0
1)R~(v,)thengives the angularmomentumin the t, channel

anda Reggepoleis naturallysupposedto leadto the behavior(cosQ~)~2i.However,the real beauty
of the Toller analysisis that it canbe performedfor anyQ,. In general,in placeof the rotation
R5(p1)Ry(Oj) R~(p1),thereshouldappeara transformationin the little groupof Q1. Thus, for
spacelikeQ1, insteadof the restframe,we couldwork in the Breit framefor which

Q1 =(0,0,0,v’T7J), (2.21)

andthe rotationwould be replacedby the0(2,1) transformationR5(p1)B~(~)R5 (ui), which pre-
servesQ1~~Theseare thevariablesusedby Bali, Chew andPignotti [13]. Of coursethevertexz
boostsq~1)~(1)would needmodifit~ationin somecases,sincesomeof themwould relateBrëit
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framesto restframes.From timeto time we will refer to the0(2,1)analysissinceit gives a con-
venientmeansof obtaininga convenientsetof independentvariablesin the physicalregion
ti < 0.

Whetheronebeginswith an 0(3) or 0(2,1)parametrization,as long as the Reggelimit is de-
fined as cos0~~ 00 or cosh -4 00, the channelinvariant prescriptionfor the Reggelimit is the
same.

2.4. Rapidity variables

It is well knownthat the majorcontributionto crosssectionsfor particleproduction
a+ b c1 ... + c~in the (ab)c.m. systemis confinedto small transversemomentum(1p11 ~ 0.5
GeV). Sincethe multi-Reggelimits for the 2 n processalsorespectthis restriction,it is con-
venient to choosePa andPb alongthe z axisandparametrizethe momentaby their rapidity y and
transversemomentap1 = (pr, p~)

= (w~coshy1,p~,p~1,,w~sinhy1) (2.22)

wherei = a, b, I, ..., n for Pa’ Pb’ ~ p~.The transverseenergyw~is given by

wm?+p~,. (2.23)

In rapidity variables,the Lorentzinvariantvolumeelementis

d
3p/E= d2p

1 dy, (2.24)

and a Lorentzboostalong thez axisis a translationy~-÷ y~+ const.Sometimesit is convenientto
pick the lab frame for targeta:

Pa = (ma,0,0,0), ~b = (mb co~hY, 0,0, mb sinh Y), (2.25)

wherethe total rapidity Y~ °o ass ~

5 = (P~+ ~ = m~+ m~+
2mamb coshY mambe1’ . (2.26)

As s -÷ oo the longitudinalphasespacefor the outgoingparticles(c,) extendsfrom y
1 y~= 0, to

Yi~Yb Y[47]. Nowwemaydefine Regge1imitsfora+b—*c1+...+c~.

A B

C1 C2 Cm Cm+I Cfl

a~b
Fig. 2.9. General single-Reggediagram.
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B

C
1 C2 Cm Cm,j

H H
Fig. 2.10. Rapidityplot for thelimit of fig. 2.9.

For simplicity considerfirst the single-Reggelimit a + b -+ A + B whereA is the group of par-
ticles(c1, c2, ... Cm) on the left (seefig. 2.9)and B is the group on the right (cm+i, ..., c,~).Accord-
ing to the rule (i) in section2.2.2above,all channelinvariantsoverlappingthe line amust become
asymptotic.All othersremainfixed. Since

s~1=(p1+p1)
2=m~+m~_2p

11~p11+w~w1cosh(y~—y1) (2.27)

wesee thatthe clusterA mustbe separatedfrom clusterB by a largegapin rapidity which grows
like Yas shownin fig. 2. 10. Moreover,the relativespacingof particleswithin a clusteris fixed.
It is readily verified that all overlappinginvariantsmustgrow with fixed ratios.

~ b
Fig. 2.11. General multi-Reggelimit of the chain type.

The generalizationto multi-Reggelimits of the chaintype shownin fig. 2.11 is obvious.There
is a largerapidity gapseparatingeachcluster.The rapidity plot is not sousefulfor describing
helicity asymptoticlimits or branchingmulti-Reggelimits as in fig. 2.4. However,it is extremely
usefulfor inclusive processes(section6).

3. Thefive-particleamplitude

We proceedwith a systematicanalysisof the five-particleamplitude.It is the simplestof the
multiparticleamplitudes,yet illustratesalmost all of the essentialcomplications.

3.1. Single-Reggelimit

Considerthe amplitudeof fig. 3.1. In the physicalregion for aa’ ~ b’ee’ thepartial-waveex-
pansionin the t1 channelis

~ J1

A5(t1,~1’ ~12’ 02, t2) = �~d~(cos01)exp(iAw12)a(J1,A,02, t1, t2) . (3.1)
J1—0 x——J1
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Si S2
~, ~ Pb’ Pc’

~2~2

P
0 ~ PC

S)2

Fig. 3.1. Diagramfor five-particle amplitude.

This resemblesthe partialwave expansionof a four-particleamplitudewith oneexternalparticle
(the quasi-particle~ë’) with a spectrumof helicitiesA. So let ussupposefor themomentthat the
discussionof section 1.2 carriesthrough,anda factorizablepolein complexJ1 at a1(t1) leadsto
the asymptoticbehavior

A5 F[—a1(t1)] ~1(t1) (cos01)~ti) ~ = exp(i Aw12) R~(02,t1, t2), (3.2)

or equivalently

A5 F[—a1(t1)] 131(t1)(cos01)0I(tl)R(w 02, t1, t2), (3.3)

whereR~is the Fourier transformof R(w12).
We canthenproceedto write theasymptoticbehavior(3.3) in termsof the invariantsjust as

we did with the four-pointfunction.
From (2.6) we seethat as cos01 -~ 00

—

5ab’ cx cos01-4 00 (3.4)

~12 5ac — 5a’c — 5ac’ 5a’c’ a cos01 00 s
2, t1, t2, ~l~~12 fixed . (3.5)

We thenrewrite (3.3) as

A5 Fl— a1(t1)] j31(t1) (51)~1(t1)R~~l~~12’ ~2’ ~ t2), (3.6)

wherewe havechosenas independentvariables

~1’ ~2’ ~1~~12’ t1, and t2 . (3.7)

Had wechosento replacecos01 with someoverlappinginvariant besides~ theresult would have
beenmerely a redefinitionof R. If we analyticallycontinuein t1 andt2 until theyaresufficiently
negative,the limit (3.5) is physicalfor the processac -~ a b c

Whenwe thenproceedto studythe phaseof (3.6), a complicationarises.The real axissingula-
rities of

5ac = ~12 aremappedinto thes~planeandthe (~l/~l2)planethroughthe constraintthat

~i2, and therefores
1/s12,be fixed. Furthermore,the asymptoticsingularitiesdueto ~l2 canmove
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N

Fig. 3.2. Location of asymptoticsingularitiesins
1 when~1/5I2 is fixed. The channelscontributingthesingularitiesareindicated.

off the real axis in s1 as~l/~i2 is varied. If we considerall the singularitiesin thevariouschannel
invariants,we find that theyproducetwo classesof singularitiesin

5i [see(3.5)]. Oneclassre-
mainson the real axis in the asymptoticregion.The channelswhich producetheseare

5ab” 5a’b’ (3.8)

i.e. all invariantsthat grøw like s
1, andsooverlaponly the line a1 in fig. 3.1.The otherclasslies

asymptoticallyon a line intersectingthe origin in si~inclinedat an angleto the real axisgiven by
arg(s1/s12)(seefig. 3.2). Channelsproducingtheseare

5ac’ 5ac” 5a’c’ 5a’c’ ‘ (3.9)

i.e. all invariantsthat grow like ~12’ andsooverlapboth linesa
1 and a2 in fig. 3.1. Therefore,for

an arbitrarychoiceof arg (s1/s12)thereis a discontinuityin theasymptoticphaseassociatedwith
eachof the four rays in fig. 3.2. Fromthe single-Reggeexpressionalone,it is not possibleto di-
vide the phasediscontinuityinto contributionsfrom eachof the two classesof singularities.Even
for arg (~1/~12)= 0 the phaseof (3.6) is not given by thesimple signaturefactor

= exp(—i~’a1)+ r1 for ~i just aboveits cut becausegenerallythereis a phasearising from the
~12 cut, i.e. singularitiesin ~i/~12’

The troublesomesin~u1aritiesin ~1/~12 in R(s1/s12,~ ~ t2), which do not permita complete
specificationof the phaseof (3.6), correspondto singularitiesin cos~12 in (3.3).Theseclearly
arisefrom a divergenceof the helicity sumin (3.2). In retrospectwe seethatour analogybetween
(3. 1) and the partial waveexpansionof a four-particleamplitudewith a particleof helicity A is
really suspect.WhenJ1 becomescomplex,onemustdealwith an infinite helicity sum, which we
haveseenis divergent.This was a serious’impedimentto earlyattemptsto generalizethe Regge
analysisto multiparticleamplitudes[109,10,54]. It now seemsthat the way to overcomeit is to
performa Sommerfeld—Watsontransformin the helicity A beforeperformingSommerfeld—
Watsontransformsin angularmomentum[67]. Using this technique,White [144,146,147] has
recentlymadeconsiderableprogressin the rigoroustreatmentof Reggebehaviorof multiparticle
amplitudes.

We expectfrom the abovediscussionthat the singularitiesin s1/s12in R(s1/s12,S2. t1, t2) are
determinedby the singularitiesin the complexhelicity plane.In section3.5 this will be verified.
However,we first wish to discussthe simpler caseof the double-Reggelimit of A5, sincethe
analysiscanbe carriedconsiderablyfurtherwithout explicitly introducingcomplexhelicity.



282 R.C Brower, CE. DeTar, IH. Wets,Reggetheoryfor multiparticle amplitudes

3.2. Doubie-Reggelimit

The double-Reggelimit is obtainedby takingcos0~andcos02 to infinity, fixing ~12’ t1, and t2.
Using thenotationof section3.1 andreferring to (2.9),we find that this limit correspondsto
taking

=

5a’b’ — 5ab’ a cos01 00 ~2 = 5b’c’ — 5b’c a cos02 -4 00 (3.10)

~i2 = 5ac 5a’c 5ac’ 5a’c’ a cos0
1cos02-~oo, ~ ~ ~12 = ~12/~i~2 fixed , (3.11)

where

= {2Vi~V7~COS ~i2 — — + m~}/X(t1,t2, m~,). (3.12)

As for the partial waveanalysis,carryingthe projection(3.1) onestepfurther,we get

A5(t1,Oi, ~i2’ °2’ t2) = ~ d~(cos01)exp(iXw12)d~(cos02)a(J1,J2,X;t1, t2).(3.l3)
“l~2 ~‘I~’1,j2

As usual we supposethe Sommerfeld—Watsontransformationcarriesthroughand factorizable
polesat J1= a1(t1),J2 = a2(t2)give the “double-Regge”asymptoticbehavior

A5 F[—a1(t1)] ~1(t1) (cosQ)oi(ti) ~ R~(t1,t2) exp (iAw12)(cos02)02(t2)F[_a2(t2)] ~2(t2).

(3.14)

Re-expressing(3.13)in termsof channelinvariantswith the replacementscos01 ~ cos 02 -~

wehave

A5-~!31(t1) F[— a1(t1)] s~1(t1)R(t1,t2 ii~~)s~2(t2)F[— a2(t2)] j32(t2). (3.15)

With t1 andt2 sufficiently negative,this double-Reggeexpressionis valid in the physicalregion for
the processac -~ ä’b’~’.The asymptoticphaseof the amplitudeis againdeterminedby knowing
wherethesingularitiesappearin the channelinvariants.Qualitativelyspeaking,the structureis
the sameas in thesingle Reggelimit. However, as we shall seein thenextsection,we can now
specify thephasediscontinuitiesacrossall cutsin fig. 3.2!

3.3. Singularities,signatureandphases

It is rathersurprisingthatwith therelatively few assumptionslisted in section1.4, it is possible
to put strongrestrictionson the form of the double-Reggevertexin the five-line amplitude [5 1,
76]. As notedin section3.1, therearetwo classesof asymptoticsingularitiesin s1, andby the
sametoken,thereare two classesin ~2- Theseareshownin fig. 3.3. We invokeassumption(D) and
require that thediscontinuityacrossthe singularitydueto channela’b’, disca’b’As, not haveitself
a discontinuityacrossthe singularitiesdueto channelsb’c or b’c’, since thesechannelsoverlapthe
channela’b’. It mayhaveadiscontinuitydueto channelsacor ac’, however,sincethesedo not
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fixed
52,7712,t1,t2 fixed

51’Th2 ~

o~ -~
~Jarq~

2s2) bc ~jarg(~S 1

Fig. 3.3. Complexplanesof s~and~2 showing locationsof asymptoticsingularitiescontributedby channelsindicated.

overlapthe channela’b’. So the part of the amplitudewith a right-handcut in s1 may not have
cuts in ~2 but may have cuts~i2~ We can get this part of the amplitude from (3.15)by requiring

to havea term with a factor (~12)n2which cancelsthe ~2 cutsandreplacesthem by allowed

~12 cuts. So we canwrite the part of A5 that contributesto discabAs as

(_5i)01 (512)02_ ~1V2(i~12)+ (—s1~
3’s’~~~’V~(i7

12)‘ (3.16)

where V2 and V~havenodiscontinuitiesin fli2 as fl12 is rotatedaboutits origin*. The singularities
of the expression(3.16) areclearlycontainedin the setshownin fig. 3.3, if we drawthe cutsof

(_51)ni~2 and(_sl2)~2 to the right in s1 and ~i2 . If we choosethe phaseto be real andpositive
whens1 and~12arenegative,real analyticity for thesetermsthenrequiresV2 andV~to be real
functionsof p12’ for t1, t2 belowtheir thresholds.In the physicalregion for ac~ ä’b’ë’ the phase
of this term is given by the factors(_512)n2 = exp(—i1ra2)s~and(_si)01_02 =

exp{—ilr(a1 _a2)}s~’1°2. To get the part of A5 that contributesto discabAsonemerelyreplaces
(—si) by

5i in the aboveexpressionandwritesdifferent V’s. Sinceab’ anda’b’ areoverlapping
channels,this additiveseparationof left- andright-handcutsin S~is required.To get the partsthat
contributeto discb’C’AS or discö’~As,oneinterchanges1 and 2 in the aboveexpressions.The whole
amplitudeis the sumof theseparts.The setsof allowablesingularitiesin A

5 canbe neatlysum-
marizedby meansof the treediagramsshownin fig. 3.4. Thisexhaustall the possibilities,since
for generalvaluesof a1(t1) anda2(t2) it is not possibleto constructan asymptoticterm consistent
with (3.15) that hasneitherthe ab, a’b, b’c norb’c’ discontinuity. (A term of the form (_sl2)6 =

(—~i)~(—~2)~(—fli2)~ might beconsidered,but thena1(t1)= a2(t2),which is not true for moving

trajectories.)
* This form of the amplitude must be modified for the casethat thereare an odd number of pseudo-scalarparticles in thefive-particle

process,sincetheamplitude is analytic in the channel invariants only after removing a factor eMl,paPa~,Pa’vPb’pPc’,y.

Fig. 3.4. Tree diagrams representing possible simultaneousdiscontinuities in asymptoticvariables in thefive-particleamplitude.
Eachheavyline can refer to a right-hand or left-hand cut.
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Fig. 3.5. Five-lineamplitudesrelatedby crossing.

If we introducethe assumptionthat Reggetrajectorieshavedefinitesignature,wereducethe
numberof independentvertex functions V, V’, sincesignatureimplies a symmetryunderinter-
changinga anda’ andc andc’. How do we definesignaturefor multiparticleamplitudes?Let us
considerthe trajectorya1. We want the asymptoticamplitudesfor the two processesshownin
fig. 3.5 to be equal(oppositein sign) if the trajectoryhaspositive(negative)signature.The two
physicalamplitudesarerelatedby crossing,which is accomplishedby continuing theamplitudes
from the physicalregionof the first processto the physicalregionof the second.All channelin-
variantsoverlappingthe Reggeline changesignsduring the continuation.It is simplestto follow
this continuationby examiningthe asymptoticform for A5 as we havedoneabove,term by term,
andperformingthe appropriatechangeof phasein eachterm.

In thephysicalregionfor the processon the left in fig. 3.5, the invariants
5ac’ 5a’c’ 5a’b’ and5b’c

areall abovetheir positivereal axiscuts.Therefore,s
12, s1 and~2 areabovetheir right-handcuts.

In the physicalregion for the processon the right, the invariants
5a’c’ 5ac” 5ab’ and5b’c’ are all above

their positivereal axiscuts.Therefores
12 and~1 arebelowtheir left-handcutsand~2 remainsun-

changed.
Theseconsiderations,appliedto the decompositionof A5 describedabovefor Reggetrajectories

with signaturesr1 = ±1, r2 = ±I, result in the following expressionfor the double-Reggeasymp-
totic amplitude*:

A5 ‘~ ~1(t1) f32(t2) F(—a1)F(—a2)~[(_S2)02a1 ~—~12~°’ V1(z~12)+ (_~)0102 (__s12)02 V2(r~12)]

+r1[(_s2)a21sJ71(i12)~fs~1a2s~ V2(~12)]+r2[s~
2~°1s V

1(~12)+(_s1)°1°2s~V2(~12)]

+ r1r2 [s~2~~1(—~12~°’
1/

1(~12)~ 0~ (_512)02 V2(~12)]}. (3.17)

Introducingsignaturehasreducedthe numberof independentdiscontinuity-freefunctionsV from
eight to two. This expressioncanrepresenteddiagrammaticallyas in fig. 3.6. The first diagramcor-
respondsto the first two termsof (3.17) with only right-handcuts. The correspondencebetween
diagramswith crossesand theothertermsof (3.17)canbe found by associatingtermsmultiplied
by r~,r2 andT1 T2. A crosson aline indicatesthat all invariantsoverlappingthatline haveright-
handcutschangedto left-handcutsandvice-versa.

Traditionally signaturefor multi-Reggeamplitudeshasbeendiscussedby assumingthat a gener-
alizationof (1.8) exists,that expressesthe full amplitudeas a sumover signaturedamplitudes,
whichlike A~(s,t) in (1.13) haveonly the right-handcutsin the energyvariables,in the caseof the

* We have suppressedthe t1 and t2 argumentsof n~,02, V1 and V2.



R. C Brower, CE. DeTar, J.H. Weis, Reggetheoryfor multiparticle amplitudes 285

+ ~i + T
2~ + TI T2 X X

Fig. 3.6. Diagram for reconstructingA5 from the signaturedamplitude.

five-particleamplitude,therearethreeenergyinvariants,~ ~2 and~12, which can haveeitherright-
handor left-handcuts,makingaltogether2~= 8 possiblecombinations.However,simultaneous
discontinuitiesin all threeinvariantsareexcludedby our assumptions,therebyreducingthe pos-
sible combinationsto the four discussedabove.Nevertheless,in addition to the signaturesr1 and
T2 associatedwith the angularmomentaJ1 andJ2, it is possibleto associatea third signatureT12

with the helicity A (equivalently fll2) [67]. Thus the generalizationof (1.8) is (written in a form
appropriatefor largeenergies)

A5(s1,~2’ p12’ t1, t2) = { [A~~~(s1, ~2’ p12’ t1, t2) + T1A1
T2T12(_5

1,~ ~12 ; t1, t2)

r1,r2,r12=±1

+ T2A~1T2T12(s1, ~2’ ~~l2’ t1, t2)+ T1T2A~1T2n12(_si, ~2’ p12’ t1~t2)] + r12[1i12÷* — 17i2]} . (3.18)

Comparingthis expressionwith (3.17) weseethat we shouldassociatethe Reggebehaviorof
the signaturedamplitudewith the first two termsof (3.17),which alsohaveonly right-handcuts

A~1r2~’12 j31(t1) j32(t2) P(— a1) F(_a2)[(_s2)°2
01(_s

12)
01 V

1(1)12) + (_S1)°1

02(_5

12)°2 V2(~12)]-

(3.19)

Then(3.18)and (3.19) leadto (3.17),wherethe introductionof vertexsignaturehasonly the

effect of replacingV by

= ~ + T1T12V1(—?712). (3.20)

Thus, requiringa definitevertexsignaturehasthetrivial effect of makingV, evenoddor in ~12~

Although the unitary equationfor A5 is diagonalin r12 [145], we do not know if vertexsig-
natureremainsa good quantumnumberwhen all unitarity equationsare considered.Actually
modelsdo not usuallyproduceReggepoleswith a definitevertexsignature.For example,in the
ordinarydual-resonanc~emodel,thereareonly right-handcutsin i~12whereasin Mandeistam’s
[100] nonplanardualmodel,thereareonly left-handcuts [119]. In what follows, we shalloften
usethe traditionalsignaturelanguageandsuppressthe vertexsignature.We will, however,discuss
its role in the Sommerfeld—Watsontransformin section3.4.3.

Due to the complicatedsingularitystructureof fig. 3.3 the phaseof (3.17)cannotin general
be factoredinto piecesassociatedwith the Reggepropagatorsandvertices.However,whenall
energyinvariantsarereal, as in the physicalregionac~ a’b’c’ we mayrewrite (3.17)as*

* In all of theseexpressionsthe t1 and t2 argumentshave been suppressedin o1(t1),02(t2), ~ (t i), ~2 (t2), ~ (t1, t2).
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A5 f31(t1) s~F(— a1)[~1~21t~~V1(t1,~2 ~12~ + ~2 ~12?71~2V2(t1, t2 ;~12)]F(—a2)s~2j32(t2) (3.21)

where

= exp(—ilra,) + Tt = exp{—iir(a~—a1)} + T,T1

We haveusedthe relation(—s)~ sexp(—iir) abovethe right-handcut. Also applicablein the
physicalregion is the expression

A5 ~1(t1) ~1 F(—a1)[exp (—ilra1) exp(—i ira2)V(t1, t2 ~12 —ie) + T1exp(—ilra2) V(t1, t2~12 —i ~)

+ exp(—ilra1) T2 V1(t1, t2 ~12 —ie) + T1T2 V(t1, t21712+i�)] F(— a2)s~2f32(t2), (3.22)

where

V(t1, t2r~12)= (_~12)01V1(t1, t2’r~12)+ (—n12)
02 V

2(t~,t21112)

In orderto comparewith the Reggebehaviorof A4 it is usefulto extractthe Reggepropagators

from (3.21)

A5 ‘~- ~1(t1)[~1F(—a1)s~1]R~(t1,t2i~12)[E2F(_a2)s~2]~32(t2) (3.23)

so that

R~(t1,t2i~12)= ~ ~21~ V1(t1, t2i~12)+ ~ E12n~V2(t1, t2i~12).

The double-ReggeresidueR is, of course,not real. The extractionof the signaturefactors~ E2
is thereforepurely a convention.

The singularitystructure(3. 1 7) of the double-Reggevertexwas first found in a largeclassof
modelsby Drummond[55] andDrummond,LandshoffandZakrewski [56]. The propertreat-
mentof signatureleadingto the aboveexpressionswas first obtainedby Drummond,Landshoff
andZakrewski [57]. White [147] hasdemonstratedthe factorizationof the Reggepole residues,
which allowsus to factorout the single-Reggecouplingsj31(t1) andj32(t2) in (3.17).

3.4. Mellin representation

3.4.]. Descriptionandpropertiesof theMellin representation
The aim of this sectionis to obtaina Mellin representationof the five-particleamplitudeanal-

ogousto the representation(1.17) of the four-particleamplitude.This representationwill provide
a compactsummaryof the propertiesof the five-particleamplitudeobtainedaboveandalsoa
convenientlanguagefor discussinga numberof additionalproperties.

We first discussthe representationandits properties[141] andthendiscussits connectionto
the usualSommerfeld—Watsontransform.The representationfor thesignaturedamplitudeis”

* Vertex signature is suppressed.We deliberatelyusethe samenotation for theMellin transform parameters as angular momentum

andhelicity. Even though theyare not precisely the same,theyservethe same function to leading order in asymptotic expansions.
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Fig. 3.7. Integrationcontoursfor theMellin representation.

A~Ir2 = (ii-) ~ ~ f~i~ fdJ2 F(—A) F(—J1+A) F(—J2+X)

X (—s)~1~’(_52y12_X (_s12fSanlT2(~~1’J2, A; t1, t2). (3.24)

The integrationcontoursare shownin fig. 3.7. Let usdisregardthe fixed polesfor the moment.
The contoursaresuchthat the polesin the F functions,which arenecessaryfor the recoveryof

the partial waveseries,lie to the right, whereasall the othersingularitieslie to the left. Thus
closingthe A contourto the right and thenthei contoursto theright yields

A
T1T2 = ~ j.~ (S~A an1T2(Ji,J

2, A;t1, t2) (3.25)

X0 J1’X -‘2’~’ 1 2 \~1~2/ A!(J1—A)!(J2—A)!

Recalling(2.6), this is easilyseento agreewith the partial waveexpansionwherea term of given

,ji, j2, A in (3.25)contributesto angularmomentaandhelicity equalto or lessthanthat value*.
Equation(3.25)canalsobe obtainedby first closingJ~contoursto the right. The polesin
F(—J~+A)pinch the helicity contouragainstthe polesin F(—A) andproducethe polesfor integer
Ji.

