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The isobar model for a production amplitude is developed in a construction which incorporates unitarity and
analyticity in each of the two-body isobar subenergy channels. The process KN — K7 N is considered in
order to illustrate and deal with the complications ‘due to spin and unequal masses. The basic aspects of the
description are presented in a truncation of the problem to the production of s-wave isobars. The two-body
discontinuities in each isobar channel have been derived previously, and are employed here-in dispersion
relations for the isobar factor amplitudes. A prominent complicating feature is that due to half-angle
kinematics; this is investigated without approximation, and factors associated with kinematical singularities
are identified and extracted. A coupled system of single-variable integral equations for the isobar factors is
obtained by means of a procedure due to Pasquier and Pasquier. The kernels of the integral equations are
evaluated explicitly. These contain the two-body elastic amplitudes in each isobar channel, the
parametrization of which propagates into the solution for the isobar production amplitudes. The formal
solution of the linear systém of equations for the isobar factors is indicated. The final result is unitary and
analytic in each subenergy and satisfies two-body unitarity in the total energy as well.

I. INTRODUCTION

A problem of early concern in high-energy
physics has been that of constructing the amplitude
for the two-body-to-three-body production pro-
cess. In the past the methods of S-matrix theory
have been applied to some extent by several
authors.! Another early approach employed the
isobar decomposition of the final state.” The
latter scheme with its subsequent refinements®
has been used extensively in phenomenology.*
Recent progress in the development of this subject
has stemmed from a marriage of these approaches,
that is of unitary methods with isobar methods.
Figure 1 illustrates the line of reasoning: In Fig.
1(a) the production amplitude in its isobar ex-
pansion is shown. Each isobar amplitude may
then be expressed in product form as in Fig. 1(b),
in which the elastic two-body amplitude occurs
multiplied by an isobar factor. In simple isobar
models, this isobar factor is taken to be inde-
pendent of the subenergy variable. However, Fig.
1(c) illustrates the result of imposing unitarity
on the full amplitude; the isobar factor has a non-
zero discontinuity in the subenergy variable, and
models in which this factor is subenergy-inde-
pendent therefore violate unitarity. The impor-
tance of examining the results of subenergy uni-
tarity in this way has been especially emphasized
by Aaron.and Amado.® Thesubenergy discontinuity
of an isobar factor in a given channel is deter-
mined by the isobar factors in the other two chan-
nels, and a coupled system of constraints results.

17

To implément these constraints properly, the
discontinuities must be inserted into dispersion
relations for the isobar factors; otherwise,
spurious singularities in the isobar amplitudes
may appear.® The combination of unitarity and
analyticity then results in a “minimal” dynamical
formalism for the three-hadron system.”?®

This approach has been fully implemented rela-
tivistically in a recent investigation of the 3w

(b)

FIG. 1. (a) Expansion of the production amplitude into
isobar amplitudes. (b) Isobar amplitude in product
form; the amplitude for elastic scattering in the isobar
channel is multiplied by an isobar factor amplitude. (c)
Subenergy discontinuity of an isobar factor, expressed
in terms of the isobar factors in the other two isoba
channels. :
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problem.®*!® The formalism appropriate when a
particle has spin has also been developed!!*!? and
the subenergy discontinuities for such processes
have been derived. It is the purpose of the pres-
ent work to undertake the next formal step for the
latter problem, specifically, to show how the re-
sults of Ref. 11 are to be employed in order to
express the constraints which follow from uni-
tarity and analyticity in the form of integral equa-
tions in a single variable. To explain the empha-
sis here it should be recalled (see, e.g., Ref. 11)
that the discontinuities themselves are integrals
in a single variable ranging across the Dalitz

plot and adjacent kinematic regions. Therefore,
when these discontinuities are inserted into dis-
persion relations, integral equations in two varia-
bles are obtained directly. The passage to single-
variable integral equations (which are, of course,
more tractable for solution) is effected by first
‘inverting the order of double integration. This
step is carried out by means of a very clever
procedure due to Pasquier and Pasquier.'® The
inversion produces explicit kinematic integrals
which can be evaluated to form part of the kernel
of the resulting §ingle—variab1e integral equations.
While the procedure is relatively straightforward
for equal-mass spinless particles, both spin and
unequal-mass kinematics lead to nontrivial com-
plications.

In Sec. II the problem is laid out, preparatory
to performing the inversion of the orders of in-
tegrations. The kinematical details are developed
here for handling the combinations of half-angle
functions which arise for spin-3 particles. In
Sec. III the Pasquier inversion®® is described, for
the unequal mass case. In Sec. IV the kernels
of the single-variable integral equations are
identified explicitly, and the method of solution
is indicated.

The treatment given in Ref. 11, which this work
follows, contains an error which should be noted.
The necessary corrections associated with this
error, an overlooked phase factor, are given in
an Appendix. In particular, the corrected version
for Eqgs. (B5)-(BT7) of Ref. 11 is to be found there.