We now comparethe double-Reggebehaviorobtainedfrom the Mellin representation(3.24)
with that deducedin sections3.2 and3.3. Supposethe partial waveamplitudehasthe behavior

a
TIT2 j3(~.t

1, t2)/[J1 — a1(t1)] [J2— a2(t2)] . (3.26)

Shifting theJ, contoursto theleft andcollectingthe residuesof thesepoles,we obtain

A~1
T2 ~ fdA F(— A) F(—a

1+A)F(—a2+A) (_s1)01_x(_s2)02_x(_s12)~(A;t1, t2).
(3.27)

* The representation(3.24)is valid only for anamplitude with all external particles scalar (JPØ+) since the polynomial (3.25)

is an evenfunction of w12. For amplitudes with an odd number of pseudoscalarparticles, it is necessaryto multiply by anover-
all factor ~wpaPa~Pa’pPb’pPc’a which is odd in Wl2.
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Comparingwith section3.3,we find

V(t1,t21712)= F(—a1)F(—a2) ~i fdA F(—A) F(—a1+A)F(—a2+A)(—1712)~(A;t1,t2). (3.28)

If the behaviorof j3 as I A I -~ °° is lessthan A ~ , the A contourcanbe closedto theleft, yielding

V(t1, t27112)= (n12)
0’ V

1(t1, t2i712) + (_1712)02V2(t1, t27112) , (3.29)

in completeagreementwith (3.21),where

V1(t1,t21712)= F(—a1)F(—a2) ~F(—a~+i)F(—a2+a1—i)17j~~(a1—i,t1, ta),

V2(t1,t21712)= F(—a1)F(—a2) ~ F(—a~+i)F(—a1+a2—i)~~~(a2—i, t1, t~). (3.30)

We could haveobtainedthe expressions(3.30) for the double-Reggevertex functionsby di-
rectarguments,rather thanrelying on theMellin transform[5 1]. The argumentsarebasedon the
following requirementsthat are satisfiedby (3.30):

(i) At the polesin the full five-particleamplitudecorrespondingto thephysicalrecurrences
a1(t1) = J1 anda2(t2)= J2, theresiduemustbe a polynomialin 1712 of degreemin(J1,J2), since
the powersof 1712 determinethe helicity contentof theresiduethrough(3.12). It is straightfor-
wardto verify that the F functionargumentsin (3.30)mustbe asshownin order to obtainthis
result.

(ii) Theresidueat the physicalrecurrencesa1(t1) = J1 anda2(t2)= J2 mustbe thesame,re-
gardlessof the direction in t1 and t2 the pole is approached.Thisconditionalsoguaranteesthat
the “spurious”polesat a1—a2 = integerbut a~� integercancelbetweeneachotherin (3.29) in
analogywith the identity

1 + 1 (3.31)
a1a2 a1(a2—ct1) a2(a1a2)

(iii) The discontinuityof the full five-particleamplitudein 81 musttiot havepolesin t1, since
that invariantoverlaps~ Sincecutsin s1 comefrom the term

(si)01_02 (_~)02F(—a1)[‘(—a2) V2 , (3.32)

taking thediscontinuity introducesa factor sinlr(a1—a2),which nicely removespolesin t1 from
V2.

The beautyof (3.24)is that it is a succinctexpressionof somanynecessaryfeatures!
From(3.28)we see that the singularitiesin 1712 of the double-Reggevertexaredirectly related

to presenceof singularitiesin the complexhelicity A. Thetwo term structure(3.29)arisesfrom
helicity polesassociatedwith the two reggeonsa1 and a2 [67]. Furthersingularitiesin A
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would give a double-Reggevertexinconsistentwith our generalargumentsin section3.3.
The absenceof such singularitiesin (3.28) is tracedback to our assumptionthat the only sin-
gularitiesin A in (3.24) are thoseexplicitly exhibitedby the gammafunctions,i.e. thereare
no “dynamical” helicity singularitiesin an112.* We believethis is a generalproperty of an1T2
and not just the part whichhasa double-Reggepole. Thiswill be discussedfurther in section3.5
below.Here we remarkonly that the integrandof (3.24)behaveslike

(—s
1)~’~ (_52)J2 X (_s12)X (3.33)

If the A contourcanbe closedto the left, only contributionsfor .J1 — A = 0, 1, 2, ... will leadto an
amplitudefree of forbiddensimultaneousdiscontinuitiesin s1 and ~2 S”” On theotherhand,extra
singularitiesin A to the right of thecontourother thanthe fixed polesin fig. 3.7 would spoil the
partial waveseries.

3.4.2. Fixedpoles
The abovediscussionhas ignoredfixed poles.In the four-particleamplitude thesecanexistat

nonsense-wrong-signatureangularmomenta

J = N for N = —1, —2, —3, ... with r = (_)N~ (334)

They havethe interestingeffect that if theyoccurmultiplicatively with Reggepoles,theyremove
nonsense-wrong-signaturezeros.Thus

A(s, t) -~13(t) F[—a(t)] (e~
0+T)s° , (3.35)

normallyvanishesfor asatisfying(3.34),but if

aT(J, t) 13(t)/[J— a(t)] (J—N) , (3.36)

eq. (3.35) is replacedby

A(s, t) 13(t) F[—a(t)] (e’~0+T)s0, (337)a(t) —N

whichis finite at a(t) = N.
Analogousfixed polesareexpectedin the five-particleamplitude.Combining(3.21)and (3.30)

weseecontributionsto the double-Reggelimit proportionalto

(exp(—iira
1)+r1) F(—a1)[exp {—ilr(a2—a1)} +T1r2]F(—a2+a1)f3(a1t1, t2) (3.38)

and

(exp(—iira2)+ r2) F(—a2)[exp {—ilr(a1 —a2)} + T1T2 I F(—a11-a2) 13(a2t1, t2) . (3.39)

Eachof thesetermsexhibits two setsof nonsense-wrong-signaturezerosanalogousto thosein
(3.35).We thusexpectfixed polesat

* Aside from the fixed pole singularitiesdiscussedbelow.

** Contributions for J~—A —1, —2, ... are excludedsince terms sr’. ~—2,shouldbe interpretedasasymptoticrepresentationsof cuts
for finite valuesof s~.Suchhelicity singularitiesarecalled “nonsense”singularities, sincethey correspondto helicity greater than
angular momentum.
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= N1 for N1= —1, —2, —3, ... with T1 = ()NI+1

J1X+N1 for N1—l,—2,—3,... withT1T2(_)N1~ , (3.40)

andsimilarly for J2. Thesetwo setsof fixed polesarenaturally interpretedas beingat nonsense
angularmomentawith respectto the verticeson eitherend (the formerassociatedwith the two
externalparticleswith helicity zeroandthelatter,with the centralvertexwith helicity A).

The possibilityof nonsense-wrong-signaturefixed polesin the four-particleamplitudeis tied to
the existenceof cutsin angularmomentum,whichshield themto keepthem from violating uni-
tarity. We anticipatea similar connectionin the five-particleamplitude.However,the analysisof
the five-particleamplitudeis not yet sufficiently developedto allow us to investigatetheseques-
tionsandsoeqs. (3.40)areconjecturalat present.Somesupportcanbe obtainedfrom the study
of models— we refer the readerto Weis [141] for adiscussion.

Let usconsiderthe effect of multiplicative fixed polesin moredetail. Suppose

a
T1T2 j3(A; t

1, t2)/(J1—N1)(J1—a1)(J2—a2) , (3.41)

then

A~1
T2 a

1~N1 {F(—a1) F(a1—a2)(_s12)01 (52)02_01 13(a1t1, t2)

+ F(—a2)F(a2—a1) (_s12)02 (_si)0~02j3(at t2)

— F(—N1)F(N1—a2)(—s12~’( 5)02_N113(N ;t1, t2)

— F(— a2) [‘(a2 —N1) (_s12)02()Ni 02 13(a2 t1, t2)} + termsof lower order in p12’ (3.42)

whereasif

a
T1T2 f3(X; t

1, t2)/(J1—X—N1)(J1—a1)(J2—a2) (3.43)

F(—a2)
A~1

T2 — — [F(a
2_a1)(_s12)°2(_s1)

0102_ F(_N
1)(_s12)°2(_s1~hj 13(a2t1,t2)

a1 a2 1

F(—a1)F(a1—a2)

+ N ~ (_52)02_01 /3(a1 t1, t2) + termsof lower order in ~12 (3.44)

Thesebehaviorsareseento havethe desiredeffect of removingthe nonsense-wrong-signatures
zeros,and furthermorethepartsof (3.42)and(3.44)with fixed powerbehaviorin the energies.
drop out in the full amplitude.

3.4.3. Relationshipto theSommerfeld—Watsontransform
We now discusstherelationshipof the simplified Mellin representation(3.24) to the Sommer-

feld—Watsontransform.Ourdicussionof the Sommerfeld—Watsontransformfollows Goddard
and White [67] andWhite [145,1471. We referthe readerto thesepapersfor furtherdetails.
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The doublepartial-waveexpansionfor thesignaturedamplitudeis (re-introducingthevertex

signature)

A~1r2n12= (2J1+ 1) (2J2+ 1 )~(cos01)d~(cos02) exp(iAw12)a
T1T2T12(J

1, J2, A;t1, t2).
A—= JJAIJ2IA~

(3.45)

The Sommerfeld—Watsontransformproceedsin two steps.First the helicity A is transformed.We
have,suppressingirrelevantlabels,

A5(z)= — a<(A)zA

= — ±f dA a>(X)(_z)X— _L f dA a<(X)(_z)A , (3.46)
2i C> sinirA 2 i C,< sinirA

wherez = e” and the contoursareshownin fig. 3.8. A dispersionrelationin ~i2 equivalentlyz,
hasbeenassumed

ImA(z’) ImA(z’)
A5(z) = f ~ — ~ dz’ + ~ — ~ dz’ , (3.47)

which gives

a>(A) = f (z’)~
1 ImA(z’) dz’ (3.48a)

1+e

and

Im X

c~ LX

c< C>
4:

a x} ~: a ~
-3 -2 -i.-/ 0 I 2 ... ReX

Fig. 3.8. IntegrationContoursin the complexhelicity plane.
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a<(X) = f (z1)_X_1 ImA(z’) dz’. (3.48b)

Right-handcutsin ~12 normallymapontopositivez andleft-handcuts,onto negativez. An amplitude
with definitevertexsignaturehasonly right-handcutsandso permitstheintegral(3.48) to range
only over positivez’. This is crucial for obtaininggoodbehaviorasA oo just as in the well-known
caseof the Sommerfeld—Watsontransformof A4. The amplitudesa>(X) and a<(X) havegood
asymptoticbehaviorsin the right-halfandleft-half A planesrespectively.We maythuswrite (see
fig. 3.8)

a> (A) + a< (A)
A5(z)= — fdA . (_z)X. (349)

2i smirA

In thesecondstepSommerfeld—Watsontransformsin J1 andJ2 areperformedon the
a~(X,s1,s2,t1, t2). The correctcompletesetof functionsis thed~(cos0~)[equivalently the
JacobipolynomialsP~°”~(cosOs)]. Then

a~(X) ~ ~ (2J1+l)(2J2+l)d~(cos01)d~(cos02)a~(J1,J2,X;t1,t2), (3.50)
J1X -‘2~

which becomes

1 2 d~(—cosO1)d~(—cos02)a~(A)= (_ ~)f~i1 fdJ2 sinir(J1—A)sinir(J2—X) a<(J1,J2,X;t1,t2). (3.51)

The definition of Froissart—Gribovcontinuationsof the a~(J1,J2, A; t1, t2) to complexJ1 andf2
presentsconsiderabledifficulty. White [145] hasbeenableto obtaina satisfactorycontinuation
for oneangularmomentumand~thehelicity, but not for J1,J2 andA simultaneously.(His treat-
ment for the mostpart consideredonly normal thresholdsandthusparallelsourassumptions.)
We shallhoweverassumethat such a continuationexists in the following.

It is clearthat thereis aclosecorrespondencebetween(3.49)and(3.51)andthe Mellin repre-
sentation(3.24). In (3.24)when1712 is takento infinity the A contourshouldbe movedto the
left andonly singularitiesatA = f, + n~(n~= 0, —1, —2, ...) arepickedup. In (3.49)1712 -~ 00 cor-
respondsto z o°or z 0. In either case,oneappearsto get contributionsfor integralA from
the sinirA as well. However,White [147] hasarguedthat the symmetry

a>(I) = —a<(—I) (3.52)

holdsfor integerI so that thesepolesactuallycancel.Taking alsointo accountthe symmetry

a>(I) = a<(—I), (3.53)

which follows from the fact that A5 is a functionof cosw = ~(z+z
1), we seethat the represen-

tation
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A5(1712)= ~— fdA [‘(—A) (_1712)Aa(A) (3.54)
2ir 1

seemsto exhibit all the essentialfeaturesof (3.49).The variableA in (3.54) is (to leadingorder)
the absolutevalueof thehelicity. Eq. (3.51)canbe rewritten as*

a(A) = (~)2 fdJ1 fdJ2 F(—J1+A) F(—J2+A)(_51)Ji (_s2~2a(J1,J2, A;t1,t2), (3.55)

in the sameway that (1.9)was rewritten as (1.17).We havethusobtainedthe Mellin representation
(3.24). A considerablereorderingof seriesis of courseinvolvedin this processandonedoesnot
know a priori that if onerepresentationis good,theotheroneis also.The fact that the Mellin re-
presentationis consistentwith resultsof modelsis perhapsourgreatestsourceof confidencein it.

3.5. Helicity limits

All of thelimits discussedso far refer to asymptoticlimits in the cosineof the anglewhich is
conjugateto the angularmomentum.One might ask,what happensif we takeoneof the helicity
anglesto infinity instead?We considerthe five-point function.Whencos -+ oo with cos01 and
cosO2 fixed, we recall from (2.8) that

~l2 S, Sac~
5a’c’ 5a’c’ —)‘ 00 (3.56a)

with

~1 ~‘a’b” 5ab” S
2—Sb~C,

5b~c’~ ~
2 fixed. (3.56b)

Let usreferto the Mellin representation(3.24)to seewhat we cansayaboutthe helicity limit
if we know that thereareleadingReggepolesatJ1 = a1 andJ2 = a2. Shifting theJ1 andJ2 con-
tours to the left to isolatethesepoles,wehave

A~1
T2= ~ fdA F(A — a

1) [‘(A — a2) [‘(—A) (s)X( 5)ni_x( s)02x13(A; t1,t2) + fff
Background

(3-57)

The backgroundintegralmustbe kept sincewe arenot takings~or ~2 large.To obtain thelarge
s12 behavior,we shift the A contourto the left. The A singularitiesaregiven explicitly in the F
functionsandwe obtainthe leadingbehaviors(—s12)

0’and(_s12)02. To takeproperaccountof
the backgroundcontribution,welook backat (3.24).The singularitiesin A areseento arisefrom
the pinchingof theJ

1 andJ2 contoursbetweenthe “kinematic” polesin F(—J1+A)F(—J2+A)

andthe “dynamical” Reggepolesin aTlr2. Thus if anIT2 hasthe Reggepolesingularities

* The partial wave amplitude a(J1,~ A; t1, t2) is of courseredefinedand thereis a one-to-onecorrespondenceof J1 andJ2 with

angular momentaonly in leading order.
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a
T1T2 R(J

2, A; t1, t2)/(J1 — a1) (3.58a)

and

an1r2 R(J1,A: t1, t2)/(J2—a2), (3.58b)

wehave [6,141]

A~1
T2 [‘(—a

1) (—s12)°’~ fdJ2F(—J2+a1) (_s2)1201 R(J2,a1 t1, t2)
2iri

+ F(—a2)(_S12)°2 ~ fdf~F(—J1+a2)(5~)h102 R(f1,a2 t1, t2). (3.59)
2ir 1

We see that the behaviorin the helicity limit is determinedcompletelyby the angularmomentum
singularities.This follows from our assertionthat thereareno dynamicalhelicity polesbut only
helicity polesin the “kinematic” factorsF(—J1+X)F(—J2+X). Thesekinematicfactorstie the
helicity to the two angularmomentaJ1 andJ2 at the vertex.BothJ1 andJ2 areinvolved because
the z componentof angularmomentumis conservedat the vertex,i.e., the helicity is the sameon
bothsides.

The reasonwhy no dynamicalhelicity singularitiescanappearin ourtreatmentis easyto trace
to our discussionof (3.27)andthe absenceof simultaneousdiscontinuitiesin overlappingchannels.
Thus the two termsin (3.59) correspondto the two possiblesetsof simultaneousdiscontinuities.
(see fig. 3.4) — the first term hasdiscontinuitiesin ~2 and~12 andthe secondin s1 and ~12~

The helicity limit is not in the physicalregion for the five-particleamplitude(clearlyoneof the
final statesub-energiesmustgrow if the total energys12 grows) sowe mustassumesimultaneous
discontinuitiesin overlappingvariablesare forbiddenevenin the unphysicalregionof this limit.
In the absenceof rigorousaxiomatic supportfor suchan assumption(seesection1.4) we seek
furtherbackingfor the absenceof dynamicalhelicity singularities.We mentionthe following
arguments:

(i) Intuitive: Sincehelicity is not a Casimiroperatorof the Poincaregroup, as arespin andmass,
one doesnot classifyparticlesaccordingto their helicities. Since“dynamical” poles usuallycor-
respondto particles,thereshouldbe no dynamicalhelicity poles.Neitherdo the residuesof
kinematicalhelicity polesnecessarilyfactor as do Reggepoleresidues,nor doesit makeanysense
to drawa vertexwith a helicity poledanglingout oneside.

(ii) Contribution to discontinuities:Considerthediscontinuityin s2(SbC’)of the five-particle
amplitudein fig. 3.9. Eachterm in the sumover intermediatestateshasthe Reggebehaviorshown
for s12 ~ thus, we expect

discbCAS -~s~f(s1/s12,s2,t1,t2), (3.60)
~12

wheref is a polynomial in ~i Is12 for astatein the~2 channelof finite spin. The leadingterm in the
polynomialgives the first term in (3.59) for ~l2/~l -÷ o~. Similarly disca’b’As gives the secondterm.
Unfortunatelythis argumentis not rigorous.Sinces12/s1 °° is not insidethe physicalregion,the
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—l

S
12

Fig. 3.9. A. discontinuity of A5.

sumover intermediatesstatescould conceivablydivergegiving a behaviordifferent from (3.60). For
thesix-particleamplitude,helicity limits canbe takeninside the physicalregionandthis argument
canbe used[49] (seese~tion4).

(iii) Models: The behavior(3.59)holdsin the dualresonancemodel (seethe Appendix,eq.
(A. 14)).

(iv) For further discussionandargumentswe refer the readerto AbarbanelandSchwimmer
[6] andBrower,Einhorn,Green,PatrascioiuandWeis [23].

Complexhelicity is interestingfor reasonsotherthanobtainingthe asymptoticbehaviorin the
helicity limit. Indeedit seemsfirst to havebeenintroducedin thestudyof Reggecuts [75]. We
shall return to thisapplicationin section8. Representationsof 0(2,1)in a complexhelicity basis
havefoundusein thestudyof themultiperipheralintegralequation[43,42,105]. For group the-
oreticalexpansionsof the scatteringamplitudein the physicalregion,e.g.0(2,1), involving com-
plex helicity, we refer to GoddardandWhite [67] andJones,Low andYoung[89—92].

3. 6. Reggeonscatteringamplitudes

In section3. 1 we discussedbriefly the single-Reggelimit of the five-particleamplitude — see
fig. 3.5. By factoringoff the Reggeresiduej3~(t1)andpropagator~~F(—a1)s~’,we can define
ascatteringamplitudewith oneexternalreggeon— seefig. 3. 10. It is very interestingto study the

b’

~ S2

Fig. 3.iO. Scattering amplitude with one external reggeon.
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analyticstructureandunitarity propertiesof suchamplitudesandseehow theydiffer from those
of the ordinaryfour-particleamplitude.

The essentialcomplicationof the reggeonamplitude-as opposedto the four-particleamplitude
is its dependenceon the helicity variables1/s12.We study thisdependenceusingthe Mellin repre-
sentation(3.24)whichgives*

A5 (—s1)
0’ (±) fdA fdJ

2 F(—X) F(—a1+X)F(_f2+X)(_s2)J2~(S12yR(J A;t1,t2).

(3.61)

In the physicalregion for the processac ~‘b’~’ where0 ~ s1/s12~ 1 we expectto be ableto
closetheA contourto the left since(s12/s1)xvanishesrapidly.We thenobtain

A5 F(—a1) (512)01 ~t=o F(—a1)i! [(~)f~~2F(—J2+ a1— i) (_s2)J2_01+tR(J2, a1— i; t1, t2

/ ~i \ t. / S1 \~l°2 ,~ [‘(—a2 + i) [‘(—a1+ a2— i) /S1~2\’
X I——I + I—I Li j3(a —i;t ,t ) I—I (3.62)

\ ~l2 / \~12/ 1=0 [‘(—a1) i! 2 1 2 ~S12 /

whereR and~3aredefinedby (3.58a)and (3.26)respectively.In thesecondsumof (3.62)only
the contributionof oneReggepoleatJ2 = a2 hasbeenexplicitly written; actually theinfinite
sum overall Reggepolesin J2 shouldbe included.

Eachterm in the first sum in (3.62)hasthestructureof a four-particleamplitude— compare
with (1. 1 2). However the t2-channelsingularitiesare shiftedsinceJ2 ~ J2 — a1 + i. Thus a singula-
rity in R at J2 = a2 producespolesat a2 — a1+ i = N ratherthanat a2= N. Sincethesecondsum
is a seriesin s2, all the physicalsingularitiesin ~2 appearin the first sumandarerepresentedin
(3.62) by the cuts(_52)J2Oi+l.l~The first sumthushassimultaneousdiscontinuitiesin ~2 and~12

arid the secondterm ins1 ands12.
Since(3.62) is rathercomplicatedit is useful to haveat handtheexplicit form in the dualre-

sonancemodel(DRM) for comparison.Fromeq. (A.7) we have

F(—a1+i) rF(—a2+ai—i)F[—a(s2)+i]i / S1 \1
B [‘(—a )(—s )°‘ ~ I I I——---1 12 i=0 F(---a1)i! L [‘[—a(s2)+a1—a2] J \ S12

+ 01—02 F(—a2+i) [F(_al+a2_ i) [‘[—a(s2)+a1—a2+i] 1 ( ~ . (3.63)
i=o F(—a1)i! F[—a(s2)+a1—a2] J “ ~12/

Eachof the sumsin (3.63) is proportionalto a hypergeometricfunctionof arguments1/s12 and

* Throughoutthis subsectionwe considerfor simplicity anamplitudewith only right-handcuts.Also for conveniencewe discuss

the properties of the full amplitude A5 in the limit which exposesthe Reggepole oi, ratherthanfactoringout the residueand
propagatorto getthefour-pointamplitude.



R.C Brower, CE. DeTar,J.H. Weis, Reggetheoryfor multiparticle amplitudes 297

Fig. 3.11. Integrationcontourfor FESR.

thusis singularfor ~1/~12 ~ 1. When ~1/~12 ~‘ 1 we canbe in the physicalregion for the crossed
processa’b’ ~ iië~’.The appropriateconvergentexpansionthenhastherolesof s2 andt2 ex-
changed.

We first discussanalyticity in ~ Supposet2 ands1/s12(and,of course,t1) areheld fixed.
Thenasdiscussedaboveall thephysicalsingularitiesins2occurin thesquarebracketsin the firstsumin
(3.62)or (3.63). We cannotwrite a dispersionrelationin ~2 sincethe secondsum clearlyrepre-
sentsan infinite numberof subtractions.In the caseof (3.63) thediscontinuityin ~2 canbe seen
to havethe behaviorexp [s2s1/s12]as~2 -4 +oo. The analyticity canbe exploited,however,with
finite energysumrules(FESR).IntegratingA5 alongthecontourof fig. 3.11 gives*

f ds~disc5 A~’ks1,s~,s12t1,t2)

5th

= _2i(_s
12)01N02_01~ ~ F(—a1+i)/3(a1—i;t1,t2) (Nsl)i (3.64)

i =o [‘(l—a1+a2+i)(a2— a1+i+1)i! ~12

wherethe superscript(1) indicatesthe first sumin (3.61).FESRareoftenusedto determinethe
Reggepole parameters(in this casedouble-Reggevertex) from thelow energydata. Eq. (3.64)
is probablynot too useful from this point of view sincethe cutoff (N) dependenceis not just the
simpleReggepowerN0201+l.

Insteadof fixing s1/s12,we canfix 1712 = s12/s1s2.Both sumsnowhavesingularitiesin s2. To
isolateas muchas possiblethe singularitiesin s2 due to intermediatestatesin the s2 channelwe
considerthefirst sumin (3.62)or (3.63).The asymptoticbehavioris ~~201 so a dispersionrela-
tion canbe written. However,in addition to the singularitiesin s2 arisingfrom theterm in brackets,
therearesingularitiesfor s1/s12~ 1, i.e., 0 ~ ~2 ~ 1/1712 which mustbe includedin the dispersion
integral.Theseare outsidethephysicalregion for the processac ~‘b’ë’ andarea reflection of
the existenceof thesecondsum [in the DRM the discontinuityfor 0 ‘~s2~ 1/1712 cancelsbetween
the two sumssincethe full amplitudedoesnot havethis discontinuity;see(A.S)and(A.6)] and

* Fixed polesin J2 [(3.39) and(3.40)]also contribute to the right-hand side. Thesehave been omitted for simplicity.
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SI2~S -

Fig. 3.12. Unitarity equationfor A
5 giving discontinuityacrosstwo-body thresholdin ~

of the crossedprocessab’ ~ ~iëë.’
1’ Forthe FESRwehave[82] neglectingfixed poles

N - 1/~l2

f ds~disc,A~’~CI~~ ~l2~ ~ t
2) = --- f ds’2 disc5,A~’~(s1,~ ~12~ t1, t2)

5th 0

N0201+l = F(—a
1+i) F(—a2+a1—i)

+ 2isinir(a2_a1)(_s12)°I . 13(a1—i;t1,t2)~~2.(3.65)
a2—a1+l i=0

Another possibility is to considerthe coefficient of eachpower(~i/~12)1 in the first sumrather
than the full sum. Theseamplitudesareessentiallyamplitudesof definte t2 channelhelicity and
bearthe greatestresemblanceto ordinary four-bodyamplitudes.They haveonly physicaldis-
continuitiesin s2and the asymptoticbehavior~ — 01+! Dispersionrelationsfor larger i thusre-
quire moresubtractions.

The abovediscussionhas indicatedhow the s1/s12dependenceof the reggeonamplitudescom-
plicatesthe analyticity propertiesin ~ Neitherfixed ~1/~l2 nor fixed 1712 is completelysatisfac-
tory. The former doesnot allow a dispersionrelation to be written whereasthe latter necessitates
the inclusionof unphysicalsingularitiesor the contributionsof singularitiesin s1 and~12 in ad-
dition to thosein s2. For practicalapplicationsof FESRit appearsthat (3.65) is the mostuseful.
We refer the readerto HoyerandKwiecinski [82] for furtherdiscussion. Theynote that in the
unphysicallimit 1712 -4 oo the unphysicalregion contributionvanishes.Theneqs. (3.64), (3.65)
arid a FESRfor the coefficient of (~1/~12)~are all equivalent.

We now discussunitarity in the~2 channel.Thenaturalway to obtain an unitarity relation for
the reggeonamplitudeof fig. 3. 10 is to takethe Reggelimit of the unitarity equationin fig. 3.12.
When the Reggepropagator(including the signaturefactorexp(—ilrcs1)+i-1)is factoredoff, the
discontinuityon the left-handsideis purely imaginary.The phaseof the reggeonamplitudebelow
the three-bodythresholdmust thenbe thesameas thatof the elasticamplitude [149].

We notethatonly the first sumin (3.62)contributesto the left-handside.Both sumscan in
principle contributeto the right-handside. Thereforewe cannotobtaina linear unitarity equation
for oneof the sumsalone.Thus,if, as discussedabove,dispersionrelationsare written for the
coefficientsof the powers(~1/s12)~,informationabout theothersumwill still be necessaryto
evaluatethe discontinuity. The first sumis a seriesin ~1/~12. Since

~1~~12 ~ [coshq~’(52) — ~tanhq~2~W cos0 + sinO cos~} sinhq(~’)~(52)~ , (3.66)

* If a dispersionrelation is written for thefull amplitude,thereis no unphysicaldiscontinuitybut a discontinuityarisesfrom the

secondsumin (3.61)due to thresholdsins1 ands12.
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s12(_Lr~\—~

Fig. 3.13. Analytic structureof right-handside of unitarity equationdue to secondsumin eq.(3.61).

where0 and ~ are the polar anglesof c’ in the s2 centerof masswith a, a’ andc in thex-z plane
andthe boostsq aregiven by (2.16), this is equivalentto a seriesin cosØ. It is convenientto re-
write the first sumas a seriesin [exp(iA5Ø)+exp(—iX5Ø)]sincetheunitarity equationis diagonal
in the~2 helicity A~conjugateto ~. This sumhast2 channelhelicity A~= A (conjugateto the
Toiler anglew) equalto a1, a1 — 1, a1 —2 The diagonalizedequationwill thusrelatelinear
combinationsof t2 channelhelicity amplitudesof helicities 1 a1 — I The secondsum in
(3.62)givesan analyticstructureof the right-handsideof the unitarity equationdescribedby
fig. 3.13 dueto the singularity in s1. Sucha diagramhasanomalousthresholdandbox singula-
rities in s1 and~2 We do not know if it survivesin tile Reggelimit and if sohow its structure
matcheswith thatof the left-handside — for furthercommentsseesection8.2. It is amusingto
note thatin the specialcaseof only narrowresonancesingularitiesin ~2, to leadingorder in re-
sonancewidths only the first sumcontributeson the right-handsideof fig. 3.12.* The unitarity
equationis thenlinear in thissum,e.g. in a sumof amplitudeswith A~.= a1, a1 — 1

Finally we discussbriefly the structurein t2. The first sumin (3.62)hasshiftedsingularitiesin
as discussedabove.The physicalsingularitiesarecontainedentirely in the secondsum.We can-

not discussunitarity in t2 as we did abovefor ~2 since (3.62)doesnot convergein thephysical
region for t2> tth(a’b’ Tiëë’). NeverthelessWhite [1471 hasarguedthat the amplitudesof de-
finite t2 channelhelicity a1, a1 —1, a1 —2, ... (e.g.,linear combinationsof the coefficientsof

(51/512)01— tin thefirst sum)satisfyalinear t2-channelunitarity equation.This remarkableresult is
obtainedatthecostof havingacontributionto the right-handsidewhich cannotbewritten asasum
overintermediatestatesin addition to theusualintermediatestatesum.In the specialcasewherethe
only singularitiesarenarrowresonances,to leadingorderin resonancewidths only the non-inter-
mediatestatepiececontributes— in the reggeonamplitude the t2 channelsingularitiesareat
a2 = N + a1 whereasin the four particleamplitudetheyareat a2 = N so thereis no overlap.

Much remainsto be understoodconcerningtheanalyticity andunitarity of reggeonamplitudes.
An intimately relatedproblemis the natureof thecrossingrelationbetweenthe ~2 and t2 chan-
nels. The non-integralspin of the reggeonis a non-trivial complication.For further discussion
anda somewhatdifferentpoint of view, we referthe readerto White [147]. SeealsoHoyerand
Trueman[149].

4. The six-particleamplitude

In this sectionwe extendthe type of analysisgiven in section3 to the six-particleamplitude.
We discussherethe triple-Reggelimit of fig. 4. 1 andrelatedhelicity asymptoticlimits. The linear
triple-Reggelimit of fig. 2.5 will be discussedin section5.

* This canbeverified for theDRM amplitude (3.63)usingthe interpretation of Di Giacomo,Fubini, SertorioandVeneziano [531.
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Fig. 4.1. Triple-Reggelimit of six-particleamplitude.

4.1. Triple-Reggelimit and the triple-Reggevertex

Accordingto thegeneraldefinitionsof section2.2, the triple-Reggelimit shownin fig. 4.1 is
[96, 101,66]

~i’ ~2’ 53~~12’ S
23~~31 00 (4.la)

with

~ ~ ~ ~~12’~~23’1731 fixed . (4.1b)

Each is given by

tk t~—t~+2\/
7cosw

1J17i1 = ~ii~t~J A(t
1, t~,t~) (4.2)

with theToiler anglessatisfying

w12+w23+w310. (4.3)

Eq. (4.3) givesa complicatednonlinearconstraintbetweenthe ~ which reducesthe total num-
berof independentinvariantsto eight. For reasonswhich will soonbecomeclearwe will generally
write theamplitudeas a functionof all three

1~i1~however.
In the Reggelimit (4.1) we expectthe behavior

A
6 /31(t1)[~1F(— a1)s~1]132(t2)~ [~3 [‘(—a3) ~~3] R123(t1,t2, t3 p12’ p23’ ~31~-

(4.4)
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Sa,

Fig. 4.2. Tree diagrams representing possiblesimultaneousdiscontinuities in energy invariants in triple-Regge limit.

However,this form doesnot exhibit the singularitystructureof the amplitudeanddoesnot give
the phaseof the amplitude(R123,like the double-Reggevertex,is not real).To treatthesequestions
correctlywe needto perform ananalysisanalogousto that of section3.3.

In order to reducethe singularitiesin the channelinvariantsto a manageablenumber,let us
considerthe signaturedamplitudewhich hasonly right-handcutsin the six energyinvariants
(4.la). We arguedin section3.3 thatourassumptionof the independenceof overlappingchannel
singularitiespermitsan additive separationof right- andleft-handcutsandallows the definition
of a signaturedamplitude.The only setsof simultaneousdiscontinuitiesallowedin thesignatured
amplitudeareeasilyseento be thoseof fig. 4.2.Thus,if we write thesignaturedamplitudeas*

A~’~
T~13

1(t1)[‘(—a1) F(_si)01 132(t2) [‘(—a2) (_s2)°2133(t3) [‘(—a3) (—s3)

03 V(t
1, t2, t3~12,p23’ ~31~’

(4.5)

consistencywith fig. 4.2 requiresthatthe vertexhasthe structure[5 1]

V(t t t .,,, ~, = (_ 101 (_ 102 V ~t t t1’ 2’ 3’ ‘12’ ‘23’ ‘31’ ‘ p31’ ‘ ~723’ 12’ 1’ 2’ 3’~12’p23’ ‘31

+ (_1712)02(_1731)03V23(t1,t2, t37712, p23’ 1731)+(_1723)03(_1712)01V31(t1,t2,t3-r112,p23’ ~31~

+ (_17l2 01+02_03)/2(_1723)(02+0301)/2(_1731)(03+01_02)/2V123(t1,t2, t3i~12,p23’ ~3l~’ (4.6)

wherethe Vq and Vilk introduceno furthercuts.Combining(4.5) and(4.6) we see thesignatured
amplitudehasthe form

A~1
T2T3-~-~j3

1(t1) [‘(—a1) 132(t2) [‘(—a2) 133(t3)[‘(—a3) {(_s3)03_01_02 (—s31)
0’(_523)02 V

12

+ (_51)010203(....512)02(_531)03 V23 + (_s2)02_03_01 (—~23)
0~(—~

12)
0’V

31

+ (_s12)(01~2_c~3)/2(_s23)(02+03_01)h12(S)(03+~!1_02)/
2 V

123} . (4.7)

* We againassumeall external particles have.1” 0~so all internal trajectories havenatural parity and the amplitude is only a

function ofthe channel invariants.
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Onecould,if he wished,chooseoneof the to be a dependentvariableandeliminateit from
the aboveexpressions.The singularitieswhich arisefrom normal thresholdsin ~ would thenoc-
cur in theothervariablesas a resultof the nonlinearconstraint(4.3).Clearly, in order to exclude
simultaneoussingularitiesin overlappingchannelsproperlywe haveto know the origin of the
varioussingularitiesin the independentvariablesas thresholdsin specificchannels.Using the over-
completeset of variablesmakesthis explicit; thus acomplicatedsingularity in the independent
variablesarisingfrom aterm of the form (—fltj)°is to be interpretedas arisingfrom thresholdsin
s~(ands~andsi), andcontinuingaroundsuch a singularity is to be donein sucha way that is
continuedaroundits singularity.

The contributionof the triple-Reggebehavior(4.5) to the full amplitudecannow be straight-
forwardly obtained.The full amplitudeis thesumof eight termsanalogousto fig. 3.6. For all s~
ands~positiveandabovetheir cutswe obtain*

R123(t1,t2, t31712,?723,~31~ = ~ ~312 v12 + ~ ~123 ~“23+ ~ ~231 r~’31 (4 8)

+‘
1~1exp{_~iir(a

1+a2+a3)}(l+r1exp(iira1)+r2eXp(iira2)+r3exp(iira3))V123,

where**

~, ?7~17,,

= (a~+o~—ok)!
2
17(°j~°kOj)/

2

17(°k~°i—o/)/2 v.. (4.9)
ijk 1k ki ijk

and

si/k = exp{—i1r(a~—a1—ak)} + TiT!Tk . (4.10)

The structureof the vertex partsJ/~jand Vt/k will be discussedin section4.2. We shouldremark
that thereactuallyis no physicalregion in which all six energyinvariantsare positive.This is
easilyseenfrom fig. 4. 1; thereis no way to put arrowson the linessuchthat eachmomentum
transferis formed from lineswith arrowsin oppositedirectionsandeachenergyis formed from
lineswith arrowsin the samedirection.

The relation(4.2) of the 17j). to the Toller anglew,~is only meaningfulfor A(t1, t2, t3) ~ 0
[101,66]. When,all threet1 havethe samesign it is possibleto haveA(t1, t2, t3) ~ 0. If all threet,

are negative,the vertex transformationsq~1), eq. (2.16),becomerotationsabout thex axisand
the convenient0(2,1) little group transformationsbecomeRz(I2t)By(~i)Bx(Ai).***We thenhave

tk — t~— t1 + 2\/~/~77coshöty

—A(tt, ti, tk) (4.11)

* Vertex signatures are neglectedthroughout this section.They causeno essentialmodification of thefollowing expressions
just asin the case of the double-Reggevertex.

** Actually we shall seelater that Vt/k hassomesquare-root singularities in the r~,jwhich causesa slight modification of the re-
lation of V,yk to Vt/k; see (4.21)andfig. 5.8.

“~ The standard formsare
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where = A~— A1 and the analogto (4.3) is

(4.12)

Eq. (4.11) is particularlyinterestingbecauseit meansthe helicity limit -+ o~canbe insidethe
physicalregion in this caseas it is just theboost -4 00~ We return to helicity limits in section
4.3.

4.2. Mellin representation

In this subsectionwe discussa proposalfor a Mellin representationfor the six-particleampli-
tudeassociatedwith the couplingschemeof fig. 4.1 [411. This representationis a recastingof the
multiple Sommerfeld—Watsontransformwhich exhibitsits essentialfeatures.

The triple partial waveanalysisof thesignaturedamplitudecorrespondingto fig. 4.1 is

A~1
T2T3= �~ E exp(iA

1~p1)exp(iA2p2) exp(iA3~p3)
X1—oo A2—c~

x ~ (2J1+l)(2J2+l)(2J3+l)d~(cosO1)d~(cosO2)d~(cosO3)
J11A,I j2Hx2I J31X31

X a(J1, J2, J3A1, A2, A3t1, t2, t3)) (4.13)

where

(4.14)

and

= — ~~0~.

The z componentof angularmomentumconservationconstraint(4.14)meansthat (4.13)canbe
written in termsof thew~as was donein section4.1. As we stressedthere,in order to exhibit the
singularities in all six energychannelsclearly,it is useful to usean overcompletesetof variables,
namelyall threew,1. This canbe doneby introducingthe variables~ definedby

A1 = A12 — A31, A2 = A23 — A12, A3 = A31 — A23 , (4.15)

sincethen

exp(iA1p1) exp(iA2p2) exp(iA3~p3)= exp (iA12w12)exp(iA23w23) exp(iA31w31)

Furthermorethe amplitudemustbe an evenfunction of the A~1,sinceit is a function only of the
andthusis evenin the w1~.(This is a consequenceof the assumptionthat all six particleshave

jP = Ot) We canthereforerewrite (4.13)as
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A~1
T2t3= exp(iA

1~1)exp(iA2~2)exp(iA3~,3)a(X1,A2, A3)

-~ �.~ ~ (exp(iA1~w12)+exp(—iA12w12))
A~0 A230 A310

x (exp(iA23w23)+ exp(—iA23w23))(exp(iA31 w31) + exp(—iA31 w31)) a(A12,A23, A31), (4.16)

wherea representsthequantity in largebracketsin (4.13). In this form with A11 ~ Oweseethat
a(A12,A23, A31) contributesto helicitiesA1 = ±A12±A31,etc.Becausesensevaluesof the helicities
are ~‘ At, for eachvalueof the A~1in (4.16) wemust have

J1~A12+A31, J2~A23+A12, J3~A~1+A23 . (4.17)

Thus collectingthe essentialgamma-functionsfrom thed~.andsweepinginessentialfactorsinto
thepartial waveamplitude,we obtain the representation

A~1
T2T3(s

1,~2’ S3, ~12’ ~23’ ~31t1, t2, t~)

= 6 fdA12 fdA23 fdA31 fdJ1 fdj~fdJ3[‘(—A12)[‘(—A23)[‘(—A31)[‘(—J1+A12+A31)

X [‘(—J2+A23±A12) [‘(—J3+A31+A23)(_51)Ji (_s2)~2(5)Ja (17)X12 (17)A23 ( 17)X3~

X a
T1T2T3(J

1 , J2,J3, A12, A23, A31t1, t2, ta). (4.18)

The abovediscussionshouldonly be regardedas a plausibility argumentfor therepresentation
(4.18)sinceconvertinga standardSommerfeld—Watsontransformof (4.13) to this form requires
reorderinginfinite sums,etc.* However, aswe now discuss,this representationexpressesin a com-
pactform theessentialbehaviorsof A6 e.g. the partial waveexpansion(4.13) and thesingularity
structure(4.6) of the triple-Reggevertex.This latter featureof (4.18) is indeedone of the strong-
est motivationsfor it. Furthermorethis form for the triple-Reggevertexis found in modelsstudied

thus far; this canbe shownfor the hybrid Gribov model,the ordinarydualresonancemodeland
alargeclassof relatedmodels** [96] usingthe resultsof DeTar andWeis [5 1] andwas shown
for the nonlineardual model [12] by Sukhatme[128].

Let usconsiderthe contributionof a triple-Reggepole to (4.18),

a
T1T2T3 ~

1(t1) f32(t2) j3~(t3)/3( A12, A23, A31t1, t2, t3 )/(J1— a1) (J2—a2) (J3— a3) . (4.19)

We find comparingwith (4.7),

* For the standardSommerfeld—WatsontransformationseeWhite [144] andAbarbanelandSchwimmer [6].

** For further discussionof thesemodels seesection 5.3.
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V(t1, t2, ~ p23’ ~31~ = [‘(—a1) [‘(—a2) [‘(—a3) (~)fdA12 IdA23 fdA3,

X [‘(— A12) [‘(—A23) [‘(— A31) [‘(—a1+A12+A31) [‘(—a2+A23+ A12) [‘(— a3+A31+ A23)

X (_n12)~12(_n23)~23(—~31)~13(A12, A23, A31 t1, t2, t3). (4.20)

This is analogousto therepresentation(3.28) for the double-Reggevertexandclearly reducesto
it at a3= 0, wherewe mustalsohaveA31= A23 = 0. In order to extractthe singularitiesin the
we essentiallyclosethe A11 contoursto the left.* This calculationis involved andwe will not go
into the detailsherebut refer thereaderto DeTarandWeis [5 1] for furtherdiscussion.We in-
deedobtainjust the four termsof (4.6) with the following explicit formsfor the V1~andVt/k:

= 1 ~ [‘(—at+ m+p) [‘(—a.+ n +p) [‘(— ak+ai +a.— fli — n — 2p)
[‘(—at) [‘(—at) [‘(—ak) m,n,p0

X!’!! 17_
tmfl_fl (flki17Ik)~ ~(p,a/—n_p,a~—1n—p;t~,t/,tk),

2F(—a~)[‘(—at) [‘(—ak)

X ~ [‘[~(at_c~J_ak_m+n+p)][’[~(a/_ak_at_n+p+m)] [‘[~(ak_at_aj_p+m+n)]
m,n, p = 0

~ exp{—~iir(m +n +p)} (llktrItJ\ m/2 (ni/17/k \_fl/2 (77/kT)kt\
1_P/2

m!n!p! “

17/k / ‘~ 17kt / \ 1?t/ /

X j3[~(at+a/_ak_m_n+p),~(a/+ak_a~_n_p+rn),~(ak+at_a/_p_m+n);t~, t
1, tk]

(4.21)

The functionsV~1canbe seento havetheexpectedbehaviorfor a integral.For example,V11 is
nonvanishingfor a, anda1 integral.The triple-pole arisessincethenthe factor
[‘(—ak+at +a1 — rn—n — 2p) canalsobe singular.Furthermore,the particularratiosof p11’s pre-
sentarejust the onesneededto give a polynomialresidueat poles.The Vt/k term playsa peculiar
but essentialrole. It doesnot contributefor anya~integralbut allows cancellationof the spurious
singularitiesin the V11 termsfor integralak—at— a1.

In addition to Reggepolesingularitieslike (4. 19) in the angularmomentawe expectfixed pole
singularitiesof two types: fixed polesof the form (3.39)correspondingto nonsensewith respect
to the externallinesand fixed polescorrespondingto nonsenseat the centralvertex whichare
extensionsof thesingularitiesin [‘(— .J~+ A1~+ Aki) but lie on theoppositesideof theintegration
contour,e.g.

* For somecontributionswe actuallyclosecontoursto right. The correctdirectionis alwaysthat for which the contourat infinity

vanishes,assumingat mostexponentialbehaviorfor p.
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a
TIT2T3

13/{J1—A12— A31—N1}, (4.22)

with

N1—l,—2,—3,... and r1r2r3(_1)”~’.

The wrong-signaturerule is a naturalgeneralizationof theusualoneto spinningparticlesand
assuresthat thereis no fixed power behaviorin the full amplitude.We shallnot work out in detail
herethecontributionsof additiveor multiplicative fixed polesof the form (3.39)or (4.22)since
theyarestraightforwardgeneralizationsof the resultsof section3.4. As yet only a few model
studieshavebeenmadeof fixed poles [69], for furtherdiscussionsee Weis [141]. While the re-
sults arecompletelyin agreementwith the discussiongiven hereit would clearlybe of interest
to study furthermodelsto gainfurther confidencein the aboveproposals.

4.3. Helicity asymptoticlimits

Thereareclearly a largenumberof helicity asymptoticlimits of the six-particleamplitude
analogousto thoseof section3.5 which canbe studied.‘There is oneessentialdifferencefrom the
five-particleamplitude,however.For A(t1, t2, t3) s1 0 helicity asymptoticlimits of the six-particle
amplitudecanbein the physicalregionas wenotedat theendof section4.1*.

We shalldiscusshereonly onehelicity limit, namelythe onewhichis directly accessiblein in-
clusivecrosssections[49]. Herewe discussthe generalform of the amplitudein this limit; the
applicationwill be discussedin detail in section6.3. The limit of interestis actuallya mixed
Regge-helicitylimit sinceit is

—* oo (Regge) p31’ ~23 (Helicity) , (4.23)

withs1, ~2 1712’ t1, t2, t3 fixed.
From(4. 1 2) we note that 1731 and1723 actuallymustgrow at thesamerate. FronT(4.1 8) we

obtainfour termsanalogousto the caseof the triple-Reggevertex

A~1
T2T3 (5)03_0102 (—s

31)°’(_523)02 [‘(—a3+a1+a2) [‘(—a1) [‘(—a2)

X ~ (t1) j32(t2)~ (t3) ~(O,a2, a1~~ ~ t3) + ~ U1(s1,s12t1, t2, t3) (4.24)

+ (—~23~°~U2(s2,~12’ ~1. ~ t3) + (s31)(03+0302~2(_523)(02+0301~2U12(s1, ~2’ ~12’ ~ ~ t3).

The functionsU areanalogousto the coefficientsof the asymptoticpowersin the helicity limit
(3.59). In section6.3 we shall give severalindependentargumentsfor the behaviorof the form
(4.24)anddiscussits structurein somedetail.

We closethissectionwith a technicalremark [110]. The limit (4.23)doesnot alwaysuniquely
definethe couplingschemeof fig. 4. 1. The diagramwith a andc interchangedis equallygood for
certainisolatedvaluesof the invariants— for examplethe “forward” configura~tionPb —Pb”
Pa= —Pc, Pa’ = ~ . Thisnonuniquenessof couplingschemesis a complicationto be generally

* This point is emphasizedby Abarbanel and Schwimmer [61.
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expectedin helicity limits of amplitudeswith more thanfive particles.It meanstherearecontri-
butionsnot explicitly exhibitedin (4.1 8), i.e. a

T1T2T3 hassingularitiesin helicity or, alternatively,
thereareothercontributionsto A~lT

2Tanot of this form. Thesefurthercontributionsarenot ex-
pectedto havea discontinuityin 53 = (Pb~Pa~Pa’)

2 (which will interestus in section6.3) but to
havea discontinuityin (Pb+ Pa+ p~’)2.

For the0(2,1)analysisof theselimits, seeJones,Low andYoung[90—92] andMak [98]. For
the0(3) Sommerfeld—Watsonanalysis,seealsoAbarbanelandSchwimmer[6].

5. Multi-Reggeamplitudes

We discussgeneralmulti-Reggeasymptoticlimits. The problemof reconcilingthe factorizability
of Reggepole contributionswith the analyticstructureof the amplitudeis stressed.

5.1. Introduction

In section2 we havedefinedthe generalmulti-Reggelimit by studyingthe multiple 0(3) partial
waveanalysis.Thus, for example,the multi-Reggelimit of fig. 5. 1 is all the single-reggeonenergies,
s
1, goingto infinity with theenergiesacrossseveralreggeonsgrowinglike

St/ku s1s1~,~S,~. (5.1)

As a completeset of independentvariableswe choosethe t1, the s1 and

17j1—StJ/StS/. (5.2)

We haveverified in section2 that this is preciselya completesetafter applicationof the constraint
reducingthe three at a triple-Reggevertexto two.

The essentialcomplicationof amplitudescontainingmore thanonedouble-or triple-Regge
vertexconcernstheenergiesacrossmorethantwo reggeons.As discussedin section2 thesecanbe
expressedin termsof thes1 and in the Reggelimit since

S11 kl ~/... k/si/... kS/...kl = 1 - (5.3)

Normal thresholdsin the channelscorrespondingto the s, . ~ producesingularitieswhich occurin
the independentvariablesby virtue of thesenonlinearconstraints.The singularity structurein the
independentvariablesis thusquite complicatedsinceit mustreflect the thresholds(aswell as other
singularities)in severalchannels.Thereforeonedoes:notexpectthat thesingularity structureof
multi-particleamplitudescanbe representedsimply as a productof Reggepropagators(with cuts
in thes~)and Reggevertices(with cutsin the

On theotherhand, the physicalpictureof a reggeonas.an exchangedobjectin a well-defined
stateleadsnaturally to the ideaof factorizationof reggeoncouplings.Thus a multi-Reggeexchange
amplitudeshould be somehowexpressiblein termsof the basicsingle-,double-,andtriple-Regge
vertices.In order to focuson this apparentconflict, we recall the situationfor the four-particle
and five-particleamplitudes.
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S
1256789

/ S125 —~----—--~-

t~ /
~ t2 t8 tic

Fig. 5.1. Exampleof multi-Reggeamplitude.