II. THE DISCONTINUITIES

The process KN- KN was selected for illus-
tration in Ref. 11; the notation of that paper is
adopted here with little exception. As summarized
in Fig. 2, the invariant mass variables are
s=W? s, =w?, s,=w,?, and s;=w,?, corresponding
to total energy W, and isobar subenergies w,, w,,
and w, for the final state 7N, KN, and K7 isobars,
respectively. (s, was called x in Ref. 11.) These
invariants satisfy
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FIG. 2. Invariants for the process KN — KmN.

S, +Sy+S5=8 +M2+m® +p?, (10

where M, m, and p are the N, K, -and ™ masses.
Each isobar amplitude having definite angular mo-
mentum and parity J®, and definite isobar spin
and parity is expressed as in Fig. 1(b): For iso-
bar channels 1 and 2

M7 W w) = oy T (W w)
and (2)
M EW,w,) =M ) T E W w,)

for.isobar channel 3. The extra index ineachcase,
k and &, refers to the j +3 and 21+1 independent
amplitudes of definite J . The amplitudes also
have definite total isospin and isobar isospin; the
corresponding indices have been suppressed.
When these expressions are inserted in Egs.
(A1)-(A3), the subenergy discontinuities of the

M ’s, the isobar factors, are obtained in the form
suggested by Fig. 1(c). ' The coupled system of
amplitudes is obviously quite complex when many
isobar contributions are taken into account.

In order to focus upon the procedure for ob-.
taining single-variable integral equations, it is
sufficient to assume circumstances in which only
s-wave systems need to be considered. If each
isobar is in an s state with the third particle, and
if there occur only the j#=3" 7N and KN isobars,
and the /=0Kw isobar, then only J=%" is needed.
There are then only three coupled isobar factors
(apart from the multiplicity due to isospin), one
for each isobar channel. The subenergy dis-
continuities are

€, +€
disclfmlzzﬂiplfdcossl% (co.s ‘2 2 (M) e

+cos~€-24— (M39KS)C> ,
_ (3)
. . N €, +€,
disc,IN, =21 p, fdcosszz cos—5 (MM,

+cos€2—2 (M33Tc3)c) ,
: (4)
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disc dM, = 2mi pafdcosssé<cos52—1— MM,

+cos£22— (szlnz)(;)
(5)
in which the angles €, and €, are given by
el%=sl—w1—xa and ez%sz—wz'—xb, (6)

in terms of angles described in Ref. 11 and below.
The quantities 9 ; and M; denote the M (W,w;) and
M) of Egs. (2) with all superscripts suppressed.
The notation disc; means discontinuity in the sub-
energy S;. These results are essentially the same
as Eqgs. (85)-(87) of Ref. 11." The main difference
(apart from the corrections noted in Appendix A)
is that the spin rotation angles w, and w, have not
been ignored here; it will become evident that
there is good reason to retain them. The sub-
script C on the right-hand side of Eqs. (3)-(5) re-
fers to the suppressed isospin dependence and
serves as a reminder of the presence of an iso-
spin crossing matrix (see Ref. 11). The phase-
space factors are .

p,=MQ,/161% (M
P, =MQ,/16mw, (8)

s fixed
2 2 2
S, +S,+S;= S+ M+ m 4y

FIG. 3. Kinematic regions in the variables sy, s,
and s3 with s fixed. The vertical lines from left to right
denote the s values: (M — u)?, (M+p)?, (W—m)?, and
(W+m)?. The horizontal lines from bottom to top denote
the s4 values: (M =m)?, (M+m)%, (W-pu)?, and (W
+u)?. The diagonal lines from upper right to lower left
denote the s values: (m — p)?, (m+p)?, (W—M)?, and
(W-FM)Z, The traversals of the Dalitz plot in the center
refer to the integrations in Eqs. (3)—(5). The ith one
indicates cosd; ranging from -1 to 1 with s; fixed.

ps=ks/32mw, . ' (9)

The momenta and angles are as in Ref. 11. Brief-
ly, @, (®,) is the N momentum in the N (KN) iso-
bar rest frame and %; is the K momentum in the
Km isobar rest irame; 9, 9, and 95 are the polar
angles of the momenta @,, @,, and 2,. In the over-
all center-of-mass frame the momenta of the N,
the 7N isobar, and the KN isobar are, respective-
ly, @, @, and @,. The angle x, (x,) is the one
between @ .and Q, (Q,).

The kinematic regions' associated with Fig. 2
are shown in Fig. 3. The Dalitz plot, or decay
region, occupies the central portion, and the
integrations in Eqs. (3)—(5) are indicated as
traversals of this region. Some familiarity with
Fig. 3 will prove to be invaluable for the proced-
ures to follow. The procedures are to eliminate
the angles in terms of the invariants and, once
dispersion relations have been written, to invert
the integration over the invariants.