The fundamentalstatementof factorizationis that theresidueof the ReggepoleatJ = a(t) in

the signaturedpartial-waveamplitudeshould factor,

a
T(J, t) ~‘(t) pbb’(t)/{J a(t)), (5.4)

wherethe particlesarelabeledas in fig. 1.1. In the caseof the four-particleamplitudefactoriza-
tion can be provenfrom t-channelunitarity. The Regge-polecontributionto the signaturedam-
plitude thenhasthe factorizedform [see eq. (1.15)],

A~(S,t) ~aa(t) [‘(—a)(—s)°~bb’(t) (5.5)

The full amplitudealsofactorizes

A
4(s,t) !3aa(t) [~(t) [‘(—a) ~0] ~bb’(t) (5.6)

Thereforefactorizationof the Regge-poleresidueimplies factorizationof the Regge-polecontri-
bution to thesignaturedand full amplitudes*.Furthermorethe phaseof the amplitudeis entirely

* If the externalparticleshavespin, eq.(5.5) becomes

ALxa,; XbXb’(~’t) a~a’~°~XbXb,(t)e~,’(_z~),

whereX = ~a — ~‘a” ~‘ Xb — Xli’. In generalthis is not a factorizedform, but to leadingorderin zt(S),

e~
1(_z~) ~{[F(X — a) F(— X —a) F(X’—a) F(—X’—a)] t/F(_a) F(—a+~)}(_2Zt)°,

and thus~4aXa~XbXb~(s~t) 13xX,(t)r(—a)

Thus thespin correlationcarriedby theexchangedreggeondoesnot spoil factorizationto leadingorderin s. Similarly,for many-
particleamplitudesfactorizationcan only beexpectedin leadingordersince thereggeontransmitsinformationaboutthe relative
orientationof thegroupsof particlesbetweenwhich it is exchanged.
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t3 /
I to

disc S45678

Fig. 5.2. A doublediscontinuity of a multi-Regge amplitude.

associatedwith the Reggepropagator,~(t) [‘(—a)s°,andthe factorizedform can be continued
throughoutthe first sheetof thecomplexs-planeif careis takento interpretcorrectly

= (—s)°+ rs°asrepresentingright-handandleft-handcutsas describedin section 1.2.
Factorizationof the double-Reggeresiduein the five particleamplitude(fig. 3.1),

a
TlT2(f

1, J2, A; t1, t2) ~3aa’(t1) ~(A;t1, t2) ~‘(t2)/(J1— a1) (J2—a2), (5.7)

leadsto the asymptoticbehavior(3.19),

A~1
T2(s

1,~2’ ~12’ t1, t2)-~I3aa (t ) [‘(—a1) (_si)01 V~(t1,~2 ~12) [‘(a2) (_52)02acc’(t2). (5.8)

The phaseof theamplitudecannotbe factoredinto separatepiecesassociatedwith the Regge
propagatorsanddouble-Reggevertexbecauseit doesnot representindependentcutsin s1, ~2 and

1712 but rathercutsin s~,~2 and~12 in eq. (3.19).Thus the requirementthat ~ ~2 and~12 be on
their:first sheetsrestrictsthe rangeof applicationof (5.8) in ~i (for fixed 1712 ands2) to
— iT c~arg(—s1)“~ iT —arg(l/~12s2)[for arg(l /1712~2)~ 0] — seefig. 3.3 — which is a nonfactorized
restriction. Due to this complicationwe were contentin section3 to give afactorizedexpression
for the full amplitudeonly for physicals1, ~2 and~12 (i.e. positiveandabovetheir cuts),

A5(s1,~2’ ~12’ t1, t2) I3aa’(t) [~1[’(—a1)s’~’]R~(t1,t2 p12) [~2[’(—a2)~~2] ~‘(t2) - (5.9)

The consequencesof factorizationof Regge-poleresiduesfor the asymptoticbehaviorof ampli-
tudesarethereforeweakerfor the five-particle amplitudethanfor the four-particleamplitude.

In the discussionof the factorizationpropertiesof multi-Reggeexchangeamplitudesthecom-
plicationof singularitiesin dependentvariables(5.3) playsan essentialrole. Indeed,contraryto
one’sfirst expectationsdiscussedabove,it is preciselythis complicationwhich allowsa general-
ization of the physicalregion factorization (5.9). More remarkably,any discontinuity or mul-
tiple discontinuity of the amplitude(see fig. 5.2) also factorsin the physicalregion.
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-- —- S
23

SI23

Fig. 5.3. Lineartriple-Reggelimit of six-particleamplitude.

In section5.2 we discuss in detail the simplestnontrivial case— the linear triple-Reggelimit of
the six-particleamplitudeof fig. 5.3. The form of the signaturedamplituderequiredby thesingu-
larity structureof the amplitudedescribedin section 1.3 is established.Thenits intimate connec-
tion to the factorizationof the full amplitudeandits discontinuitiesis elucidated.The discussion
follows the treatmentof Weis [140,142.]

In section5.3 wegive the rulesfor writing down an arbitrarymulti-Reggeamplitudeor dis-
continuity [142,143]. Theserulesare naturalgeneralizationsof theresultsfor the six-particle
amplitudeandhavebeenprovenin certainmodels.

5.2. Factorizationand thesix-particleamplitude

Herewe discussin detail the linear triple-Reggelimit of the amplitudefor six scalarparticles
shownin fig. 5.3. We first want to demonstratethat in the physicalregion thesix-particleampli-
tudehasthe factorizedform

A6 ~3~(t1) [~ ‘(—a 1~~ I R~2(t1,t2 p12) ~ [‘(— a2) ~2] R~3(t2,~3 p23) [~3 [‘(—a3) S~3]~dd’(tj

(5.10)

Sincea detailedstudyof theMellin or Sommerfeld—Watsontransformof the six-particleampli-
tudehasnot yet beengiven, wedo not know the appropriatestatementof factorizationof Regge-
pole residuesin partial wave amplitudes,so we discussdirectly the full amplitude.

We beginby consideringthecontributionto (5.10)representingright-handcutsin the energy
variables.Equivalently,we assumethe existenceof a signaturedamplitude* with only right-hand
cutsin the energyvariablesof fig. 5.3. Onemight first believethat factorizationof Regge-polere-
sidueswould leadto the behavior

* Vertex signaturesareneglected.
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Fig. 5.4. Allowable simultaneousdiscontinuitiesin linear triple-Reggelimit.

A~1
T2T3~~13(t

1) F(—c~1)(—s1)°’V(t1, t2~12)F(—a2)(~S2r
2 V(t

2, t37723) F(—a3) (—s3~
53~3(t

3)

(5.11)

As it stands,(5.11) is obviously inconsistentwith the requiredanalyticstructureof A6 discussed
in section 1.3. It hassimultaneousdiscontinuitiesin overlappingchannelinvariants.The only al-
lowablesetsof simultaneoussingularitiesareshownin fig. 5.4. For eachof the terms in the figure
the natureof the singularity in eachof theenergiesis uniquelydeterminedby consistencywith
the asymptoticbehaviors~’~ ~ andtheconstraints

S12S1S2?712, s23=s2s3i~23, s123s1s2s3r~12?723. (5.12)

For example,the first term hasthe behavior

(_S1)a(_s12)b(—s123)’~

where

a+b+ca1, b+c=cs2, c=a3.

We thusfind insteadof (5.11) the correctstructure,

A~1
T2T3 F(—-a

1) F(—ct2) F(—a3)f(_s1)al_aa(_S12)
02_a3 (—~123)°~w~

3

+ (_S2)a2~1 (—s)°’°3 (—s123)°3w~3+ (_S1)a1~2 (_S3)n3_a2 (_S123)°2 W2
2

2

+ (_S2)°2°3 (—s23)°3°’ (—s123)~’W~3+ (_S3)~3~2 (_S23)n2~1 (—s123)°’W~2}. (5.13)

The functionsWj~(t1,t2, t3 rj12. fl23) arefree of cutsin fl12 and~723•

The naturalchoiceof independentenergyvariablesfor the factorizedexpression(5.10) is the
sets1, s2, s3, fl12 and~723• However,theconstraints(5.12) complicatethesingularity structureof
the amplitudein termsof theseinvariants.In particularwith all othervariablesfixed, the cutsin
s1 arethoseshownin fig. 5.5. Comparingwith fig. 3.3, onenotesthe presenceof anadditional set
of singularitiesarisingfrom thedependentenergys123.A factorizedexpressionlike (5.11) is inca-
pableof representingtheintricate structureof fig. 5.5 and formula(5.13). Factorizationimplies
that the amplitudeis an independentfunctionof ~12 and~~23’ whereasthe singularitiesin s123 are
mappedinto the s1 plane(and othercomplexenergyplanes)in a way which dependson both
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L!~
~~bcd b’

b’c’

Fig. 5.5. Complex~i planeshowinglocationsof asymptoticsingularitiescontributedby channelsindicated for fixed s
2, s3~Th2’

~123

fl12 and~723• In thespecialconfiguration,

Im s1 Im s2 = Im 53 = Im s12 = Im s23 = Im s123= 0 , (5.14)

all cutscoalesceon the real axis, simplifying the analyticstructureconsiderably.All physicalre-
gionsare includedin this configuration.So we areled to look for a restrictedform of factoriza-
tion holdingfor (5.14).

We first considerthesignaturedamplitudefor all the energiesnegative.Sincewe areaway from
the cutswe expectno effectsof the complicatedsingularitystructure(5.13).We thereforemight
expectthat factorizationof Regge-poleresidueswouldlead to (5.11) in this region.Thenwe ten-
tatively have,using(5. 1 2),

W~3= 13(t1) V2(t1,t2fl12) V3(t2, t3fl23) 13(t3),

W~ 13(t~)V2(t1,t2fl12)V2(t2,t3~23)13(t3),

W~2= /3(t1) V1(t1,t2fl12)V2(t2,t3fl23)/3(t3),

W~+ W~3= /3(t1) V1(t1, t2 7112) V3(t2, t3 ~23) 13(t3), (5.15)

wherethe V~are the partsof the double-Reggeverticesdefinedby (3.19).
We now considerwhetherthestructure(5.13) is compatiblewith factorization(5. 10) of the full

amplitudewhich is given by a sumof eight termsanalogousto fig. 3.6. We shall find that it is,
given (5.15)andone furtherconditionwhich determinesuniquelythe W~and W~3.Let uswork
in the physicalregion for ad -± a’b’e’d’ sos1,S2,S3,s12, ~23 ands123 areabovetheir right-hand
cuts.

The eight termsin the full amplitudearisingfrom the W~3term in (5.13)are
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[(_S
1)Ol~°2 (~~~~s12)02_03(_s123)°3+T1 ~ 02 ~ + T2(—S1~ 02 S~2~°3S1

3

23

+ T3(__S1)°1 02 (_s12)02_03s~3+ r1 r2 ~~102 (~~S12)02_03~

+T2T3(_S1)O12S3(_S123)O3+T1T2T3S~12(_512)°2°35~3] W~3. (5.16)

As usualwe startwith all the energiesnegativeandcontinuethe asymptoticform in largesemi-
circles [(—s) -÷ e~sas we go above/belowthe cut].* The phaseof (5.16) is therefore

[exp(—iira1)+r1+r2 exp{—iir(c51— a2)} + r3 exp{—iir(a1— a3)}+ r1r2exp{—iira2}

+ r1r3exp{—iira3}-f-r2r3exp{---iir(a1—a2+a3)}+ r1r2r3exp~—iir(a2—a3)}I . (5.17)

SinceW~3~ V1(t1, t2~12) V3(t2, t3~23) this phaseshould be the sameas thatmultiplying
V2(t1, t2 7112) V3(t2, t3~23) in (5.10)which from (3.23) is

• (5.18)

Eqs. (5.17)and(5. 18) areindeedequal.The sameprocedurecan be appliedto theothertermsin
(5.13). The only complicationarisesfor the contributionsproportionalto V1(t1, t2~12) X
V3(t2, t37123).In addition to (5.15), the condition

exp{iir(a1—a2—a3)}W~+exp{iir(—a1—a2+a3)}W~3= .

—2i~sin~2

X [exp{iir(a1— 2a2+a3)}+exp~iir(—a1—a3)} — exp~iir(—a1+a3)}— exp{iir(a1—a3)}]

X /3(t1) V1(t1,t2ri12) V3(t2,t37123)/3(t3) , (5.19)

musthold to obtainfactorization.Eqs. (5.15)and(5.19)canbe solvedto determineW?3 and WI3,

sinir(a2—a3)sinira1

sinira2 sinlr(a1—a3)13(t1) V1(t1,t27112) V3(t2,t37123)/3(t3),

sinir(a2—a1)sinira3

WI3 = sinira2 sinlr(a3—a1) 13(t1) V1(t1, t2~12) V3(t2, ~3~7l~3) /3(t3). (5.20)

Severalremarksshouldbe madeaboutthe abovediscussion:(i) Factorizationholdsin all the
physicalregionsof all crossedprocesses.The computationin eachphysicalregion is identicalto
that abovewith a permutationof theterms.(ii) Factorizationcannotbeimposedif thecorrect
singularity structure(5.13) is not takeninto account.Theform (5.11) which neglectsthe cuts

* This is mostsimply implementedby choosingfor eachtermin (5.13)a set of independentvariablescontainingthe energieswith

singularities— eachsingularity thenoccursin only oneindependentvariable.For example,in this term we choose~1, 83, S12,~23

and~123~Thenas,say,~123 varieswith theothersfixed, 83 will vary but, since thereareno singularitiesin S~in this term,theonly
phasecomesfrom the singularity in ~123•
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in ~i23 doesnot yield (5.10) [461. Thereforethe complicatedsingularitystructureallows
factorizationof the amplituderather thanspoiling it [76,139,140]. (iii) The signaturizationof
the centerreggeona2 is essential.If eitherof theend reggeonsis unsignatured,the amplitudestill
factorizes.However, it is essentialthat the combinationof right-handcut in ~2 plus r2 timesleft-
handcut in s2 be formedsinceit is only this combinationwhich give factorizationof the terms
in A6 proportionalto r1r3. In otherwords,when areggeoncouplestwo stateseachwith more
thantwo particlesit must be signaturizedto give a factorizedcontribution.(iv) Finally, we re-
emphasizetherestrictedvalidity of (5.10). It cannotbe usedfor continuingthe amplitudebe-
tweenphysicalregions.Doingsogives the wrong phases.The properformulafor continuationis
thenon-factorizableexpression(5.16)(plustheotherfoursimilar expressionsaccordingto (5.13)).

In a physicalregiondiscontinuityof A6, the energyvariablesalsosatisfy(5.14). We now show
thatthesediscontinuitieshavethe remarkablepropertythat theyalsofactorize.

We first identify the basicelementsby computingthe discontinuitiesof the four-particleand
five-particleamplitudes.Fromdisc5A4 we find

~ = F(a+l) sO; 13(t). (5.21)

Taking the discontinuityof A5 ins12 (pa~p~)
2we find from (3.18)and(3.19),

disc
5 A5 = 2iF(—a~ s~’~exp{ilr(cs ~ cs2)} sinlT(—a1)77~V1 + exp{ilr(a2—a1)} sinir(—a2)~ V2}

X F(—a2)~ /31 (t1)/32(t2)

andhencefrom (5.21)

= — exp{i~(a1~a2)} — exp{i~(a2—a1)}~ V2. (5.22)

ti 2isinira2 2isinira1

Similarly from disc81A5 we obtain

sinir(a
= . 71~V2 . (5.23)

Ii t? slfliTa1

Now considerthe discontinuityin ~123= (Pa~~~Pd)
2of A

6 as shownin fig. 5.6(a). Only the first
term of the eight forming the full amplitudehassingularitiesin this channelandusing (5.13) we
obtain

disc8 A6 2iF(—a1)s~1F(—a2)~ r(—a3)~ {exp{ilr(—c51+a3)} sinlr(—a3) 7171~W~3

+ exp{iir(—a2+a3)}sin ir(—a3) 71 fl~W~+ exp{iir(—a1+ 2a2—a3)} sinir(—a2)71fl~~3W~2

+ exp{iir(a1—a2)}sinlr(—a1)71~fljWI3 + exp{iir(a1— a3)} sinlr(—a1) fl~7?~WI2}. (5.24)
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><>HH<
>~TL<~,

Fig. 5.6. Examplesof discontinuitiesofA
6: (a)discontinuityin ~l23, (b) discontinuity in ~2, (C) doublediscontinuityin ~123and

~2, (d) triplediscontinuityin ~123’~I2 and~

Using(5.15), (5.20) andtheidentity

exp{ilr(—a2+a3)} sinlr(a2—a3) — exp{iir(a1—a2)} sinlr(a2—a1)= exp{iir(a1—2a2+a3)}sinlr(a1—a3),

to combinetheW~andW~3terms,we have

disc3 A6 ‘-~ 2i13(t1) sinlr(—a1)F(—a1)s~’

r exp{iir(a1—a2)} exp{iir(a2—a1)} 1
X — 71~V1— 71~V2I sinir(_a2)F(_a2)s~2

L sinira2 sinira1 J

r exp{iir(a2—a3)} exp{iir(a3—a2)} 1
X — 71~V2— . 71~V3I sinir(—a3)F(—a3)s~313(t3).(5.25)

L sinira3 sinira2 J

The discontinuityclearly factorizesinto theproductof theappropriatepropagatorsandvertices
(5.21)and(5.22).The factorizationof theothersinglediscontinuitiesofA6 cansimilarly be
easilychecked.(Oneshouldnotethat four termsout of the eight contributeto the discontinuity
in fig. 5.6(b), for example.)

Thisratherremarkablefactorizationalsoextendsto multiple discontinuitiessuchas those
shownin fig. 5.6(c)and (d). We mustfirst identify the basicdouble-Reggevertexwith two dis-
continuitiestakenthroughit. Fromdisc31disc312A5 we easilyfind

sinlr(a1— a2)
~ = . I~~V2. (5.26)
— slnlra

ti t2

For fig. 5.6(c)we find, usingformula (5.13),
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disc3 disc3 A6 -~ F(—a1)s~’F(—s2)5~2F(—a3)~

X (2i)
2{exp{iir(—a

1+cs3)}sinir(a1—cs2)sinira3 Wj~3

+exp{iir(ai_c53)}sinlr(cs3_c52)sinlraiWI3},

andthen(5.20),

rsinhr(a2—a1)
disc5 disc3 A6 ‘-~ (2l)~ /3(t1) sinir(—c51) F(—cs1) s~’ [ ~ V1

2 123 sinlra2

rsinir(a2—a3) 1
X sinir(—a2)F(_~a2)s~2 [ . rijJ/~j sinlr(—cs3)F(—a3)s~313(t3)

sin ira2

which hastherequiredfactorizedform. The factorizationof theothermultiple discontinuities
is similarly checkedwith the rule that furthercuttingof a propagatoror vertexdoesnot change
it — seefig. 5.7.

The abovediscussionhasshownhowintimately the factorizationof multi-Reggeamplitudes
and their discontinuitiesis relatedto the singularitystructureof the amplittrde.Without the
somewhatcomplicatedstructureof (5.13), therewould be little hopeof obtainingfactorization.
We haveseenthat thisstructure,constrainedby the requirementof factorizationof the signatured
and full amplitudeswith energiesabovetheir cuts,implies the factorizationof all discontinuities.
One,feelsthat the factorizationof the signaturedandfull amplitudesis a naturalconsequenceof
the definition of a Regge-poleas a simplepolein the complexangularmomentumplaneand
shouldbe provablefrom t-channelunitarity*. The factorizationof discontinuitiesthenappearsto
be a somewhatmysteriousconsequenceof the singularitystructureof the amplitude.

On theotherhand, theaboveargumentcouldhavebeenmadein the reversedirection.The fac-
torizationof all singlediscontinuitiesimplies thebasic relations(5.15) and(5.20)andthusfactori-
zationof the full amplitude.At leastwithin thecontextof the multiperipheralmodelthereis a
closeconnectionbetweenfactorizationof discontinuitiesands-channelunitarity (seeHalliday
[76]). In this modelthe discontinuityis expressedas a sumover (s-channel)intermediatestatesof

* Forexample,White [147[ hasproventhe factorizationof the double-Reggeexchangein thefive-particleamplitude in thisway.

.

. .

= ~

Fig. 5.7. Equality of propagatorandverticesunderseveralidenticalcuttings.
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peripheralnature. Factorizationof the “output” Reggeexchangesfollows becausetheyare
generatedby an infinite numberof peripherallinks which essentiallydecouplethe two endsof
the Reggeexchange.Thereforethes-channelpictureof reggeonsmakesthe factorizationof
discontinuitiesseemnaturalandthe factorizationof the full amplitudeappearsto bea mysterious
consequenceof the singularitystructure.

The abovediscussionhintsat the existenceof a deeperreasonfor the validity of the factori-
zationpropertiesdiscussedaboveanda deeperconnectionwith unitarity which, of course,is ex-
pectedto imply thesingularity structureexploitedhere.It maybe thatat leasta partial deeper
understandingof thesefactorizationpropertiescanarisefrom deriving them as a consequenceof
factorizationof amplitudesof definite (complex)helicity as suggestedby White [147] *•

In conclusion,we notethat the generalpropertiesdiscussedabovehaveindeedbeenfound in
explicit models.Factorizationof the full amplitudehasbeenshownin Gribov’s hybrid model
[31], theladdermodel [76], andthe dualresonancemodel [139]. Factorizationof total energy
discontinuityappropriatefor inclusivecrosssectionshasbeenshownin the ladderandGribov
model [771 andthe dual-resonancemodel [80,83,84,87,120,139]. For an exampleof factori-
zation for amplitudesinvolving pseudoscalarparticles,seeMoen, MontonenandZakrzewski[1021.
In this casethe analysisleadingto (5.13)mustbe applied to appropriateinvariant amplitudes.

5.3. Rulesfor multi-Reggeamplitudes

Onenaturally expectsthat the discussionof the precedingsubsectioncanbe generalizedto an
arbitrarymulti-Reggeamplitudeor discontinuity thereof— seefigs. 5.1 and5.2. Thus theseam-
plitudesshouldbe expressibleas productsof thebasicuncutandcut propagatorsandvertices.
In fig. 5.8 weshowthesebasicobjects.The propagatorsandsingle-anddouble-Reggeverticeshave
beendiscussedabove.The triple-Reggeverticescaneasily be obtainedfrom the resultsof section
4. 1. For completenesswe alsocollect heretheexpressionsfor the vertexpartsof definitehelicity:

V = 1 ~ ~ t.),
F(—a1)F(—a1) m=0 m. /

= 1 E F(—a~+m+p) F(—a1+n +p) F(_ak+al+aJ— m— n — 2p)
F(—a,) F(—a1)fl—ak) m,n,p0

1 I~ki~/k\~x 71~m71—~n~ y
m!n!p! /

= 2F(—a~)fl—a1) F(—ak) mFp=o FE~(a~—a,—ak—m+n+p)JFWa/—ak—al—n+~+m)]

1 (—1 )?fl+fl+P exp{—~i ir(m +n +p)} (flklfll,\_m/
2 (~i/71/k\_n/2 (~k71kj~_P/2X F[r(ak_a~_a/p+m+n)1 I, ~ ,~ k,

m.n.p. 71jk 71ki

X 13[~(a~+a,_ak_m_n+p), ~(a/+ak_aZ_n_p+m), ~(ak+a~_a,_p_m+n); t~,t,,, ~], (5.27)

* Note thatdiscontinuitiestendto extractamplitudesof definitehelicity. Forexample,thediscontinuityin (5.23)extractsthe am-

plitudes of helicity X = 02 — N (N = 0,1,2,...).
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Q) tj ~

b) t ~ F(cs.+1) S

c) t~

d) t1~ P(t~)

e) t~ ~~f)fUt R(t.,t.;~..) ~ .~. + ~ .~.
1 3 13 3 311 1 13]

I,
sinir(ci.-a,)f) t~ 1]

S1fl~TO. 3

i~(cs.-n.) ilr(cs.—cs.)

~) t — _e ~ _e -I J — 2isin7rc~. j 2isin~ra. j3 1

h) ~,

Fig. 5.8. Basicpropagatorsandvertices;~ exp{—iiro~}±r~,~ = exp{—i1r(cs~-.-oj)}+Tir/,

1ijk = exp{—ilr(nj—cs/—ok)}+rirfrk.

The dependenceof thefunctions ~ ~ V~,V~
1= ~ki01~jk~

t V~
1,etc,on the t~and hasbeensuppressed.In theexpansion

(5.27) for ViJk thefollowing factorsmustbe inserted:

for (i), [1+(_i)m~+pT~T/Tk]

for (k), [sin ~1r(csj+csj_csk_m_n+p)/sin ilr(oi+a/_ak)];

for (n), [sii~ir(o1+a1—csk—m—n+p)sin l1rcsk+a~~aJ—p—m+n)/sini1T(ai+Oj_Ok) sinllr(ak+ai_ of)];

for (o), [sin ilr(0j+o/—ok—m n+p) sin llr(aJ+csk_aj_n_p+m) sin (ak+ai—0j—P—m+0)/sini~(ai+oj—0k)

X sin i7r(csj+ak~-oi)sin ilr(ak+Oj—aJ)1.

wherethe real functions13 haveno singularitiesin their argumentsbelowthresholdsin the t1 in
the absenceof multiplicative fixed poles.

Factorizationof arbitrarymulti-Reggeamplitudeshasthusfar beenshownonly in certain
modelsas we discussbelow. Howeverit is expectedto hold on the samegeneralgroundsas the
discussionin the precedingsubsection.We note that this requiresthe existenceof signaturedam-
plitudeswith singularitiesin a completesetof planarchannels(channelsformedfrom severalad-
jacentlines for a fixed orderingof theexternallines — see fig. 5.1). It is expectedthat Regge
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i ~ ~i R(r.,t.,tk;n..,n.k,nk.) = - -

~k~ki3Vij + ti tijkV
3k tjkiVki

+ ~_1t_1~_1b

0i+03+~ [0k)
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j) t~ k

k) t~ - 2~ V3k - Vki - Vijk
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Fig. 5.8. For captionsee last page.

behavednonplanaramplitudescanbe decomposedinto suchsignaturedamplitudeswith only the
addedcomplicationof the introductionof multiplicative nonsensewrong-signaturefixed poles
(seesections3.4 and4.2). This typeof analysisalsorequiresthe simplesingularitystructureas-
sumedin (D) of section1.4. For somediscussionof the possibleeffectsof morecomplicated
singularities,seethe endof section8.2.

Finally we alsonotethat the specificforms of theverticesgiven in fig. 5.8 andeq. (5.27)are
appropriatefor amplitudeswith all scalarparticlesandthusall trajectoriesof naturalparity. They
alsohavethe behaviorat t 0 correspondingto nondegenerate,e.g.Tollerquantumnumber
M = 0, trajectories.To treatothercasesthe analysisshouldbe appliedto appropriateinvariant
amplitudes.
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Most of the factorizationresultsembodiedin the rulesstatedabovehavebeenprovenin the
dualresonancemodel — for discussion, seeWeis [1431. Theseresultscan beextendedto a large
classof modelswhich areessentiallyintegralsover the dual-resonancemodelof the form

AN Ii fdz~1F1f(t~,t1, ~ Zik, zki) BN({a~},{s~},{z~1fl~1},{~ ~}), (5.28)

whereç
5~ i is theratio in (5.3) andthereis onesmearingfunctionf for eachvertex*. As long as

the z~
1integralsdo not createanyfurthersingularitiesin the or øi~...k~the resultsfor the dual-

resonancemodelcarry overdirectly. Representationsof this form wereoriginally introducedby
the Cambridgegroup [56,96]. They found that all modelstheystudiedhaddouble-and triple-
Reggeverticesof this form. We believethat (5.28)maybe the mostgeneralform consistentwith
the singularitystructureassumedhereandfactorizationof the full amplitude.

Finally, we note that in this sectionwe havediscussedmulti-Reggeamplitudeswith only ver-
ticeswith threelines.Amplitudesinvolving reggeoncouplingswith morethanthreelinesare also
of interest,particularlyin inclusive crosssectionsas discussedin section6 (seefig. 6.2). We ex-
pectthe factorizationpropertiesdiscussedaboveto generalizeto thesemore complicatedampli-
tudesas is the casein modelsstudiedthusfar (seethe endof section5.2). It should also.beem-
phasizedthat the rulesgiven abovearefor all ~ k> 0; to treatthecaseof some~ k < 0 (as
is the casein inclusivecrosssections)an analysislike thatof section5.2 mustbe carriedout.

6. Applicationsto inclusivecrosssections

The multi-Reggelimits of particularexclusiveprocesses,e.g. a + b -~c1+ ... + c~(seefig. 2. 11),
givesmallcrosssectionsin restrictedregionsof phasespaceandarethereforedifficult to confront
with experiment.Consequently,interestin multi-Reggetheoryfor a long time was confinedto a
smallbandof devotees.However,Mueller [1041 realizedthat the theorycould be applied to the
larger inclusivecrosssectionsfor a + b -÷ c1 + ... + c0 + X, whereX is any(undetected)state.For
no detectedparticles(n = 0) thisis just the familiar total crosssection.Unitarity relatesthe sum
over X to the s discontinuityof the elasticamplitudeA~(s,t = 0) (optical theorem).Reggebe-
haviorofA~thengives a Reggeexpansionfor the total crosssection(seefig. 6.1).

* We havegiventheform for triple-Reggevertices.Double-Reggeverticeshavefactorsf(t~,tj;z~~).

t,,o

2

~ X b~ ~ :__aI~ b

pbb(o)

Fig. 6.1. The Reggelimit for thetotally inclusivereactiona÷b—I X (i.e. total crosssection)asa discontinuity(dashedline) of the
forward (t = 0) elasticamplitudefor a + b —I a + b.
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alt) a(t)

a) b~b = f~b~Ib (M
2,t) c) F~1(x,,p

11)

a1 (0)
a, It) a (t)

b) ~k~j (O,t,t) d) ak(Of C =G1 (p11)

Fig. 6.2. Notation for verticesencounteredin single-particleinclusive crosssections,a + b —, c + X: ~ fk~1’F and Gcon-
tribute to the phasespaceregionswith M

2 = const.,M2/s —~0, 0 ‘~ M2/s ~ 1, andM2/s -= 1, respectively,as

5 = (Pa~Pb)2 00. Thedashedline indicateradiscontinuityin M2 = — Pc~2

In section6. 1 we generalizethe optical theoremto expresstheinclusive crosssectionsfor
a + b -~ c

1 + ... + c~÷X as appropriatediscontinuitiesof the forwarda + b + c1 + ... +

a + b + c1 + ... + c0 amplitudes.Thenin sections6.2 and6.3 we apply multi-Reggetheory to
obtainReggeexpansionsof thecrosssectionsin various regionsof phasespace.Someof the
Reggecouplingsinvolved areshownin fig. 6.2. In section6.4 we returnto the unitarity equations
to give sumrulesrelatingdifferent inclusive crosssections(e.g. differentReggecouplings).

We restrictourselvesto thoseaspectsof inclusive Reggetheorywhich illustratethe basiccon-
ceptsof multi-Reggetheory.For reviews of thevastliteratureon inclusivephenomenologywe
referthe readerto Frazereta!. [64], Roberts[1181, andSlansky[125].

6. 1. Generalized optical theorems

For the totalcrosssection(a+ b -÷ X), the unitarity equation,~

- 2- = II~IIIE= ii:: 6.1)

for Pa= Pa” Pb = Pb’~convertsthe crosssection

~~f U dpi(2ir)
464(pa+pb—~pi)IAn+

2(pa,pb;pl, ... ,p~)I
2 (6.2)

n2 t r i=1

into the optical theorem

* In this sectionwe usea mixed conventionfor momentasinceit is moreconvenientthanthe all-incomingconventionusedelse-

wherein thiswork.
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ab — d Aabc ~
UTot ~/X 2i isc3 ~ ~s,~=,, . (6.3)

In the above,s = (Pa~Pb)
2,X = X(s, m~,md),dp~= d3p~/2E~(2ir)3,and 1/ne! is thestatistical

factor for n~identical particlesof type t.

We would like to usea similarunitarity eqqationto relatethe inclusivecrosssectionfor
a + b -~c + X,

(2ir)32Ec = ~ ~ dPi(2ir)4 ~4(Pa~PbPc ~

x IAn+
3(Pa,pb;p,pl p0)1

2, (6.4)

to the forward six-particleamplitude.The appropriateequationis (for Pa = Pa” Pb = Pb’~PcPc’)

~ ~ : :: = ~L:b,~~: (6.5)

We defines= (Pa~Pb)2,t = (Pa p~)2~u = (Pb—p~)2andM2 = (Pa~Pb ~~)2 = m~x.The dashed
line in (6.5) indicatesa discontinuityin M2 so the generalizedoptical theoremis

(2ir)32E~d3a~/d3p~=~ ±discMaA~b-Ic(s,t,M2). (6.6)

The definition of the discontinuityin (6.5) involves somesubtlepointswhich arenot present
in (6.1) [126,113,129,29,301. The signsinsidethebubbleon theleft-handsidegive thelocationof the
subenergyinvariantson eachsideof thediscontinuitywith respectto theircuts;most importantly,
Sab (p~-I-pb)2is aboveits cutand5a’b’ (Pa’-I-pb) is belowits cut [the reasonfor thisis clearly seen
from the right-handsideof (6.5)]. Onemight believethatfor variableswhichoverlapthe discontinuity
thelocationrelativeto their cutsshouldalsobespecified.in particular,thevariable(pa~l~Pb+pc)2~5

aboveits threshold(andlinearly relatedto M2). However,the Steinmannrelationsdiscussedin section
1.4 guaranteethatthe discontinuityis independentofthelocationsof theseoverlappingvariables
so theyneednot bespecified.We shouldremark,however,that thereareanomalousthresholds
presentin M2 in generalin addition to the usual normal thresholds[113, 1 29,1111.If we assume
the simplified singularitystructurediscussedin section 1 .4 as wehavein precedingsections,none
of thesesubtlepoints arise,of course.

The aboveoptical theoremscanbe generalizedwith no moredifficulty to the n-particlein-
clusive reaction,a + b -* c

1 + ... 4~c~+X,

1 1

dPc •.. dp~ ~ discM2A2(fl+2)(pa,PbPc1 ~ , (6.7)

whereM
2= (Pa+PbPc ~c )2
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12~ 1 ii
y
0oY

Fig. 6.3. Rapidity plot for a particulareventin thereactiona+ b —I c1 + ... + c5+ X, with 7 particlesin stateX.

6.2. Mueller—Reggelimits

We wish to considerthe highenergyor Reggelimits of the inclusive processa + b
-÷ c1 + ... + c0 + X [104]. The central lessonof experimentis that particleproduction is
confinedto a region of phasespacewherep, (1 = c1, ..., c~)havesmall transverse momentum

(I —‘ 0.5 GeV) relativeto the longitudinalmomentumalongPa andPb• Consequently,we use
therapidity y~andthe transversemomentump1~,variablesintroducedin section2.4. Fig. 6.3
gives therapidity plot fo~a typical final statec1 + ... ÷c~+ X in the restframe of particleb
(Yb

0,Ya Y—~lns). /

6.2.1.Singleparticle inclusive crosssection
First we considerthe Reggelimits for the single particleinclusivereaction,a+ b -÷c ÷X, where

weusethe total rapidity Y, the rapidity (y = y~)of c, andthe transversemomentum(p
1 = pjc)

of c to replaces, t, M
2 invariants in (6.6).As Y -* ~, the physicalregion is the interval

Ymin ~ Y ~ Ymax, where

~min ‘~‘ Y~— ln(mb/wc) 3~’max‘~‘ 3~a+ ln(ma/wc) . (6.8)

This intervalcanbe divided up into anumberof regionsas shownin fig. 6.4. Theseregions,to be
discussedin sequencebelow,arefor p

1 fixed andV -+ oo:

FixedM
2 — 3min -~ 00; ~max — y -* 0

Triple-Regge ~min~ °°; ~max — ~ 1

Fragmentationof a into c (a -÷cib) Y — ~min -~ 00; 31max— y finite

Central(alcib) Y — ~min °°; ~max —

Fragmentationof b into c (a~c-~b) y — ~min finite; ~max — 00

Triple-Regge y — 1’min ~ ~max —

FixedM2 ~ 3min~ ~~ ~ 00 (6.9)

The slashin (a -~ cib), etc., indicatesthe largerapidity gap.
In the fragmentationregionit is sometimesconvenientto useFeynman’sx variable,

x = 2p~m/v’~, (6.10)
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Q a
a,

L ~
‘~-~ ~,t ~t
~ L~.0 Ito F~

yji Central

Fig. 6.4. Phasespaceregionsin rapidity for thesingle-particleinclusivereactiona + b —~c + X.

which is the fractional longitudinalmomentumof c (p~m)in the centerof massof a andb. In
this variablethe fragmentationregionof a(b) is 1 ~ x > 0 (—1 ~ x < 0), andthe invariant volume
elementis

d3p/E d2p
1dy = d

2p
1dx/~/x2+ 4w~/s d

2p
1dx/x. (6.11)

For the fragmentationregion (a -÷ clb) or x> 0, we havethe connectionto the invariants

5 ~ mambe, M
2— s(1 ~e~)— s(l—x) , t’—~m~+m~— m~e_6Y_w~e6Y,(6.12)

where

~ ~max~

Justat the phasespaceboundary&V = Ymax — y -+ 0 thereis a fixed M2 region.Sinceonly a
fixed setof statesoccurin the sumoverX

d3a/d2p
1dy~~ ~ ~ (6.13)

presumablywe may takethes -* 00 limit insidethe sum. Eachexclusivechannelmaybe analyzed
by Reggepoleexchangein the t (PaPcY

2 channel[fig. 6.5(a,b)1

Aab-Icx.=.. ~ E~13~(t)s~t)V,~~, (6.14)

2
~ ~ =~ b~b ~

Fig. 6.5. Reggelimit of inclusivereactiona + b—’ c + X for (b) fixedM2 and(c) s ~ M2y~1.
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to obtainthe inclusivecrosssection:

d~cr/d2p
1dy‘~ — E~/3(t)/3(t)s0i(t/(t)f~1b(M

2, t). (6.15)

The functionfib -=/b(M2 t) can be interpretedas the absorptivepart of a reggeoni + b
-÷ reggeon/ + b scatteringamplitudein the forwarddirection tbb = 0.

As we move furtherawayfrom the phasespaceboundary,M2 becomeslargeand

fiblib(M2 t) ‘—‘ ~ 13~(0)(M2)0k(O)_01(t~0i(t)fki.(0,t, t) . (6.16)
M2-.ook

This is the so-calledtriple-Reggebehavior[seefig. 6.5(c)] valid for s ~ M2 ~‘ 1 (x 1). The deri-
vationof (6.16)andits relation to (6.1 5) through finite energysumruleswill be discussedin de-
tail in section6.3.Combining(6.16)and(6.15)gives

c~3u/d2p
1dy ~- ~13~(t) /3r(t) (s/M

2)0i(t~0/(t)~k~/~0’ t, t) (M2)Ok(o) /3r(0). (6.17)

Moving awayfrom x = 1, we enterthefragmentationregion (a -~ cib). (Sincep~is finite in the
rest frameof a, c maybe thoughtof as a “fragmentof a”.) From(6.12)we canseethat this limit
corresponds..tothe single-Reggelimit on A

6 shownin fig. 6.6. Labelling the particlesas in (6.5)
we havefrom section2.2:

A6 ‘~ ~ /3~(tbb~)~k F(—ak)(M
2fk Rk~a~c’5a’ë” tag~~~ 5a’ác’ tb~Sab/M2,5abh/M2) • (6.18)

Oneeasilyseesthat all the argumentsof Rk are fixed in the fragmentationlimit as required.In or-
der to obtainthe inclusivecrosssectionusingthe optical theorem(6.6) wemusttaketheM2 dis-
continuity of (6.18).This cannotbe donewithout a detailedknowledgeof the singularitystructure
of Rk in Sab/M2 ands~b’/M2.We shallassumethat the analogousanalysisfor A

5 (seesection3) can
begeneralizedandthe discontinuity taken,althoughthis hasnot yet beencarriedout by anyone.
Furthermorewe assumethe discontinuity factorizes;the analysisof section5 makesit clearthat
this is not a trivial resultalthoughat the sametime it is very plausible.

Thereforein the fragmentationregion (a -* cib), we canwrite (seefig. 6.7)

Fig. 6.6. Single-Reggelimit of the six-particleamplitudeA6.
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2 F~(x,p,)

~ 10~C
~bb (0)

Fig. 6.7. Single-Reggelimit (a —~ cib) for theinclusiveprocessa + b —~ c + x in thefragmentationregionof a.

d3u d3a ~ 13~(0)s0kF~c(x,p
1). (6.19)

d2p1dy d2p1dy
The functionFk~C is thefragmentationvertexcouplingthe reggeonak to the four particles
ac -~ ac.

The fragmentationregion for F,~c(x,p1) is handledin exactly thesameway excepta b and
—1 ~ x < 0, ory — Yb fixed. The two regionsx < 0 andx> 0 areseparatedby an infinite rapidity
gapas Y —~ co, soFa_~c(x)doesnot analyticallycontinueinto Fb~asx is continuedthrough
x = 0.

The centralregion,which lies betweenthe two fragmentationregionsat x = 0, hastwo large
rapidity gapsYa — y andy Yb. Again we shoulddo a carefuldouble-Reggeanalysisof A6 for
abc -~ a’b’c’, where therearethreeclustersof particles(aa’, cc’ andbb’). Theresult of this analysis
is the double-Reggeformulaf~rthe centralregion (fig. 6.8):

d
3u ~ ~ /3~(0)~O)f C (5ac5~ ~~i(0) /3aã(O) (6.20)

d2p
1dy ‘~ ki

5ab

By the generalrules of section2.2, the only variable in the forwarddirection~~a~a” ~b~b”

~c ~ that is held fixed is

~ac~cb~~ab ~ + m~= w~. (6.21)

We mayre-expressthe formula(6.20) in rapidity variablesas

P~5(0)

~ 2 ~

Bbb (0)

Fig. 6.8. Double-Reggelimit (alcib) for theinclusive reactiona + b —~c + X in thecentralregion.
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d3a ~ ~ exp{ak(y—yb)}G~l(p~)exp{ai(ya—y)} ~, (6.22)

d p
1dy kl

where

~ml(°~ 13~(°), G,~1(p~)~

Consistencywith triple-Reggeanddouble-Reggelimits putsboundaryconditionson

F~’~(x,p1) atx = 1 andx = 0, respectively(fig. 6.4). The triple-Reggeconditionis

F~c(x, p~) ~~13~(t)ç/31~
2(t)‘~ki/~°’t, t) (1_x)0 k~0) 0

1(t)— 01(t) (6.23)

asx-~ I, wheret = (~a~~c)
2—p~.The triple-Reggebehavior(6.17)is thereforethe behavior

necessaryto provideasmoothconnectionbetweenthe fragmentationregion(6.19) andthe fixed
M2 region(6.15) [40,32,60,1241. The double-Reggeboundarycondition [24] is

Fk~c(x,p
1) -~ ~ 13r(O) [maexp(ya_ b0O)_0k(O~,~1(p~~, (6.24)

asx —~ exp(y— Ya) -~ 0. Theseboundaryconditionsassumeuniformity in the interchangeof Regge
limits. Often the first term in the boundaryconditions

/ 1 ~ csp(O)_ak(O) 6 25
F —~ (1 _x)0k(O)_

2~~P(t), F —. (\)
accountsfor the qualitativestructureof the fragmentationvertexfunction Fk(x, p~).

6.2.2. GeneralReggelimits of inclusivereactions*
Fora+b-* c

1+... +c~+XthereareasmanyReggelimitsaswecangroupa,b, c1, ..., c,~
into clustersin the rapidity space**.With the bar denotinga largerapidity gap, the single inclu-
sive Reggelimits aredesignated(a -* cib), (alcib) and(aic ~- b). Forn = 2, therearethreelimits
replacingc by c1c2, which areanalyzedas in the n = 1 example,aswell as the limits
(a-* c11c2+- b) and (aIc1Jc2Ib).

The Reggeformulaeareeasily “guessed”.For example,for Y-~°°,(a-÷c1c2Ib) is

E1E2 d
6a ~ /3~(0)Sak(O)Fa~1c2(x

1, p11. x2, p12), (6~26)
dp1dp2 k

the two-particlefragmentationformula.This involves a new vertexF~c1c2for areggeonandsix
particles(seefig. 6.9(a)).We have

* See,for example,Abarbanel[11.

** Theexclusivechannela+ b —~c1 + ... + c,~hasthe samenumberof multi-peripheralRegge limits (Section2.4).
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x~-~ exp(—öy~), i = 1,2, (6.27)

where&1’~= ~max — y1.
The limits (a -+ c1~c2~— b) and (aIc1Ic2Ib)involve only verticesdefinedfor n = 1. Thereforewe

mustmakecertainthatour formulaeareconsistentwith the assumedfactorizationof the Regge
residues.The correctexpressionfor doublefragmentation(a -~ c11c2 ~- b) is (seefig. 6.9(b))

E1E2 ~ d
6u ~ F~C1(x

1,p11)s0k~F~c2(x2,p12). (6.28)

dp1dp2

Factorizationhasimportantconsequencesfor the correlationfunctionC definedas

E1E2 d
3u d3a E

1E2 d
6a

C~1c2 = ______ — — — . (6.29)
(a~

1)
2d3p

1 d
3p

2 ~ d
3p

1d
3p

2

For a leadingfactorized pole(usually takento be the pomeronatJ = ap(O) 1), correlations
vanish

C~~1c2_+ 0, ass~°, (6.30)

where~a is the spacingbetweenthe leadingpoleand thenext singularity.For a leadingpoleat
Jct~(0)anda secondaryset (p, w, A2, f

0) at a(0) ~, the correlationsto leadingorderare

(U~~)2Cab 1C2~± ~ (13~F~d1_13~F C1)(13Fc2 _13F~c2), (6.31)
kp,w,A

2,f

andfactorize.Somecrudeeffortshavebeenmadeto checkthis factorization[221.
The Reggelimit (aIc1Ic2Ib) in fig. 6.9(c)becomes

E1E2 d
6a ~ ~exp{ak(ya_yi)} G~(p~

1)exp{al(yl_y2)}G~(p~2)exp{am(y2_yb)}~
d p1d p2 k,l,m

(6.32)

C2~C2 C2~C2

Fig. 6.9. Examplesof Reggelimits for theinclusive reactiona + b —~c1+ c2+ X: (a)diparticle fragmentationof a, (a—Ic1c2Ib);
(b) single fragmentationof a andb, (a—~c11c2 —b);(c) all largerapidity gaps(aIciIc2Ib); (d) c1 in triple-Reggeregionandc2 in
central region.
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Again factorizationhassimpleconsequencesfor C. For pomeronson theends(orya—y1-~00,

Y2 — Yb -~ oo), we have

Cab-Ic1122 E ~ exp{—(a~(0)— a1(0)).~y}G~, (6.33)

wherez~y10 y1—y~~~This gives a correlationlength ‘-~ l/~a 2.
The rulesfor writing a generalReggelimit of a÷b -+ c1 + ... + c~+ X are quite simple:
(1) Pick a clusteringof the particles[e.g. (a -÷ c1Ic2c3Ic4Ib)] andfor eachclusterintroducea

vertex G,~as a functionof eachparticlec~,eachtransversemomentap~,andall the rapidity dif-
ferencesin the cluster.

(2) For eachreggeonintroducethe Reggepower exp{ai(yr—yi)} whereYl(Yr) is a standardchoice
in theleft (right) handcluster.

(3)Theclustersat the endsaregiven specialsymbols

= (m3)°’i 13aa Fa-Icl Cm (m3)°~iF~~1 Cm

becausethe factorsof massesareneededto convertexp{ (Ya — Yb)a~} into s in the simplecases.
For example(a -+ c1Ic2c3Ic4Ib)is

4
d

3 1FT E~ ~ab ~ F
7_cl(ya_yi, p11)

1=1 d p.

X G/C~(p12, ~2— ~ ~ exp~a,(y2— y4)} G~(p14) exp{ak(y4 — ~ j3~. (6.34)

Theserulesexhaustthe multi-Reggeformulaefor the inclusivereactiona + b -~ c1 + ... + c,~+ X
except for the triple-Reggelimits (see,e.g.,fig. 6.9(d)),thesimplestof whichis to be discussed
in thenextsubsection.The rulesincorporatethe assumedfactorizationpropertiesof Reggepoles.

6.3. Triple-Regge behavior

Herewe wish to derive the “triple-Regge”contribution(6. 1 7) for theinclusive reaction,

d
2cj ir s a

1(t)+a2(t)

dtd(M
2/s) —~

1~131(t)/32(t) (—_-) f312(0, t, t)(M2y~3(°)133(0), (6.35)

from the triple-Reggeandhelicity limits of the six-particleamplitudeof section4 [49,91,5 1 ]*. If
wereturn to the labellingof the energiesof fig. 4. 1 (notethe labellingof the externallines is dif-
ferent),we have

s3 10 M
2 S

31 S ~23 = ~

— — 2 ~ — —

s1—S2—ma, 512—v, t3—v, t1—t2—t,

* Herewe follow thediscussionof the lastauthors.
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and thus

S
3~fl23’ fl31~00

Sinces1 and~2 remainfinite this is certainlynot a triple-Reggelimit, but insteadthe mixedRegge-
helicity limit discussedin section4.3. From(4.24)we see that the signaturedamplitudehasthe
form

A~1
T2T3 (_M2)03 1(t)_o2(t)(~5)n1(t)(s*)o2(t)f(a

3(0)+a1(t)+a2(t))F(_ai(t)) F(—a2(t))

X 13~(0)131(t) 132(t)13(0,a2(t),a1(t); t, t, 0) + (_~)03(0) U(t) . (6.37)

Only the first term in (6.37)hasa discontinuityin M
2 andthuscontributesto the inclusivecross

section,

E discM2A
6 133(0)(M

2)°3~°~(±~)aj(t)+o2(t) 13
2(t)[~1(t)F(—a1(t))] [E~(t)F(—a2(t))]

X lsinir(—a3(0)+a1(t)+a2(t))F(—a3(0)+a1(t)+ a2(t)) 13(0,a2(t),a1(t); t, t, 0)}, (6.38)

wherethesignaturefactorsarisefrom forming the full amplitude.
Although the limit underconsiderationis not a triple-Reggelimit, thecontributionto thedis-

continuity is precfselythe sameas the triple-Reggecontribution.The triple-Reggeform for the
amplitudeis given in (4.7).Only the first term contributesto theM

2 S
3 discontinuity.Thever-

tex part V12 is given by (4.21), from which we seethat, for ?73~,~123’ l/i~12-~ oc, only theleading
term contributes,yielding precisely(6.38).Thus onecanlegitimatelyspeakof the(6.35) as “triple-
Reggebehavior”of the inclusivecrosssection.

Comparing(6.35)and(6.38),we find

irF(—a1(t))F(—a2(t))
f312(0, t, t) F(a3(0)+ 1 —cs1(t)—a2(t)) 13(0,a2(t), a1(t); t, t, 0) . (6.39)

The denominatoris a generalizednonsensewrong-signaturezeroandwill causef to vanishat
nonsenseangularmomentain the absenceof multiplicative fixed poles.The nonsensepointsare

a3(0) = a1(t) + a2(t) + N3 , N3= —1, —2, —3,... and r1r2r3 (~_1)Na• (6.40)

Theseareshiftedfrom the negativeintegerssincethe trajectoriesin the t1 = t2 = t channelshave
helicitiesa1(t)anda2(t) of oppositesign* yielding a total t3-channelhelicity a1(t)+ a2(t). The
multiplicative fixed poleswhich removethesezerosarethoseof (4.22) which give singularities

a3(0) — a1(t) — a2(t) — N3 (6.41)

“Thesearehelicitiesin a framewhere t1, t2 and t3 arecollinear.Thuspomerontrajectoriesat t = 0 carry helicity one. This is per.
fectly consistentwith theirhavinghelicity zero in thes-channelcenter-of-massasis appropriatefor a ToilerM = 0 trajectory.
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Triple.Regge Region
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M~,, (‘Jr—rn, )2 (‘Ir+m,)
2

Fig. 6.10.Kinematic regionsmM2.

in 13. As usualthe fixed powersin the full amplitudewhich would arisefrom suchfixed poles
canceldueto the restrictionr

1r2r3 = (_1)1g• Howeverin the signaturedamplitudethe fixed pole
(4.22) leadsto a contribution

A~%
T2T3— (_M2)~V3(..S)cnl(t)+a2(t)R (t) (6.42)

where

RNcS (a
3(0)—a1(t)—a2(t)—N3)~.