Compared with the case of spinless particles,

a problem with half-integral spin is evidently
more complicated. One can see from Eqs. (3)-(5)
that to confront even the simplest example is to
encounter half-angle trigonometric functions of
combinations of the angles (9, w,, x,) and

(92, wy, X;). Because of this it would appear that
grotesque square-root factors might afflict the
equations. Fortunately this is not the case, and it
is rather instructive to observe why these features
are not so complicated as that.

It suffices to consider a term such as, say,
sin39, sinzw, coszx,, and to show that it is ex-
pected, a priori, to be the square root of a perfect
square. Of course this term is one of the four
ingredients of the quantity coséél, which appears
with others like it in Eqs. (3)-(5). For the mo-
mentum and energy variables € and @,, @, and
@40, and @, and @,, the following dimensionless
variables are notationally convenient:

P=Q/M, P,=Q,/M, (10)
PG=Q,,/W1, Puo:an/u}I, (11)
P,=Q,/M, P,,=Q,,/M; (12)

these satisfy

© P2-P’=P,2-P2=P,>-P2=1.

Expressions for the cosines of 9,, w,;, and x, can
be written in terms of these!!

€089, = (Py = Py Pyy)/P, Py, (13)
cosw, = (P,P,,~ P,,)/PP,, ’ (14)
€08X = (Py Py~ P,,)/P,P. (15)

Figure 4(a) shows the Dalitz plot and the lines
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touching it along which P, P,, and P, vanish. It

is apparent that cos9d, =1 along the upper arc

from A to C, that cosw, =1 along the longer arc
from A to B, and that cosx ,=—1 along the shorter
arc from B to C. Therefore the factors sinz9,,
sinzw,, and cosz) , vanish with square-root be-
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havior along these respective arcs. However, as
shown in Fig. 4(b), these arcs overlap in such a
way as to indicate that the product of the three
factors vanishes like (1 — cosw,) over the longer
arc from A to B. The desired result can in fact
be obtained in two steps by showing first that

9w Xa¥ (1-cosw;\?
8<sm—*sm—1cos—ﬂ) :<~——--—1> (PP\Pyy+ PPy P 1o+ Py Py Py+ PoPyy Py~ 1),

2 2 2 P

a

and then that

(PP, Pyy+PP,P y+ PP, P+ P P, Py~ 1)=[(Py+ P)(P 1o+ P)) (P + Pg) = 1F/2(Py+ P)(Pyy + P))(Pyy + P,) .
The final result contains only simple kinematic root factors:

1 (PP, - P P +P,) [(Py+P)(P1y+P))(Pgp+P,) —1]
4 PP, P, (Py+ PV /2 (P g+ P) /2Py + PV

)
sin=*sin=tcos%? =

Xa
2 2 2

All the required triple products of half-angle func-
tions behave in this way; as in Fig. 4(b), a com-
plete overlap of three arcs occurs in each case
corresponding to a coalescence of all offending
square roots. At this point it is clear why the

w dependence should not be ignored (as one might
be tempted to do in a low energy approximation):
without the w-dependent factor in the triple prod-
uct the remaining two arcs, as in Fig. 4(b), fail
to have a complete overlap so that the square
roots do not completely coalesce.

The problem of dealing with the half-angle func-
tions is entirely resolved by the foregoing dis-
cussion. It is then a matter of further algebra
to obtain expressions for all the angle-dependent

(ay,53¢)
A
B C
(SZ< ’ s3> )
(a) (b) (c)

FIG. 4. (a) Dalitz plot and the lines along which the
momenta @, @,, and @, vanish. (b) Arcs along which
siny¥;, sinfw,, and cos}yx, vanish with square root
behavior, respectively: arc AC, arc AB, and arc BC.
Complete overlap of the ares implies coalescence of the
square roots in the triple product sin}4,sinjw,cos} x,.
(c) Integration in cos?; with s, fixed. The end points
lie on the boundary curve where the function ¢ of Eq.
(20) vanishes. Shown in the figure are the limits of
integration appearing in Eq. (7).

coefficients in Eqs. (3)-(5). In terms of the
factor
_ (Py+P =1 (P y+ P, = 1)(Py+P,~1)
17 4PP, Py(Py+P)/2(P g+ P2 (Pyy+ P /?

it can be shown that

cos524—= U (Py+ P g+ P+ 1) (16)
and
sin~€2—1: U6 /2 /2Ww M . an

To obtain the corresponding functions of €,, the
replacements 1—- 2 and a— b are made. The factor
¢ in Eq. (17) is