Due to the singularities(6.41), the first term in (6.37)can in generalhavespurioussingularities
at a3(0) — a1(t) — a2(t) = 1(1 anypositive or negativeinteger).The singularitiesfor I ~ 0 are
cancelledby the secondtermin (6.37)andthe singularitiesfor 1< 0 by contributionsof the form
(6.42). Thesecontributionswhich compensatethe spurioussingularitiescan beseento arisein a
very naturalmanneralongthe linesof Low (privatecommunication)*and IwasakiandYazaki
[85]. In fig. 6.10we showsomeof the cutsmM

2 in the signaturedamplitude.In the triple-Regge
regionwe know the discontinuityso wecan computethecontributionA of thisregion to the
full amplitudeusingadispersionrelation

An1~T3= jS dM’2 (M12)a3(o)_ a
1(t)— a2(t) 5a1(t)+a2(t) f(t) (6.43)6 M~MM

where

7(t) = 133(0) 131(t)132(t)f312(0,t, t)

The full amplitudehascontributionsfrom integralson the remainingcuts,but (6.43)aloneal-
readyrevealsthe compensationmechanismfor the spurioussingularitiessinceit is not singular
for a3(0) — a1(t) — a2(t) = I. The integral canbe rewrittenas

as M~

1=f-f-1
M~ 0 as 0

andthe threepiecesseparatelyevaluated,

* SeealsoChang, Gordon,Low andTreiman [35].
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ATIT
2T3 = (—M

2)°301 ~ S01+02 f(t)/sinir(—ct
3+a1+a2)

= 03— Oj— 021 2 ~ —= (M
2 )03_ 01 021

+ I ~ — — f(t) (~.I_) 03 — ~ 0 — — f(t) (_M2/s01~2. (6.44)
ir ~ a

3 a1 a2 I s ~ ~ 1 a3 a1 a2 I

Thus the secondterm in (6.37)and the cancellationof spurioussingularitiesfor I ~ 0 is associated
with contributionsforM

2> es,while the fixed poles(6.40)andthe cancellationof spurioussin-
gularitiesfor I < 0 is associatedwith contributionsforM2 < M~.Whenthe dispersioncontributions
for the remainingcuts areaddedto (6.44)to obtainA~lT

2Ta,the preciseform of the secondtwo
termsis modifiedbut the generalmechanismfor cancellationof spurioussingularitiesis expected
to be preserved.

Finally we remarkthat finite energysum rules(FESR)canpresumablybe written for the reg-
geon-particlescatteringamplitudeof fig. 6.5(b)which connectthe low M

2 behaviorto the triple-
Reggebehavior.The prototypal FESRobtainedby integratingalongthe right-handcut-inM2
andarounda circle of radiusM2 = N in fig. 6.10 is

N
- s1n7r(ak—a~—cs.)f dM2 flbIJb(M2 t) = ~ 13~b(o)fk..(ot, t) — ~_ ‘ NakaiOi

M~h k ak-I-l a, a
1

+ 7TR 1(t)[13~1c(t)13~(tyl_l, (6.45)

whereRN1 is the fixed poleresidue(6.42).We referthe readerto Einhorn,Ellis andFinkelstein
[591, Kwiecinski [95], andSanda[1211 for furtherdetails.We notethat in this casewe do not
expectthe complicationsdiscussedin section3.6 for thereggeonandthree-particleamplitude.
This is becausethe relevant -~ 00 (see(6.36)and(4.21)),so thatonly the leadingterm in l/7~,~
in the amplitudecontributes.

6.4. Inclusivesumrules

Herewe considersomeconsequencesof direct channelunitarity for the discontinuitiesthat
enterinto the aboveexpressionsfor inclusivereactions.Although we presentthe resultsin pre-
parationfor applicationsto Reggetheory of the pomeron(section7), theyareentirelygeneral
andexactconsequencesof unitarity.

Unitarity for the 2—2 matrix element(see(6.1) to (6.3))ofA?~b <~~b’TI ~a’~b’~ ~S

~disc(papbI TI Pa’~b’~

~ fdPl~~~dp~(2~)
4~4(p+Pb_~Pi)(PaPbIT~lPl~~Pn)(P!•~PnITIPa~Pb~)~(6.46)
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wherewe haveassumedall identicalparticles.This is a complicatednonlinearrelationbetween
the 2 -~ n amplitudefor n ~‘ 2. However,supposewe considerthe Mueller discontinuity (see
(6.4) to (6.6))

~discM2(papbpCITIpapbpc) = ~ ~ fdp2 dp~(2
4ö4 a~PbPc ~

X (PaPbIT11PP
2...Pn)(PP2•••PnITIPPb~)• (6.47)

If we setr-~=~ andintegrateoverdp~,wealmostget the 2—2 discontinuity.Only the statistical
factor l/(n —1)! is incorrect.Insteadwe multiply by p~andthenintegrate.Sincethe amplitudes
are symmetricin 1, 2, ..., n (c = 1), this canbereplacedby

~ P~ ~ (6.48)

usingenergy-momentumconservation.We thus obtaintheexact unitarity sumrule [48;137]

~ (PPbITIPPb~)’=E fdpcp~discM2(pPbPClTIpaPbpC>, (6.49)

wherefor generalitya sumover (nonidentical)particle typesc is included.This is a remarkably
simpleexpression.Insteadof a non-linearrelationto the 2 -~ n amplitudes,we relatethe 2 -+ 2
amplitudelinearly to the3 -+ 3 amplitude.If, as is the casefor Reggetheory,onehasan ansatz
for the two discontinuitiesthisrelation is nontrivial to satisfy.

In the forwarddirection (paPa~~~ we canrewrite (6.49)using(6.3) and(6.6) to ob-
tain [411,

~ ab
ab V~C ISO

(Pa+PbYlGTot Li J dp~P~j . (6.50)

In termsof crosssectionsthesumrule is a trivial consequenceof conservationof energy.Its interpreta-
tion isvery simple.An eventwith n~particlesof typeccontributesdeltafunctionsto theinclusive
crosssectionatn,~pointsin phasespace.If weintegrateoverdp0multiplying by p~we obtainthe total
momentumtimesthe probability of the event.Summingover eventsgives the total crosssection.
Only if we theoreticallyrelate the crosssectionsby unitarity to discontinuitiesdo theyconstrain
the expressionsallowedfor the four- andsix-bodyamplitudes.

If we do not insertan energyfactorp~’, eacheventcontributesn~timesits probability. We
thenobtainthe particlenumbersumrule

(nc)4~tofdpc~~a_, (6.51)

for the averagenumberof particles(ne).
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The particlenumber(6.51)andthe conservationof energy(6.50)sumruleshavebeenknown
for sometime. However,recentlyit hasbeenrealizedthat therearean infinite classof sumrules
like these.We maylook at the discontinuityexpressioninvolving amplitudesfor
a+b-+c1+...+c~+X

disc~~a~b~c~ ~ I TI ~a’~b’~c1

= ~ fdp~+1 dPl(2~)
464(PS+Pb ~ ~c E

1ln+1 n. i=l ‘ l=n+1

X a~b’T1 ~ci ~c~~n+l P
1> (ps... Pc’Pn+i” p1 I TI ~a’~b’~ (6.52)

Multiplying by any k momentumfactorsp~. andintegratinggives sumrulesrelatingdiscontinuities
of 2(2+n) particleamplitudesto discontinuityof 2(2 +n — k) particleamplitudes.For elegant
formulations,seeBrown [28] andPredazziandVeneziano[114]. The constraintsimplied by the
completeset of theselinearsumrulesareequivalentto the usualunitarity equations[1371.

As an example,considern 2 [48]. Onefactorof p~2gives*

(Pa~Pb— PC1~ discM2 aPb1~c~TI

=

2i7r(Pa+pb—pCY~E ~(M2—m~)(papbITIpCpC)(pcpcITIpapb)

+ E fdp~ p~disc~
2 aT~bPc~Pc2 I TI Pa’~b’~c1~c2~’ (6.53)

where

(p~ppp)
2

For theinclusivecrosssection(1)a na” ~b Pb” l~~1 p~), eq.(6.53) becomes

(Pa~PbPciY1 ~-~-~= ~ fdp~p~ ddud . (6.54)

Integratingoverp~
1andcombiningwith the earliersumrules (6.50)and(6.51) we obtainthe

mixedmomentum-conservationnumber-averagesumrule,

~ (~ (n~)—l) 0ab= �I~fdp~dp~p~ddud , (6.55)

~ The first termon theright is necessaryto give the two-particlediscontinuityon theleft.
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or, multiplying by p~thenintegrating,we get the secondenergy-momentumsumrule

aba~~b~4~t = ~ fdp~p~p~~ + ~ fdp~dp~p~p~ddad. (6.56)

If wecontractthe j.i, v indices,we get the Lorentz invariant equation

~ m~(n~>a~+~ fdp~1dp~p~..p~d du~~ (6.57)
C C1,C2 ~C1 C2

In addition to energymomentumconservation,we mayuseanydiscreteadditivequantumnum-
ber suchas charge,baryonnumber,etc. For example,multiplying (6.47)by the chargeof c, ~
andintegrating,we get

(6.58)

or from an expressionlike (6.53), we get

(Qa+Qb~h1ci) ~ Q~(n~n~). (6.59)

Similar equationsalsohold for theisospinI. Variousrelationscanbe obtainedby contractingwith
different fixed isoapinvectors.For furtherdiscussion,seeDi Giacomo[521.

The inclusivesumrulesclearly constrainthe Reggecouplingsof fig. 6.2andsection6.2 which
enterin the Reggeanalysisof inclusive crosssections.They areexamplesof direct (s) channel
unitarity constraintson the crossed(t) channelReggeexchanges.Clearly a completeReggetheory
shouldsatisfytheseconstraints.While Reggeexchangesareconstructedto satisfy the require-
mentsof t-channelunitarity, for the mostpart,we canat presentonly enforces-channelunitarity
by handin a piecemealmanner.In section7 we shall investigatesomeparticularlystrikingcon-
sequencesof theseconstraints.

7. Applicationsto pomeron Reggepole

In this sectionwe apply thegeneralanalysisof the precedingsectionsto thestudyof theprop-
ertiesof a pomeronReggepolewith unit intercept,ap(O) 10 1. This is doneto provide a pedagog-
ical exampleandalsoto illustratethe importanceof the furtherconstraintson Reggepoleprop-
ertiesimposedby s-channelunitarity.

7.1. Introduction

The fundamentalpropertyof Reggepoles (andReggecuts)is that they are believedto satisfy
completelythe requirementsof t-channelunitarity. So far we haveconcernedourselvesherewith
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investigatingthe constraintsimposedon them by s-channelanalyticity. But we know that the
Reggeexpansionshouldalsosatisfys-channelunitarity. Indeed,it is well known thats-channel
unitarity gives furtherconstraints.The celebratedFroissart[65] boundfors -~

~ ir/m~ln2s (7.1)

follows from s-channelunitarity and t-channelanalyticity in the neighborhoodof t = 0. Any
Reggepole contribution

u~--’132~1(~J)j
3bb(0) ~o(O)_1 (7.2)

mustthereforehavect(0)’( 1.
The Reggesaturationof (7. 1) gives the standardpomeronReggepolemodelfor diffractive

scattering*(ct~(O) 1) and

const. (7.3)

However, thereareevenfurthers-channelunitarity constraintson an isolated pomeronpolewith
ap(O) 1. We shall seethat sucha pomeronpolemustessentiallydecouplefrom all processes.
This raisesthe possibility that evena strongerboundthan(7. 1) or (7.3) exists(Chew, private
communication),namely,ar.(O) < 1, or, as s -~

0. (7.4)

Sincethe Froissartboundusesonly a smallpart of the full contentof unitarity andanalyticity,
the existenceof suchstrongerboundswould not besurprising.However,while the full exploi-
tation of t-channelunitarity mayindeedrequireonly Reggepoleandcut contributionsandthus
astrengtheningof (7.1), we believethat it is likely that Reggecutsplay a crucial, and,as yet, not
fully understoodrole which would circumvent(7.4) andallow constantcrosssections(7.3). Cuts
which accomplishthis would havea numberof ratherunconventionalpropertiesin addition to
the usualonesof allowing4~to increaseto its asymptoticvalueandgiving long-rangecorrela-
tions.**

This sectionwill be devotedto a discussionof the constraintson an isolatedpomeronpolewith
ap(O)= l.** We ignorecutsby invoking the popular“soft” cut ansatzthat all cutsat J I are
dampedby logarithmic factorsrelativeto the pole. In section7.2 we apply the unitarity sum
rulesof section6.4 to the Reggeexpansionsfor inclusivereactions(sections6.2 and6.3). We be-
gin by showingthat the triple-pomeroncouplingvanishesfor t = 0 (e.g.~ 0, 0) = 0 as de-
fined in fig. 6.2(b)).Fromthis a largenumberof furtherdecouplingscanbe deduced.Thenin
section7.3 we showtheseresultscanbe extendedusingthe analyticpropertiesof reggeoncoupl-
ings (section3) to thevanishingof the elasticcoupling,e.g.eq. (7.4). Finally, in section7.4 we
give alternativederivationsof weakerformsof thedecouplingtheoremsof section7.2which in-
volve discontinuitiesof verticesanddo not conflict with (7.3). In view of thepoorly understood
role of cuts, whichmay destroysomeor all of thesedecouplingresults,this sectionmayonly turn

* Fora reviewof diffractive scattering,seeHorn andZachariasen[81].
** For amoredetaileddiscussionwe referthereaderto BrowerandWeis [27] andWhite [146].
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out to be a pedagogicalexercisein applyingthe resultsof theprecedingsectionsin a too ideal-
ized situation.On theotherhand,however,it alsoillustratesthepowerof the s-channelunitar-
ity constraintswhich mustbe reckonedwith in anytheoryof diffractive scattering.

7.2. Inclusive sum rule decoupling theorems

In the inclusiveapproachto the decouplingtheoremsall the resultsfollow from thevanishing
of the “triple-pomeron” vertex.This condition, which was first discoveredby Gribov andMigdal
[74] is fundamentalto the iterativeapproachto diffractive cutsin theGribov calculusandthe
multiperipheralbootstrap[74,3].

7.2.1. Triple-pomeronzero
We considerthe inclusive processa + b —* c ÷X studiedin section6 in the triple-Reggelimit

s~ M2 ~“ 1, wheres 10 (Pa~l~Pb)2andM2 = (~a~Pb~~~)2 (seefig. 6.5 andeq. (6.35)).The leading
pomeronterm (a

3(O) ap(O))givesthatportionof diffractive production(a1(t) = a2(t) ap(t))

that contributesto scaling

F’ ~-_~ G(t) sap(O)l (5~~ 2ap(t) ap(O) (7.5)

~d
3p~

where

G~(t) = I ~ 13~(t) 2 ~ (0, t, t) 13~(0).

We now askwhetherthe factor

(s/M2)20P(t) csp(O) = (11(1 _x))20t+OP(O), (7.6)

which is singularat the phase-spaceboundaryx 1, is consistentwith unitarity andconstantcross
sections.The conservationof energysumrule (6.50) is

(Pa+PbY’0~t(5)= ~ fdp~p~du~/dp~, (7.7)

wherethe sumis over all particletypesc. Adding the energyandlongitudinalmomentumcompo-
nentsof eq. (7.7) in the centerof mass,we havethe exactunitarity sumrule for s -*

4~~(s) ~ ~ f dp~J dx (~~d~a5b). (7.8)

c 0 dp~

Restrictingourselvesto the channel(c 10 ~)andthe phase-spaceregiondominatedby the triple
pomeron,we havean inequality
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c 1—M~/s

~ ~f dp~f l~x ~ ~20’tG~(t), (7.9)

wherep~10 — ~÷tmin(5~x). Let us look at the leadingterm coming from thesingularity atx = 1.
Sinces ~ M2, ~ -~ 0 andby integratingby partsin p~we obtain

7TG~(0) 1-Mt/s dx ________f +const. (7.10)
2a ,~ l—x —ln(l—x)

and afterperformingtheintegralover —d(ln(1 —x))

7TG~(0)
lnln(s/M~). (7.11)

2a

Consequentlyanonvanishingtriple-pomeroncouplingatt 0 givesatermin violation of 0tot -~ const.
Consistencyrequires

f~~~(0,t,t)0 for t~0, (7.12)

andanalyticity requiresit to be a zeroat leastlinear in t.

Fromeq. (6.39)we seetl~atsucha zerocanarisefrom a nonsensewrong-signaturezero [51].
However, such a zerois probablynot how eq. (7.12) is satisfiedin arealistictheory* including
Reggecuts [21,68,156—1591.

7.2.2. Strongerconsequences
By a furtherapplicationof the unitarity sumrules[88] additional decouplingtheoremsareob-

tained.Herewe usethe sumrule (6.54)relatingthedoubleinclusive(a + b -÷c + d + X) to the single
inclusive(a + b-~ c + X) crosssection.

Introducingthe Feynmanvariablesx~ 2Piic/V’~xd = 2pIId/\/~inthecenterof massOf Pa+~b’

the energyplus longitudinalmomentumcomponentgives

dab 1 dx duab

dp~ 2(2~)~1~’d2pjd~ 1 —x (dpCdpd) . (7.13)

In the limit 1 — x~~ 1, this becomesan inequality for the triple-pomeronvertex

t, t) ~ ffd2pjd fdyl _~)0P(O)B(t, 1, y, ii). (7.14)

The quantity B is essentiallythe Mueller vertex (fig. 6.2(c)) for the processpomeron(t) ÷
b -~ d + X. We havey 1 —M2/M2,whereM2= ~ t=(Pa_Pc~Pd)2=

= (pr— Pd~2~The dependenceon the additionalloller angle-likevariablet7 Sab/5cdM2arises

from the helicity of the pomeron(t).

* A moreseriousattemptat studyingthe triple-porneronzeroin thepresenceof theinfinite numberof multi-pomeroncutshas
beenrecentlymadeusingrenormalizationgrouptechniques[156—159).



R. C Brower, CE. DeTar, J.H. Wets, Reggetheoryfor multiparticle amplitudes 339

For t = 0, the integralgives a lower boundonf~~~(0,0,0) andmustthereforevanishfrom eq.

(7. 12). The integralis a positivedefinitephasespaceintegral so that

d d

B(O,i,y~)= —0 (7.15)

identically for ~d in the physicalregion.This is an extremelystrongresultwith manyconsequences.
In particular,if we considerthe limit y -+ 1 (e.g.s ~‘ M2 ~ M2 ~ 1), we maypick out the Reggepole
in the pomeron+ d-channel,which gives

B (1 _yY20R(t)fPRR (0,i~1)1 ~ F(_a~)R~R(0,t;~)~RF(—aR)12= 0, (7.16)

or representingthis diagrammaticallywe have

0
0

~ :-~-T-1P° =0. (7.17)

SincethePRRvertexis easilyshownto be non-zerobecauseof the elasticpolesat t = m2, we

have

R~R(0,t;n’°’l/(m2_t))0 (7.18)

for allt ~ 0. Fromthe expression(3.12)we seethat ~~-÷ m~—t as t -÷0 for physical(i.e. real)
w. This lack of w dependenceas t -+ 0 is a consequenceof the requiredanalyticity of theampli-
tudein the channelinvariants.*

By consideringinclusiveprocesseswith moreparticles,onecanobtainan infinte numberof
similar decouplingtheoremswith d replacedby a clusterof particles(X’)

=0 . (7.19)

* This is true for ToilerM= 0trajectories.For M ~ 0, thereis c~,dependencearisingfrom apairof trajectorieswith oppositeparity.
Thetrajectorieshavecompensatingsingularitiesin t which arenot allowedin thefull amplitude.
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Fig. 7.1. Pomeronthree-particlecouplingin the five-particle amplitudeA
5.

Other regionsof phasespacefor B can alsobe considered.For example,with Pd in the centralre-
gion, we get

0 0

d~d 0. (7.20)

7.3. Elasticdecoupling

Herewe considerfurtherdecouplingtheoremsthat canbe obtainedby analytically continuing
the resultsof section7.2 from the physicalregionswheretheywereoriginally obtained.Before
discussingtheseresultsin detail,we give a simpleexamplewhich illustratessomeof the technical
difficulties in such analyticcontinuation{26,73].

Supposeit hasbeenpossibleto analyticallycontinuethe pomeron—reggeontwo-particlever-
tex (7.19) to the particlepoleto obtainthe decouplingof the pomeronfrom threeparticles(see
fig. 7. 1). We would like to know whetherit is possibleto makea furthercontinuationto an inter-
nal particlepole to obtain the vanishingof the pomeron-particle—particlecoupling(andthustotal
cross-sections);i.e. a continuationto, say,5~, ~

The pomeronthree-particlecouplinggenerallyhasthe form (3.6)

R(Sa~b~/SaC~
1b’c” ~ s) (7.21)

where ÷ + ~cb’ m~+ m2, + ~ + ti,, and (Pa+ Pa’)2~However, the vanishingof (7.21)
is only knownin thephysicalregion for tp = 0. In this casethereare furtherconstraintsamong
thevariables(seee.g. [27])

5 5, 5,ac ac ab (7.22)

SbC — m~ Sbc — m~ ~ — mT~,

It is clearwe cannotcontinueto the pole at 5cc’ m~without simultaneouslygoing on top of
the polesat5cb’ = m~and5b’c’ m~.To get a roughideaof whathappens,let usconsidera simple
modelfor R — just the sum of thesethreepoles
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r s g s~.g_ s~g-’ -‘

A5 ig~[ ac 2 + a c c ÷ a 2j ~‘~C~b (7.23)
— m~

5b’c — m~ S~— mb

whereg
1 is thecoupling of the pomeronto particle i at 0. Using (7.22)and

5a’c’~’—s~,etc.,

thevanishingof (7.23) implies only

— — g-~ 0 (7.24a)

andnot thevanishingof the individual elastic couplings~

We canalsoconsiderthe reactionsobtainedby crossingpairsof particlesandobtain

—g~~g~—g~0 (7.24b)

and

g~~ + gb 10 0. (7.24c)

Sincethe couplingsof the pomeronto particleandantiparticleareequal,

g~=g
1, (7.25)

eqs. (7.24)clearlygive

0. (7.26)

Therefore,in this simplemodel thevanishingof elasticcouplingsis obtainedbut it requiresa
knowledgeof the crossing(or signature)propertiesof the pomeron(7.25).This input is non-
trivial sincefor exchangesof oppositesignaturelike thephotonwe do not obtaindecoupling.In-
deedfor theproton

e1g~, e1——e~, (7.27)

and all threeeqs. (7.24)reduceto the samecharge-conservationequation

eCeC~ebO. (7.28)

For a rigorousderivation [26], we considerthe implicationsof thevanishingof the pomeron—
reggeonparticlevertex(7.18)

RPR(tp 0, tR;n = l/(m
2— tR)) 0. (7.29)

To get to the pomeron—particle—particlecoupling,we needto analyticallycontinuein tR from
tR~ 0 where(7.29) is knownto the massof the particleattR m2. To accomplishthis we need
to usethe detailedanalyticpropertiesof the two-reggeonvertex derivedin section3.

Taking a
1=ap the pomeron,anda2 = aR the reggeonin eq. (3.23),we have

~P~RRPR ~ V~(t~,tR;?7) + ~R~pRi~ORVR(tp, tR;7?), (7.30)

where V~, VR arepolynomialsin ~ Sincewe are continuingto t~ 0, t~—~m
2 and
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10 m2 — tR 0, we can approximate~ and VR by the first few terms in the expansionsof
eq. (3.30)

V~12?7’

+ , (7.31)ci~—l (aP—l)(aR—aP+l)

v ~i 2
F(—a~)F(—ctR) VR 1 (7.32)

~R(aR ~ + 1)

We haveexhibitedthe vertexsignaturer
12 explicitly in (7.3 1) and(7.32)sincein generalboth

signaturescanbe present.Insertingtheseexpressionsin (7.29)we have

exp(iiraR)—l eXp(—ilrciR)—l r 1
0 2 [?7v012(1+r12)+__ u112(l_r12)

r12~1 R

+ [~v~12(l+ri2)] ~ (7.33)

In generalthe contributionsof V~and VR occurin VPR with differentphasessotheymust in-
dividually vanish.For aR 0, the contributionof V~.is purely imaginaryandvanishessoit givesno
constrainton v0 andu1, but thecontributionof VR is real andonly vanishesif

p41=0. (7.34)

However,returning to (7.29)we seethat

lim RPR(tp,tRm
2n) 2v~1. (7.35)

0

Therefore,the vanishingof pomeron—reggeon—particleverteximplies thevanishingof theporn-
eron—particle—particleelastic coupling(7.35).

We wouldnow like to makea numberof commentson this result. As we notedabove,the
signatureof the pomeronplaysan essentialrole. In (7.33) thereis a term i~which, dueto the
kinematicconstraint,is 1/(m2— tR) andlooks like the particlepole. However,it is multiplied by
the factor ~RPwhich is a wrong signaturefactor for ap = 1 andthereforecannotcompensatethe
particlepolein VR. The harmlessnessof this potentiallydangerouskinematicsingularity is thus
a resultof the positivesignaturefor the pomeron.For the photon,on theotherhand,only Vp
contributesandcurrentconservationrequiresthat the kinematici~singularityexactlycancelthe
particlepole.

Signatureplaysa crucial role in anotheramusingway. Considera Reggetrajectoryof negative
signature,soaR= 0 is a wrong signaturepoint. Sucha trajectory,if it hasthe sameaR(tR) as the
positivesignaturetrajectory,surprisinglyhasthe samebehavioras (7.33)nearaR= 0. In this case
from (7.30), (7.31)and (7.32), we have
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2 1 ~ ([_~u~12(1+r12_.iv,~12l_T,2)1
mtR R -~

+ [.J v~12(l_ri2)4}~_4 v~
1 ...1.v~ . (7.36)

The signaturefactor~RP is now right signaturesothe i~kinematicsingularitycontributes.
Equation(7.36) immediatelysuggestsa mechanismfor avoidingthe vanishingof the elastic

coupling. If the negativesignaturetrajectoryis exactly degeneratewith thepositive signature
trajectoryfor tR ~ 0 (exchangedegeneracy),thenthe decouplingtheoremswill apply only to
thesumof both their contributionssincethey cannotbe separatedby their asymptoticbehavior.
If the negativesignaturetrajectoryalsohasaR(m2) 0, thenits contributionwill cancelthepar-
ticle poleif v~~(TR=—1) = V~’(TR=+1). Thesourceof this cancellationcan beseento arisedirect-
ly from the absenceof a left-handcut in the amplitudeA

5 in SR.

Unfortunatelythis exchangedegeneracymechanismfor circumventingthevanishingof total
crosssectionsis not physically reasonable.The pion’s exchangedegeneratepartnerwouldhavethe
quantumnumbersof the A1 meson.Sucha trajectorycould verywell exist.However, thereis no
evidencefor a trajectorywith 1G = 1~andjP 0~approximatelyexchangedegeneratewith the p.
While decouplingof the p might be toleratedby somepeople,theabsenceof sucha trajectory

also requiresthepion to decouple.This canbe shownby consideringthepomeron—iT—iT—p Regge
vertexwhich shouldvanishby (7.19)(seefig. 7.2).

While theexchangedegenerateirA1 eliminatethe left-handcutsin s~,this is not sufficient to
causethe coefficientof a;’ to vanishat ~ 10 0. The reasonis basicallythat, aswe discussedin
section5.2,a singleReggetrajectoryof definite signaturegives afactorizablecontributionto the
amplitude,whereasthecontributionof a Reggeexchangewithout definite signature(e.g.an ex-
changedegeneratepair) doesnot factorize.ThustheP—ir—(ir, A) “vertex” occurringin the2 -÷3
amplitudevanishingis not the sameP—ir— (ir, A1) “vertex” occurringin the 2-÷ 4 amplitude,so
the vanishingdoesnot propagateto more complicatedamplitudes.

In conclusion,we shouldremarkthatessentiallyall the decouplingresultsdiscussedin sections
7.2 and7.3 havebeenknownfor a long time in thecontextof the multiperipheralmodelas
plausibleextensionsof the Finkelstein—Kajantie[61] decouplingtheorem.

7.4. Schwartzinequalities

Severalauthorshavesuggestedthat cutsenterinto the unitarity sum rulesof section7.2

Fig. 7.2. A six-particleamplitudewith P.(ir, Ai), andp exchanges.
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[33,78] or into theanalyticcontinuationof section7.3 [73], justsoas to cancel the polecontribu-
tion andavoid decouplingthe pomeronin 0tot~If this is the case,might anyof the decoupling
theoremsbe expectedto hold?Yes,without the useof sumrules,Gribov andMigdal [74] argue
that the triple-pomeronzero(7. 12) maybe requiredto avoid moving thepole from ap(O)= 1 by
multi-pomeroninteractions.

Therefore,it is interestingto point out thatwith the useof Schwartzinequalities[4,5,97], the
triple-pomeronzeroimplies a weakerclassof decouplingtheoremsfor discontinuitiesof pomeron
verticesthat do not lead to decouplingin the total crosssection[103]. Thesezeroscould thus
still be presentin a theorysatisfying(7.3). It is alsoamusingto notethat thesezerosoccurin a
dualmodelas a consequenceof an underlyinggaugesymmetry [271. The dualmodelstudiedin
the appendixthusexhibitsthesezeros.

The Schwartzinequality resultsstartfrom the ordinarySchwartzinequality

I(aIb>I2~KaIa)(bIb). (7.37)

We chooseI a and I b) to be certainmultiparticle statesand the innerproductto be a sumovera
completesetof intermediatestates:

~ ~ ~ (7.38)

As long as these~representmultiparticle processesinsidethe physicalregion,unitarity canbe used
to replacethe sumoverintermediatestat-esby a discontinuityin M2. Thus agains-channeluni-
tarity playsa centralrole. TakingM2 ands/M2 large, the leadingterm on the right-hand,sideis the
triple-pomeron:

0 c 2 0 CC 0

P I

~ (7.39)

For 10 0 we cancomparethe coefficientof (s/M2?’°P~°~(M2 )OP(0) on bothsidesof (7.39)and
use~ t, t) = U to obtain

=0 (7.40)
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for anystateX. If porneroncuts areweak,this canbe obtainedfor arbitrary t3 of the lowerpom-
eron. It shouldbe carefullynotedthatonepomeronhasadiscontinuity takenthroughit.

Clearly from (7.40)onecanobtainan endlessvariety of decouplingtheorems.Two particularly
interestingonesareobtainedby takingX to be a two-particlestate.A furtherReggelimit canbe
takenin eitherof two waysgiving:

0~.~

R~t =0
(7.41)

t3

or

t,rO.\ _it2

~NA

(7.42)

t3

Let usdiscussthe implicationsof theseresults.Fromsection5 we know that (7.41) factorizes
into theproductof the upperandlower verticesandthe cut Reggepropagator.Theuppervertex
is from fig. 5.8 and(7.31)

sinlr(aR—ap) 1

sinira 17
0P V~, E — [—(aR—a~+l)v~12(l+ r

12) + aRvl (1 — r12)]. (7.43)R

Thus (7.41) implies

v~
1sa v~1 (7.44)

at aR 0 andgives no constrainton the elasticcouplingv’~1.Hence,it is satisfiedwithoutelastic
decoupling[1031.

In (7.42) it is importantto realize that the constraintis on the full triple-Reggevertex andnot
on the amplitudewith maximumhelicity for the cut pomeron.This is because(7.42)mustbe
obtainedby taking the triple-Reggelimit andnot the helicity limit of inclusivereactions(section
6.3). The basicequation(7.40) is derivedonly insidethe physicalregion,andas discussedin
section4. 1 the helicity limit is insidethe physicalregion for X (t

1, t2, t3) ‘~ 0 which is not the case
here.Thus all helicitiesof the cut pomeroncontribute.From(4.2) we have(keeping t3 ~ 0 for
the moment)

I 2\/~7~cosw23—t2 — t3
~31 = ~2_ ‘ = (t2—t3)

2 , (7.45)

so the dependenceon ~23 gives the dependenceon thehelicity of the cut pomeron.
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Fromfig. 5.8 we havethat (7.42) is

sinir(a ~ a~— a 2)

~‘
2~’~ ~ ~3’~l2~ p23’ ~31~’ (7.46)

where V12 is given by (5.27). Using (7.45),we seethat for arbitrary t3 eq. (7.42)gives a relation-

ship betweenthe functionsj3,

F(a3+1)F(—a2+n)

F(a3— a2+ n + 1) F(—a2)~ [(a2—a3— n)~0~0— (t2—t3)~1~0+~0~_,1’ 0 (7.47)

by equatingpowersof ~23’ where

13m,r~p= ~(~‘ a
2—n—p,a1—m—p;t1,t2, t3).

This condition cannotbe satisfiedby a nonsensezeroas (7. 12) canbe. It, as well as (7.44),canbe
interpretedas the conditionthat the pomeroncoupleslike a conservedvectorcurrentat ~ 0 [27].

8. Reggecuts

8.1. General discussion

Just as polesin the energyplanegeneratecutsthroughunitarity, Reggepolesgive rise to Regge
cuts.One might ask,how would Reggecutsmodify the multi-Reggeasymptoticbehaviorwehave
foundso far? One way to approachthis problemwould be to apply directly the analysisoutlined
herefor poles,reconcilingthe expectedRegge-cutasymptoticbehaviorwith the desiredanalytic
structure.This is theapproachonewould be forced to take,if he thoughtthat his Reggecutshad
anorigin independentof Reggepoles(e.g. the eikonalcut for the pomeronin the ChengandWu
model [36] or theself-consistentcut of the Finkelstein,Zachariasenmodel[62] or the modelof
Auerbach,Aviv, BlankenbeclerandSugar[11]). However,for thoseReggecutsgeneratedfrom
Reggepoles throughunitarity, theanalyticstructureof Regge-cutdominatedamplitudesis con-
nectedthroughunitarity to the structureof Regge-poledominatedamplitudes.In order to under-
standthis connection,let us first seehow cutsaregeneratedfrom poles.For a morecomprehensive
reviewof Reggecuts, seeCollins [44].

Reggecutswere first found in a calculationof the absorptivepart of an elasticamplitudefrom
a productionmodelwhich involved the exchangeof Reggepoles [16,8]. We caneasilyseethat
cutsshouldappearby consideringin thes channelat larges thecontributionto the imaginary
part of theelasticamplitudedue to the elasticintermediatestate(fig. 8.1). At larges thecontri-
bution from the elastic channelis

dt1dt2
ImA(s, t) - ff A(s,t1) A*(s, t2). (8.1)

~<o

The region of integrationover t1 andt2 is the interior of ahyperbolagiven by the zerosof X, as
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Im = + Inelastic terms

Fig. 8.1. Unitarity for thes-channel.

shownin fig. 8.2. If we assumethat the elasticamplitudeis dominatedby a singleReggepole,so

that

A(s, t) —j SO(ti)y(t) , (8.2)

then

ImA(s, t) ff dt1dt2 y(t1) y*(t2)so(tt2)_1. (8.3)
~<o [—X(t,t1,t2)]i

We seethattheasymptoticbehaviorof this contributionto ImA (s, t) is boundedby apower,but it is
not apurepowerbehavior(unlessthe Reggepoleis fixed, i.e. a(t) = const.).The behavior(8.3) is in
fact characteristicof a cutandcanbe written

c~t)

ImA(s,t)— f das°’y0(t), (8.4)

wherea~(t)is themaximumpowerof s in the integralover t1 and t2. It is thereforethe trajectory
of a branchpoint in the complexangularmomentumof the t-channel.If the trajectory is mono-
tonically increasing,it is not hardto show(seefig. 8.2) that the maximumoccurswhen

10 = t/4, so that

a~(t) = 2a(t/4) — 1 . (8.5)

Whetherthe Reggecut is actuallypresentin thefull elasticamplitudecannotbedetermineduntil
we addup the contributionsfrom the inelasticchannelsas well. Thishasbeendonein various
models,e.g. themulti-Reggemodel [39,97] whereaJ-planecut was foundwith thesametrajec-
tory (8.5).

~t
2t > ti

Fig. 8.2. Regionof integrationover t

1 andt2.



348 R.C Brower, CE. DeTar,IH. Weis,Reggetheoryfor multiparticle amplitudes

0~tot + + +

Fig. 8.3. Archetypical multi-Regge model generating a Regge cut.

A strikingpropertyof the cutsobtainedin thesemodelsis thatwhen t = 0, theynecessarily
contributea positivedefinitepieceto the total crosssection.Thisproperty canbe seenmost di-
rectly by consideringa modelfor particleproductionsketchedin fig. 8.3 dueto Abarbanel [2],

wherethe clustersareassumednot to havea Regge-cutbehaviorat largecluster masses(i.e. they
are two-reggeonirreducible). In thesemodelsthe exchangeof aleadingReggetrajectoryis asso-
ciatedwith thepresenceof a phasespace(rapidity) separationof the particlesinto clusterssome-
what like fireballs. Eachterm is thusa phenomenologicallydistinct contributionto the crosssectior
hencepositive. Thepositivity of the cut contributioncanthenbe shownto follow essentiallyfrom
thepositivity of eachterm.

By contrast,calculationsin perturbationtheoryhavealwaysyieldeda sign for the cut contri-
bution thatdependedon the trajectories.In the caseof the pomeron—pomeron(PP) cut this sign
is exactlyoppositethe onecalculatedfrom the multi-Reggemodel.

An exampleof suchacalculationis the familiaronedueto Mandelstam[991. The laddersin
fig. 8.4addup to give Reggetrajectoriesa

1(t1)anda2(t2).The diagramproducesa cut at the same
positionas the elasticunitarity calculation(8.5),but with oppositesign for the PP cut. The op-
positesign herecomesfrom the fact that the signaturefactor for thepomeronon thebottom
multiplies the factor on the top to producei x i = —1, whereasin the multi-Reggecalculation,the
factoron thebottomis multiplied by the complexconjugateof theoneon top to produce
iX (—i)=+l.

So wheredid the multiperipheralargumentgo wrong?The answercanbe foundby taking the
s-channeldiscontinuityof the Mandelstamgraph.The total discontinuityis the sumof thedis-
continuitiescorrespondingto the variousCutkoskyslicings of the graphandareenumeratedby
Abromovskii,Gribov andKancheli [71, the importantclassesof which areindicatedin fig. 8.4.

Ld L~

(b)

Fig. 8.4. Two equivalentorientationsof theMandeistamgraphshowingslicingsassociatedwith s-channeldiscontinuities.
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b) iir~ ) III(~

\

d) I I

c~ I I I I I I ~L_J\ ~r1K

Fig. 8.5. Fragmentsof the Mandelstamgraphgeneratedby cutsLa, Lb, L~and Ld , respectively.

Also shownin fig. 8.4 is the planarform of the Mandelstamgraph,which makesit easierto
visualize the topologyof the slicings.Therearethreeclassesof slicings: thosewhich avoid the
laddersor cut only a few rungsas in La andLb, thosewhich cut oneof the ladderscompletelyas
in L~and thosewhich cut bothas in Ld. The resultingfragmentsof the respectiveslicingsare
shownin fig. 8.5. Thesefragmentsrepresentmultiple productionamplitudeswhich, insertedinto
the unitarity formula for the discontinuityof the four-particleamplitude,reproducethe integrals
implied by the Cutkoskyslicings(plus someextraintegralscorrespondingto ordersin perturbation
theory different from the graphof fig. 8.4andnot apparentlyassociatedwith the two-reggeoncut).

Comparingtile termsin fig. 8.5 with termsin fig. 8.3 we seethat thoseof fig. 8.5, a andb, may
be groupednaturally into thesingle-pomeron-exchangeamplitudesin the secondterm of fig. 8.3,
whereasthoseof fig. 8.5, c andd, mustbe groupedinto the first term of fig. 8.3, sincethey have
small rapidity gaps.But whenthe amplitudesaresummedandsquaredto form the total crosssec-
tion, the interferencebetweenthe graphsof fig. 8.5cproducesa PPcut behaviorcontraryto the
irreducibility assumptionthat the clustersarefree of suchbehavior.The interferenceterm is in
fact negative[7,78] andoverwhelmsthe contributionsfrom theotherslicings.

Therefore,it could be arguedthat too much was assumedin the constructionof the blobsin
fig. 8.3 — that separafingthe pomeronsin themannershownwas incompatiblewith thenotion
of “two-porneronirreducibility” of theclusters.

Theweighting of the variousdiscontinuitiesof the Mandeistamtwo-reggeongraph is a subject
of recentcontroversyandprovidesan interestingapplicationof theprinciples outlinedin this
review. At first sight it would appearthat all Cutkoskyslicingsof fig. 8.4 producecontributions
to the total discontinuitywith an asymptoticbehaviorcharacteristicof the two-reggeoncut [7,

78]. However, on secondthought,should thegraph conformto the assumptionsof section1.4,

disc4 ~ ) t 10

Fig. 8.6. Unitarity for thefour-bodyt-channelCut, showingthepp cut in the t-channel.
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Fig. 8.7. Definition of variablesand Reggetrajectoriesthat control thehelicity asymptoticlimit.

onewould expectthat it would not [1521.The argumentfollows the sameline of reasoningas
theproofthat the AFS diagramdoesnot havethe two-reggeon-cutasymptoticbehavior[154].
The essentialpoint is that in order for a particulargraphto havetwo-reggeonasymptoticbe-
havior, bothof the two-reggeon—two-particleamplitudescontainedin it shouldhavethird double
spectralfunctions.Thatis why thereit a twist in the boxeson the right andleft of the Mandelstam
graph (seefig. 8.4a). However,the slicing Ld changesthe analyticstructureof the graph.This can
be seenby consideringthe internalsix-point functionof fig. 8.4b correspondingto the process
1 + a+ 2 -+ 3 + a’ + 4. The channelsin which the desiredthird doublespectralsingularity is required
arethe channels(a 1 3) and(a2 4). However, theybothoverlapthe channel(1 a2) whosediscon-
tinuity is takenin the slicing Ld. According to the assumptionslisted in section1.4, thereshould
thereforebeno discontinuitiesat all in the channels(a 1 3) and(a 2 4), let aloneanyassociated
with a third doublespectralsingularity.Thus onewouldexpectthe only contributionsto the
two-reggeoncut comefron~the slicingsof the typeLa, Lb andL~.A detailedanalysisof thegraph
[152,153], however,showsthat it doesnot conform to theassumptionsof section1.4 to theex-
tent thatanomaloussingularitiesarepresentwhichallow the slicingsLd to havea bonafidetwo-
reggeoncut, althoughnot with the samestrengthasproposedby lessdetailedanalyses[7,78]. This
result is interestingin itself becausethe slicing Ld correspondsto a physicaldouble-scatteringcross
sectionand its presenceor absenceat high energieswould be a direct physicalconsequenceof the
validity of a particularapplicationof the assumptionsof section1.4.

One’s preferencefor the sign of the cutneednot be basedon which model,multi-Regge,or
Feynmangraphs,oneis morecomfortablewith. It turnsout that the sign of the cut is determined
by methodsthat areessentiallymodelindependent.This was first suggestedin the pioneering
work of Gribov,PomeranchukandTer-Martirosyan[75] anddemonstratedmorerecentlywith
morerigour by White [145]. In fact cutscanbe shownto comeaboutas a consequenceof Regge
polesandunitarity. To deducethe presenceof cuts,onebeginswith the discontinuity formulain
the t-channelfor the four-particlecut, as shownin fig. 8.6. Now this maysoundlike a very un-
likely placeto begin,but it is preciselythe samestartingpoint for demonstrating,for example,

(a) (b)
Fig. 8.8. Examples of Feynman graphs used by Gribov [72] to obtain the two-reggeoncut. Thebubblesrepresentelementaryscat-
teringamplitudeswith Regge-poleasymptoticbehavior.Thegraph(b) containsa Reggepole in additionto thecut.
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the existenceof a complexbranchpoint in t dueto theproductionof a pair of p mesonsin the
t-channel.In that casewe would look at the four-particle-discontinuityequationandthenper-
form a continuationof the equationin t. The integrationover thesubenergiesof thepairsof par-
ticles, say t

1 and t2 is constrainedby conservationof energyso that \/1a ~/7j+ ~/‘i~. As t

is varied into the complexplanethe t1 and t2 contoursare pinchedat the upperendpoint
againstthecomplexpoles at ~110 m~,t2 = m~.Thisproducesa branchpoint at t = 4m~ in the in-
tegration.One canevenderive a discontinuityformulafor the pp cut that looksexactlylike an
ordinarytwo-body discontinuity,exceptthat the intermediatemomentsare on a complexmass
shell. (SeeEden,Landshoff,Olive andPolkinghorne[58].)

By the sametoken,to get to the Reggecutsfrom unitarity, it is necessaryto considera channel
which couplesto the cut; the four-bodychannelis the simplest.The actualproof that Reggecuts
aregeneratedfrom Reggepolesin the t~ andt2 channelsis too involved to presenthere(see
White [145]). It is amusing,however,that in theproofit is necessaryto takeinto accountall of
the featuresof Reggeasymptoticbehaviorwhichwe havediscussedthe foregoingsections.In
particularit is necessaryto know that thesix-point amplitudewhich entersinto the integration
in the middle term of fig. 8.6 hasthe asymptotichelicity behaviorwhich we discussedin
section6, eq. (6.37),namely,that

F(M
2, t, t,, t

2) (_S1)ni(ti 02(t2)+ (_s,ya(t) U(t, t1, t2) , (8.6)

wherethevariablesaredefinedin fig. 8.7. The first term,it turns out, is the only onethat contri-
butesto the Reggecut, as suggestedby thepowerof s1.

It is possibleto derive adiscontinuity formulain theJ planefor the discontinuityacrossthe
two-reggeoncut:

dt1dt2disca(J,t) cs ,f N(t, t1, t2)N*(t, t1, t2) ~1(t1)~2(t2) ~[J—a1(t1) —a2(t2)+1], (8.7)
~,/—X(t,t1, t2)

whereN(t, t1, t2) is the coefficient of (M
2~’ in the asymptoticbehaviorof F in the casethat

r +1; and~ and~2 aresignaturefactors.In the forwarddirectionN(0,~
1, ~2 10 t1) canbe calcu-

lateddirectly from the inclusivecrosssectiondescribedby disc~~A6with someassumptions,thus
providinga phenomenologicaldeterminationof the strengthof the cut [1061.

The result(8.7) is thestatementof a sortof J-planeunitarity condition. Its importancein un-
derstandingthe singularitystructureof theJ-planeis as profoundas the importanceof conventi-
tional unitarity in understandingthe singularitystructureofthe energyplane.

The negativesignof thecontributionof the PPcut to the total crosssectionis thenfoundby
insertingthe expressionfor the discontinuity(8.7) into the Sommerfeld—Watsontransform.It is
completelydeterminedby the dynamicalquantitiesin eq. (8.7).

We haveseenthat therearebasically threewaysof generatingReggecutsfrom Reggepoles.
The first is throughs-channelunitarity which, as we haveseen,is not sufficient in andof itself to
describesuchcrucial featuresas the contributionsof thecutsto totalcrosssections.The second
is throughFeynmangraphssuchas thatof fig. 8.4,which describethe Reggecutsadequately,but
which by themselvesfail to provide aunitary S matrix theory.The third is throught-channel
unitarity, which is capableof a rigoroustreatmentof thediscontinuityof the two-reggeoncut,
but which is technicallysocumbersomethat it hasnot beenappliedto therigorousstudyof higher
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cutsor to multi-particleamplitudes.Thereis yet a fourth approach,calledthe reggeoncalculus,
developedby Gribov andothers[72,156—1591,which combinesfeaturesof the secondandthird
methods.As originally formulated,the calculuswas simply a systematicprocedurefor calculating
theasymptoticbehaviorof certainFeynmangraphs,constructedfrom elementaryamplitudes
possessingReggebehavior.Thus the two-reggeoncutwas obtainedfrom graphsof which two ex-
amplesaregiven in fig. 8.8. In subsequentwork the calculusdevelopedinto a sortof perturbation
theoryfor reggeons.A Lagrangianfield theory for reggeonswas developed[74], which provided
an explicit perturbativesolution to thef-plane discontinuityformulaedescribedabove.Its re-
lationshipto f-planeunitarity canbe comparedto the relationshipof Feynmanperturbationtheory
to ordinaryenergy-planeunitarity. And so it canbe usedas a laboratoryfor investigatingthe way
f-planeunitarity requiresf-planesingularitiesto proliferatein much the sameway thatoneuses
Feynmanperturbationtheoryto learnaboutsingularitiesrequiredby conventionalunitarity
[156—159].

The reggeoncalculuscan be thoughtof as the ultimatestatementof the consequencesof t-chan-
nd unitarity for the proliferationof f-planesingularitieswhich arisefrom Reggepoles.It would be
desirable,of courseto havea theorywhich incorporatess-channelunitarity as well. To theextent
thatFeynmanperturbationtheory satisfiesboths- andt-channelunitarity, onewould think that
if thereggeoncalculuscould be reformulatedas a systematicprocedurefor summingFeynman
graphsin a particularorderat asymptoticvaluesof s, onewould thenbein the possessionof a
theorycapableof incorporatingconstraintsof both s-and t-channelunitarity at once.Somework
in this directionhasbeenattemptedby DeTar [154].

8.2. Regge cuts in multiparticle amplitudes

Throughthe work of Gribov, PomeranchukandTer-Martirosyan[75] andWhite [145] wenow
understandReggecutsin four-particleamplitudesfairly well. However,as soonas we startcom-
bining cutswith multi-Reggeasymptoticlimits, we reachan areawheremuchlessis understood.
No onehasyet attempteda thoroughgoinganalysisof the energy-planesingularitystructureof
amplitudeswith multiple Reggecuts,at leastat the level of rigor that we haveoutlinedherefor
the single-Reggelimit.

As an example,let usconsiderthecontributionof Reggecutsto the five-particleamplitude in
the double-Reggelimit. Thesecanbe studiedfrom thes-channelpoint of view [76,111,1121.
However,we expectthat, aswith the four-particleamplitude,to studythe full J-planesingular-
ity, it is necessaryto approachthe problemfrom the t-channelpoint of view. In that casewe
would haveto begin by consideringthe simultaneousdiscontinuityacrossthe four-particlecuts
in both t

1 andt2 as shownin fig. 8.9. By analogywith the discussionof the four-particleampli-

ti ~ t2 =

-~=~+~

Fig. 8.9 Discontinuityacrossfour-particlecutsmt1 andt2 from unitarity.
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Fig. 8.10. Two-types of multi-Regge cuts in thefive-particleamplitude.

tude,we might expecttwo typesof cutsto be generatedby the unitarity equation(seefig. 8.10).
The secondcontribution, fig. 8.1Ob, would appearto havea structurevery muchlike that of the
double-Reggelimit of Reggepoles.However,the first contribution, fig. 8. 1 Oa, which arisesfrom
the disconnectedpieceof thecentralblob in fig. 8.9, hasa ratherdifferentstructure.As yet no
onehasderivedageneralformulafor the simultaneousdiscontinuityacrossthe cutsin theJ
planesof thet1 and t2 channels.

The “reggeon-triangle”graphof fig. 8.l0ahasbeenstudiedby Drummond[55] usingthe
reggeoncalculus.The behaviorfor large~12 was found to be

A5 5’v(ti~t2~7?l2)/1~5 , (8.8)

which is indeedquite different from the behaviorof double-Reggeexchangeandhasno analog
in the four-particleamplitude.Evidentlythereis a hierachyoff-plane “Landausingularities”
just as in the energyplane.For furtherapplicationsto productionamplitudes,we refer thereader
to Campbell [311 andfor applicationsto inclusivecrosssectionsto Abramovskii,Gribov and
Kancheli [7], Botke [19] andCardyandWhite [33].

Oneof the intriguing questionsaboutReggecutsin multiparticle amplitudesis thequestionof
what singularitiestheyrepresentasymptotically.In our analysisof Reggepoles,we assumedthey
asymptoticallyrepresentedthresholdsin energychannels;andthis allowedusto analyzethestruc-
ture of multi-Reggeexchangeamplitudesin somedetail. Before a similaranalysiscanbe performed
for multi-Reggecut amplitudes,we needto know what energy-planeLandausingularitiestheyre-
presentasymptotically.It is quite possiblethat a knowledgeof the energy-planesingularitiesof
Regge-poledominatedamplitudesaloneis sufficient to deducevia unitarity the energy-plane
singularitystructureof Regge-cutdominatedamplitudes.Presentapproachesto this problem,
however,haverelied insteadon analysisof variousFeynmangraphsor specifics-channeldiscon-
tinuities containingReggecutsin order to investigatethe natureof theasymptoticsingularities.
For example,it hasbeenremarkedthat thereggeon-trianglegraphappearsto reflect a Landau
singularity in ~12~ ~l ands2 of an orderhigher thannormal thresholds[71]. Somediscussionof
thesevery fundamentalquestionshasalsobeengiven by Patrascioiu[111,1121.

We havestressedabovethat a knowledgeof the structureof multi-Reggeamplitudesis neces-
sary for understandingReggecuts. Conversely,the structureof Reggecut amplitudesis not with-
out influenceon the behaviorof Reggepole contributions.For example,in generaloneexpects
collisions betweenReggepolesand Reggecutsin the samechannel,sincetheir trajectorieshave
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>-~,~<
Fig. 8.11. Contribution to the five-particle amplitude with a collision between Regge poles and the reggeon triangle singularity.

differentslopes.In the four-particleamplitudeReggepolesandcutsmight occurmultiplicatively
as*

a(J, t) ~ ~(t) f da ~ ~. (8.9)

The residueof the poleis thengiven by

ac(t)

a(J,t) 1 ~(a,t) — 1 ln[a(t)—a~(t)], (8.10)
J—a(t) a(t)—a f—a(t)

which gives a singularity in the Regge-polecontributionat a(t) = a~(t),which is not presentin the
full amplitudeand thuswas excludedin our analysisof Regge-polecontributions.The sumof all
contributionsto theasymptoticbehaviormusthavethe correctanalyticstructure,but when two
contributionshavethesameasymptoticbehavior,the individualcontributionsneednot respect
the analyticstructurethatthe summust.

Similar phenomenaareto be expectedin multiparticleamplitudes.As an example,the reggeon-
triangle graphcanoccurmultiplicatively with Reggepolesin the t

1 and t2 channels(fig. 8. 11).
The behaviorof this amplitudehasbeenstudiedby Green[71]. He found thatthe double-Regge
vertexhasan extrasingularity [flu — ~~]÷where is a particularvalueof fl12 actuallyin-
sidethe physicalregion,multiplying the form discussedin section3.

9. Conclusionanddiscussion

We could summarizeour approachto the Reggebehaviorof multiparticleamplitudesin the
following way: It is necessaryto takeaccountof the interplaybetweenanalyticity andunitarity
in the t ands channels.We beganby assuminga simplepropertyof unitarity in the t channel,
namelythe presenceof a family of factorizablepoleslinked by a Regge-poletrajectory.We pro-
ceededto investigatethe compatibility of this ansatzwith simple“s-channel”analyticity, in par-
ticular assumingasymptoticsingularitiesbehavedlike normal thresholds.This was the basisof
the majorpart of this review.We found that it was indeedpossibleto constructamplitudescom-
patible with theseproperties.Furtherapplicationof unitarity led to the considerationof Regge
cutsgeneratedby Reggepoles.Thesein turn could be associatedwith morecomplicateds-channel

* Anexampleof sucha structurearisesfrom the triple-Reggecontributionto theinclusivesumrule in thenon-forwardcase,
discussedin section7.2. At a(0)= cs~(O)= lit is more singular thanasimplepole,giving a — lnlns.
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singularities.Of course,we areat themomentonly beginningto understandhowthevariouss-
channelLandausingularitiesarerepresentedasymptotically.

We speculatedin section 1 . I on a parallelbetweenthegenerationof higherorder Landausin-
gularitiesin the energyplaneandin theJplane,andsuggesteda maximalanalyticity of theJ-
planeanalogousto first-degreeanalyticity of’ the energyplanein which all singularitiesarebuilt
up from polesthroughunitarity. In the energyplanethis iterativepicture of thegenerationof
higherorderLandausingularitiesmadeperturbationtheoryarelevant“laboratory” for investi-
gatingthe natureandlocationsof singularities[58]. By the sametoken aniterativeapproachto
f-planesingularitiesmakesthe reggeoncalculusa usefultool. As it is presentlyformulatedhow-
ever,the reggeoncalculusdoesnot attemptacarefultreatmentof asymptoticsingularitiesin theen-
ergy plane [1541. We emphasizethatan understandingof thegenerationof theseenergy-planesingu-
laritiesin parallelwith f-planesingularitiesis necessaryfor a rigorousapproachto the reggeon
calculus.In view of the complexitiesof a completelyunitary theory,onemayin theendhaveto
resortto a perturbativeapproachalongthe linesof the reggeoncalculusfor approximatingactual
amplitudes.

A simpleanalyticstructurefor the Reggepoledominatedamplitudeswould greatlyfacilitate
suchan iterativeapproachto thegenerationof higher ordersingularities.We havetreatedthe re-
striction to normal thresholdsingularitiesas a working hypothesis.It enteredinto our arguments
in two ways:

(i) Interpretationof asymptoticexpressions.A term of the form ~ corresponds
to a productof two functions,onecut for args~= 0, the other, for args~= 0. If the cuts were
not dueto normal thresholdsingularities,it is quite possiblethat cutsin 5A could moveas SB

varied,or eventhat theasymptoticexpressionwould be valid only on top of the cutsand that
entirelydifferentexpressionswereneededonothersidesof the cuts.

(ii) Independenceof overlappingchannelsingularities.We ruledout termsof the form
(_SA)aA (—sB)~B~when5A and5B wereoverlappingchannels.As acorollarywe requiredthat left-
andright-handcuts beadditively separable,therebypermitting us to constructsignaturedampli-
tudes.

In supportof this point of view, wenotedin section1.4 thelack of modelsgeneratingsimple
Reggepoleswhich violate theseproperties— modelswhich neverthelessappearto havehigher
orderLandausingularitiesat least nonasymptotically.In furthersupportwe mentionedthat the
Steinmannrelationsprovidethat (ii) is true in the physicalregion.Unfortunately,we require
property(i) in order to implement(u) andwe often require (ii) outsidethe physicalregion.

Nevertheless,evenif our assumptionsprove to be ilifounded, we hopethatourapproachto
thesubjectwill serveas a guideto future work. In particularwe would emphasizethe following
subjectsfor further research:

(i) The Sommerfeld—Watsonrepresentationfor multiparticleamplitudes.
(ii) Propertiesof scatteringamplitudesinvolving reggeons(unitarity andanalyticity).
(iii) An understandingof therole of energyplanesingularitiesin the derivationof the reggeon

calculus.
(iv) Rigorousf-planeunitarity expressionsfor singularitiesof higherorder thantwo-reggeon

branchpoints.
(v) The asymptoticstructureof amplitudescontaininghigherorderLandausingularitiesand

their relationshipto Reggecuts.
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Appendix.Multi-Regge behavior in the dual resonancemodel

We illustratethe generaldiscussionin the main body of the text by computingthe Reggeand
helicity asymptoticlimits in the dualresonancemodel*. This is thesimplestknownmodelfor
multi-Reggebehavior.The readermayfind it usefulto comparethe generaldiscussionwith the
specificforms in thedual modelat eachstage.Dual resonanceamplitudeshaveright-handsingu~
laritiesin a planarsetof channels.They arethereforeanalogousto signaturedamplitudes.

A.]. The five-particle amplitude

The channelsare definedasusual (seefig. 3. 1). The Bardakci—Rueggrepresentationfor the
dualamplitudeis

B5 f dx1 fdx2 ~ (I — x1)5 x~2~ (1_x2) (s2)—i (1—x1x2) 512 ~1)~~2) (A. 1)

wherea(s)= s + a0, a1 a(t1)= t1 + a0, etc.Startingfrom (A. 1) we computethe variousasymp-
totic limits studiedin section3.

A. 1.1. Single-Regge limit
Since(A.l) is only definedfor negativea, we first takes~,512_* —~ (~1/~12fixed) andthen

continuein ~i ands12. In thislimit the regionx1~0 dominatesin the integral.We maketheusual
changeof variables

xl = yl ~

anduse

(l+z/s)
5 e~ (A.2)

s—~=

to obtain

B
5 (_Si)ai f dy1fdx2 y i_1x2~(l_x2)_a(52)_1exp[_yi(l_x2)_y1x2Si2]

A simple changeof variables gives

* For recentreviewsof thedual resonancemodel,seefor example,Schwarz[1221andVeneziano11511.



R.C Brower, CE. DeTar,IN. Wets,Reggetheoryfor multiparticleamplitudes 357

B5 ~ f dy1 fdx2 y 1X~2l (1 _X2 )0(52~0i 1 exp[—~1—~1(~2)~1~ (A.3)

Theintegralin (A.3) convergesonly for ~i /~12~ 0. It is thereforenot an entire functionof
~i Is12. We wish to find the nature of its singularity and obtain the analytic continuation of(A.3).
Weuse the identity

e—~--~J’ dXF(_X)(_x)X, (A.4)
2iri

whichis simply verified by closingthecontourto the right, on the secondterm of theexponen-
ial in (A.3). The y1 andx2 integralscanthenbe doneyielding

1 ‘°° F(—a1+X)F(—a2+X)F(—a(s2)+a1---X)F(—X) /S12\ X
B5 — (_s1ri — J dX (—J , (A.5)2iri F(—a(s2)+ a1—a2) ‘

5i /

where the contour separates the poles in the first two gammafunctions from those in the second
two. Eq. (A.5) is recognizedas the integralrepresentationof the hypërgeometricfunction,

~-~--~ J’ dX F(a+X) F(b+X) F(c—a—b—X)F(_X)zX

I’(a) F(b) F(c—a)F(c—b)
= ____________________ F (a,b;c;l—z). (A.6)

P(c) 1

The singularity in S
1 /~l2 canbeeasily found from (A.5). For s1 Is12< 1, thecontourcanbe

closed to the left, picking up the polesat X = a1, a1— 1, ..., andX = a2, a2 —1, ... (see,for example,
Bial’as andPokorski [17]),

B -~ — ~ai (512’~~~ F(—a1+n)F(—a2+a1—n)F(—a(s2)+n)(S1~~n-0 r(—a(s2)÷a1—a2)n. \ S~~/

+ (SU) a~ F(—a2+n)F(—a1+a2—n)F(—a(s2)+a1—a2+n) ( ~ . (A.7)

S1 n—0 F(—a(s2)+a1—a2)n! ~, ~12J

Equation(A.7) exhibitsexplicitly the singularitiesin ~12/~1 of the reggeoncouplingto threepar-
ticles discussedin sections3.1 and3.6.The first termhasthe behavior(—s12Y~timesa function
with polesin a(s2),andthe secondterm hasthe behavior(_S1)°1~2 (_512)a2 timesa function
with no singularitiesin a(s2). Thus,thereareno simultaneousdiscontinuitiesin overlappingen-
ergy invariants.To obtainan expressionvalid for s~/512> 1, the rolesof s~and~l2 and t2 and~2

must be exchangedin (A.5) and(A.7).
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A.1.2. Double-Reggelimit
The double-Reggelimit canbe obtainedby taking the further limits2-~ (s~~/sis~fixed) on

(A.3), (A.5) and(A.7). Thusmaking theusualchangeof variables

x2 = y2/(—s2)

on (A.3) gives (seefor example,BardakciandRuegg[14])

B5 (~)ai (_S2)a2 f dy1 I ~ y 1~y~2l exp[—y1—y2+~12y1y2]. (A.8)

Similarly (A. 5) becomes(see,for example,Drummond,LandshoffandZakrewski [56])

B5 (—s~)°’(_s2)02 ~L f dA F(—a1+X)F(—a2+X)F(—X) (_~12)X• (A.9)

This is of the generalform (3.28)with j3(X, t1, t2) = 1. Eq. (A.7) yields the expansions(3.29)and
(3.30)of the double-Reggevertex,with

V1(t1,t2~12) = P(—a1)F(—a2)E F(—a1+n)F(—a2+a1—n)~~, (A.10)

andsimilarly for V2.
When the X contourin (A.9) is closedto the left, ant~xactexpressionfor V(t1, t2fl12) is ob-

tained.This expressionalsoclearlyexhibitsthe behavioras fl12 -÷oo. Eq. (A.9) canalsobe usedto
obtainthe behavioras fl12 -* 0. In this casethe expressionis only asymptoticsincethe integrand
behaveslike (n12X)x andhencethecontourat infinity doesnot vanish.We pick up the polesin
F(—X)

V(t1,t2r112) l+a1a2~12+.... (A.ll)
~112~0

It is amusingto notethat taking the discontinuityof Vin fl12 (equivalently,the discontinuityof
B5 in s12) introducesa factor sinirA in (A.9). Sincethereare thenno singularitiesto the right of
thecontour,the discontinuityvanishesfasterthananypowerof fl12. A detailedcalculationgives

2ii-i flai+c52+l
disc,.~ V(t1,t2~12) l’(—a )JT(—a2)exp(—l/~12). (A.l2)

In section3.4 we arguedthat, in general,therecanbe fixed polesingularities(3.40)to the right
of the X contour(seefig. 3;7). Only multiplicative fixed polesgive suchsingularitiesin the
Reggeresidue,The dualmodelhasno suchfixed polesandhencethe behavior(A. 12). Therefore
thereappearsto be anamusingconnectionbetweenthe behavioras ‘r~12-~0 andthe presenceor
absenceof multiplicative fixed poles.
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A.]. 3. Helicity asymptoticlimits
Examining(A.l), we seethat~12 -+ —~ causes~x1~0 orx2~0 to dominatein the integral*.

Therearethereforetwo contributions.Taking first

x1 = ~1

we have

B5~(_s12)a1f dy1fdx2 y1x2(l_x2)(52~’exp(_y1x2). (A.l3)

A simplechangeof variablesallows the integralsto be done.Including thecontributionfrom
x2~0, we have[141]_ F(—a(s2)) F(—a2+a1) f’(—a(s1)) F(—a1+ a2)

B5 I’(—a1) (_512)a1 + F(—a2)(_512)n2 . (A. 14)
F(—a(s2)— a2+a1) F(—a(s1) —a1+a2)

This is in agreementwith the generalform (3.59).
The helicity limit behavioris importantin thetheoryof the DRM. It meansfor negativea1 and

a2 we canwrite an unsubtracteddispersionrelation in ~l2 with theothera’sin (A. 1) fixed. There-
fore, B5 canbe written exactlyas a sumover the polesin ~12•

Finally, the combinedReggeandhelicity limits1-. oo ands12/s1-+ oc is from (A.7) or (A.14),

B5 F(—a1)(_512)a1 F(—a(s2)— a2+a1) + r(—a2) (_512)a2F(—a1+a2)(_Si)01_ a2 (A. 15)

A. 2. The six-particle amplitude

We first studythe triple-Reggevertexof section4, andthenthe linear triple-Reggelimit con-
sideredin ourdiscussionof factorizationin section5.

A. 2.1. Triple-Regge limit
The channelsaredefinedas in fig. 4.1. We startwith the integralrepresentation

B6 = f f f dx1dx2dx3x~’’(l _xi) 512’X (51)~(l _x2)2x~3~(l —x3)3~~
000

X (1 — xix2)_a(52)+a(n12)~~~2(1 — x2x3) a(53)+e(s23)+a2(1 _X1x2X3)_a(531)+a(52)+a(53)_a2

(A.l6)

Ass1,s2,s3-~ —oc, x1~0,x2~1 andx3ra0 dominatethe integrand.We thussubstitute

* Theintegraldoesnot convergeif both x1 andx2 0.
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x1y1/(—s1), x2= 1 +y2/s2, x3=y3/(—s3)

and find [96,1011

B6 (s)°’ (_52)a2(53)a3 5 5 5 dy1dy2 dy3 ~

X exp[—y1—y2—y3+fl12y1y2+fl23y2y3 +i~31y3y~]. (A.l7)

Using the identity (A.4) on the last threetermsin the exponential,we have[5 1]

B6 (—s1)°’(_52)02 (_s3)
03 (~)~ 5 5 5 dX~dX~

3dX31

X F(—a11-X12+X31)F(—t2+X23+X12)[‘(—ct3-t-X31+X23)F(— ?~l2) F(— A23) F(— A31)

X (~~12)X1~(_fl23)X23 (~131 )X3i~ (A. 18)

The advantageof (A. 1 8) is that it allows continuationto positive~71j~It hasthe standardform
(4.20)with

f3(X12, X23~X31 t1, t2, t~)= 1

We shallnot discussthe helicity asymptoticlimits of B6 here (seeDeTarandWeis [51] for
further details).

A. 2.2. Linear triple-Regge limit
The channelsaredefinedas in fig. 5.3. Weuse again the representation (A.l6), but with the

channels appropriately redefined,

B6 = J J J dx1 dx2 dx3 x~°’
1(1 _x

1) (~1’x~2’ (1 _x2) (52~’x~3~(1 —x3)~3~
000

X (1 — x1 x2) (512) (~1)~°(~2)(1 — X2X3)(523)+~(52)+a(53)

x (1 _X1X2X3) a(5123)+a(512)+a(s23)—a(s2). (A. 19)

Fors1,~ ~3-÷ ~°°~ x1, x2, x3 0 dominatethe integrand.We thussubstitute

x1 = y1 /(—s1), x2 = y2/(—~s2), x3 = y3 /(—s3)

and find
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B6 (—s1)°’(_52)a2 (_53)a3 f f f dy~dy2dy3 y_O1_ly~O2_ly~O3_l

r ‘~123~2~ 1
x exP[_-Yi_Y2~Y3+fli2YiY2+~23Y2Y3_fli27123 ( )Y1Y2Y3 . (A.20)

~12~23 J

Again we usethe identity (A.4) on the last threeexponentials.After someredefinitionof variables
we have [140]

B6 (—s~)~(_52)a2(_53)n3(~)~~ ~ L dX12 dA23 dp F(—ai+X:)F(—a2+A12+A23—p)

X F(—a3+A23)F(—X12+p) F(—X23+p) F(—p) (_n12)~(_n23)x23( ) . (A.2l)
~l2~23

As usualthe integrationcontoursseparatetheinfinite sequencesof poleswhich run to the left
from thosewhich run to the right.

As usualwe wish to extractthe singularitiesin the energyinvariants.Using the integralrepre-
sentationof the hypergeometricfunction(A.6), we have

B6 (—s~)°’(_52)n2 (53)a3 (~)2 F(—a2) dX12 dA23 F(—a1+A12)F(—a2+A12)F(—A12)

X (_fl12)X12 F(—a2+X23)F(—-a3+A23)F(—A23)

/ ~123~2’X (~~23)X232F1(~—A12,—A23—a21 — ) . (A.22)
~12~23

Due to the cut in 2F1(z) for 1 ~ z ~ oo, this expressiononly allowsusto evaluatethe amplitude
for —ir < arg(s123s2Is1 ~ < ir. In order to extractthesingularity in this variable,we usethe
formulafor analyticcontinuationof the hypergeometricfunction

2Fi(a,b;c;1_z)~~z_a 2F1(a,c—b;a—b+l;l/z)+(a~b). (A.23)

We cansets123s2/s12523= 1 inside thehypergeometric functions on the right-handsideof(A.23)
andstill havean expressionvalid for all s123s2/s12s23= e±

2~~1(n = 0, 1,2,...). Using

2F1(a,c—b;a—b+l;l)=F(a—b+1)F(—c+l)/r’--b+flF--c÷a+fl

we have
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B6 (—s1)°’(_s2)02 (_53)03 [‘(—a2) (~)2 f 5 dX12 dA23 F(—a1+A12) F(—a2+ X~)

X [‘(—A12)(_fl12)X12 F(—a2+A23) F(—a3+A23) [‘(—A23)(_fl23)X23

r sinir(X12—a2)sinirA23 /5123S2\~i2 sinir(A23—a2)sinirA12 /~l23~2\~231x Lsinira2 sinir(A12 —A23) ~s12s23) + sinira2 sinir(X23—A12) ~~12523) ] (A.24)

The A12 andA23 contourscan be closedin their left-half planesanalogouslyto the casefor the
double-Reggevertex.Of theeight possibleterms,only five arenon-vanishing,sinceoneof the
two factorsin the final bracketvanishesif A12 = a2 or A23 = a2. Wethen have, using (A. 10)

B6 F(—a1) [‘(—a2) [‘(—a3) ((_sl)0102 (_s12)02~3(—~123)°~V2 (fl12) V3 (~)

sinlr(a2—a3) sinira1

+ (_S2)

02°1 (_s12)01 03 ~5l23)03 sinira
2 sinii~(a1—a3)V1(fl12) V3(fl23)

+ (—s1)01_02( 5)03_~a2(_sl23)02 V2 (~iu)V2 0723)

sinlr(a2—a1) sinlra3
+(_S2)°2 c1~ 523)~~~ (5123)01 sin~ra2sinir(a3—a1) V10712)V30723)

+(_s3)03_02 (s23)02~01(_sl23)01 V10712) V2(~23)), (A.25)

in agreementwith (5.13).

A. 3. Inclusivecrosssections

We discussin somedetail thedualmodelresultsfor thesingle-particalinclusive crosssectionfor
a + b -+ ~ + anything[18, 25, 50, 70, 138].Many particle inclusivecrosssectionshavealsobeen
studiedin thedualmodel,andin particularit hasbeenfound that theyfactorizeas expected.We
referthe readerto the papersof Jen,Kang,ShenandTan [87] andHoyerand Lam [83] for further
details.For phenomenologicalstudiesseeThomas [131]; Bebel,Biebel, EbertandOtto [15], and
referencestherein.

a a

X2 : : : :
Fig. A.!. Treediagramsusedfor calculatingdualamplitudesfor (a) fragmentationregion,(b) centralregion.
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A.3.1. Fragmentation region
We studythe term with theorderingof particlesshownin fig. A. 1 a. Using the variablesappro-

priate for this treediagram,we have

B6 = 5 dx1 dx / dx2 x~%c_l(l_xi)_0ac_lx_0_l(l_x)_0aa_lx~0~a_1(l_x2)_aa~_1

x (1—xix)_Oaac+aac+aaa(l_xx2)_Oaa~0aë+0aa(l_x1~~2)_Obb+0gac+0age_
0aä , (A.26)

whereabc= a(sb~),aac= a(sac),etc.,anda = a(M2)= a(sacb).We studythe limit correspondingto
the fragmentationof b:

a, aac,a~-+

The dominantcontributioncomesfrom x ~ 1, so wemakethe changeof variables

x = 1 +y/a.

The y integralcanthenbe done,andchangingvariablesto z~= xt/( 1 — xt) wehave

B
6 [‘(—aag) ~J-f dz1dz2 ~ +z2)a~b~_ai~ac

X ~ . (A.27)

For the inclusivecrosssectionwe needthe discontinuityin M
2(a) forM2> 0. This discontin-

uity comesfrom the last term in (A. 27)which developsa phasefor positiveM2. An easycalcula-
tion gives

2Ti aac%b aar ~dlscM2B
6~~F(aag+l)aaa (_~~) (.) I f dyidy2O(1_y1_y2)y~0bc_ly~0~_l

~ (I — .-~-— Yi) a~_abg_ aa~ (1_ a
0b6~°bfra~ac

aac a~

x ~ (l_y
1_y2)°aã, (A.28)

where

aac ~
y2~z2.

We notetwo featuresof (A.28). In the triple-Reggeregion,s/M
2 -* oo, andhence

aac= ~ ~ — s, we havethe usualbehavior

disc~B
6~ -+ 2iri -- M

2°a~[i_a~)(s/M2)0bcF(_~ag~)(s/M2)a6~, (A.29)

(aaa l—a~—a~)

Thereis an exponentialcut-off for largetransversemomentumat fixed
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x = 1 —M2/s (M2/Sac_ l)~. Since

5bc = m~+ m~— (p~+m~+m~x2)/x

largep~is largeabc = a-~.The dependenceon abC and ~ in (A.28) is

(1— 1 \Obc (1 1 (A30)

\ (l—l/x)y
1) ‘\ (1—l/x)y2)

so the dominantcontributionwill be for thelargesty1 and Y2’ i.e. Yi ~-. Then (A.30) gives
the behavior [138]

exp ~ 2i~ln ~ (A.3l)

Threeotherdual modeltermscontributeto the b fragmentationregion — thosecorrespondingto
interchangingb andc, and/or b and~. We referthe readerto DeTar,Kang,Tan andWeis [50]
for a detaileddiscussionof theseterms.

A. 3.2. Central region
It is convenientto beginwith the choiceof variablescorrespondingto the treediagramof fig.

A. lb. The sameresultcould,of course,be obtainedby taking the limit abc, a~-* on(A.28).
Wehave

B6 = J J J dx1dzdx2X10a~_l z~0a~_lx~0bb_l(l_xi)0ac_l(l_z)~0~ac_l(1_x2)_0bc~
000

-- [(l_X1Z_X2Z+X1X2Z)10_aac_abc (A32)
X(l_xlz_x2z+xlx2z)

0aac[—~-
1)(1) ]

Fora,aac,abc ~ — °° (a/~~acabcfixed), the importantregion of integrationis x1 andx2 0. The
usualexponentiationproceduregives

B6 F(—aar)(~~ac)°~F(—abb) (—sbc)
0~ 5 dz z~0a~_l(1 _Z)_0~ac~ V(aa~,abb;z( 1 —:)r~.

0 (A.33)

where17 ‘~M2/5ac5bc’~S/Sac~bc and Vis the double-Regge vertex of subsectionA.2 above.Thus
thestructureof the two-reggeonandtwo-particleamplituderesemblesboth thatof the four-
particleamplitudeandthe double-Reggevertex*. The discontinuityin M2 is equivalentto the
discontinuityin 77 of the vertex function. The behavior for small p~07 -÷ oo) is of course controlled
by the usualhelicity poles [151]. The behavior (A.3 1) for p~-÷ oo (i~ -* 0) goes over into
exp(—4p~).This canalsobe obtainedfrom (A.l2) and(A.33). The exponentialdecreasefor
p~-÷ oo thusappearsto be connectedwith the absenceof multiplicative fixed poles.Therefore,
the helicity andangularmomentumplanestructureseemsto contrOl the asymptoticbehavior
in a ratherunexpectedkinematicregion.

* One should note that the rather simple form (A.33) holdsonly for the forward configuration where 0ac= 0aa’ etc.
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