=458 \M?(P, P o Pyy— P)* = Pyf’ = Poy +1)
=458 ,MP (2P, P,y Pyy~ P2 — Py — Py +1).
. (18)
It then follows immediately that
€, +6, ' '
cos~l~—~2 = UL UL[(Py+Pyg+ Pog +1)(Py + Pyt Pyo +1)
~ ¢/4sww, M?]. (19)

Note that P,, P,,, P,, and P,, are defined in
analogy with (11) and (12). The quantity ¢ 'is
recognized as the Kibble cubic boundary func-
tion'*; the boundary of the kinematic regions in
Fig. 3 is given by the equation ¢ = 0. In terms of
the invariants it is written as

¢ =8,8,5, — S, (M2p2 +sm?) - 5, (M?*m> +sp?)
—Sy3m?p® +sM? '

+2(MPm2p? +sMPm?® +sM?u? +sm?u?). (20)
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The angles in Egs. (3)-(5) are eliminated alto-
gether by recalling'! finally that

dcosd, dcosd, w, .
=_ = 2
s, a5, " IWe.0, (s, fixed), (21
dcosd, dcosd, wz .
e = = 2
ds, ds,  2WQ,Q, (s, fixed),  (22)
dcosd, dcosd, UR .
=- = . 3
ds, as, zwqr, Ssfixed).  (23)

The kinematic square roots in U, and U, which
show up in Egs. (16) and (19) may be systematical
ly absorbed in the definition of new amplitudes.
The isobar factors 9M; and the new amplitudes G;
may be related as follows:

P,+P,+1 P, +P,+1

= 24
17 (Pyo+ P Y2 (P + P2 My (24)

G

_ Py +Py+1 Py,+Py+1
27 (Pyo+ P2 (Pyo+Pp)'/?

G m,, (25)
PQ+P+1

3T (P, + P2 e (26)

G
The kinematic factors above have the property
that they have no discontinuities on the two-body
cuts; for example,

P s+P +1

disc, W =disc,[(P,o+ P, /% + (P, — P,)'/?]
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When Egs. (7)-(9), (16), (19), (21)-(23), and
(24)-(26) are incorporated into Egs. (3)-(5), the
discontinuity relations take the form

1 . S2>(sy)
2—idlschI: ds,®,,(M, G,)
s2¢(sy)

33>(s 1) .
+ f ds;®,5,(M; Gy, 2m

33<( s;)

1 s1>(s9) :
gdischz= ds,®,,(M,G,))¢
s1<(s2)

s 3>(s2)
+ ds 3 ®,5(M3 Gy)c (28)

$3¢(s5)

Sl>(33)
ds,®;,(M,G))¢
1<(s3)

1
7 disc,G, = f
21. 3-3 s

s o5 (s3)
+ f ds, B3y (M, Gy)e. (29)
S,

2<(sg)

The end points of the traversals of the Dalitz plot
shown in Fig. 3 correspond to the limits of in-
tegration above. For example the points s,2(s,)
and s,2(s,) are as indicated in Fig. 4(c). The ®’s
in Eqs. (27)-(29) contain all the accumulated kine-

=0. matic factors
_J
& = M (Po+ Pyo+Poy+ 1) (Po+ Py + Pyy+1) = ¢/4sw w,M> 30)
27 128mWQ, (Po+1)(Pyo+1)(Ppyy+1) ’
_ M Po+Py+Pg+1 31)
15 = 64T°WQ, P,+1 ’ ‘ ( \
5. = M (Py+ P+ Poy+1)(Py+ Pyy+ Pyy+1) — ¢/4sw w,M* , (32)
217 1287°WQ, (Po+1)(Pyo+1)(Pyy +1) ’ '
B M P+ Pyy+Pyy+1
Bas = 64mWQ, P +1 ’ 83)
1 P, +P +P,+1 .
1= 3560 (Pro+1)(Pgp+1) ’ (34)
- 1 Py+P,y + Py +1
a2 = 256T°WQ (Pyo+1)(Pyo+1) (35)
r
These quantities may be expressed in terms of the P | P dz; 1 :
invariants by means of Eqgs. (65)-(72) of Ref. 11; Gi=Gi=— f Z,-s; _z‘leISC‘G,- (36)

the function ®;; depends on the invariants s;, s},
and s.

Dispersion relations may now be written in the
isobar subenergy variable for each of the ampli-
tudes:

thresj

in which the G;’s are functions of s, independent
of s;. .
The construction of the G amplitudes at this
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point follows from the solution of coupled integral
equations in two variables. The crucial inver-
sion'® of the orders of double integration is the
next step.

III. THE PASQUIER INVERSION

It suffices to show how the method of Ref. 13
is used to invert one of the double integrals aris-
ing from Eq. (36). The one selected is

alf

( M+ )2 Z “sl

sz>(:1) n
([ 42,801, 6,)c

Sp<(2y

S55(2))
+ f dz,®,,(M, G )C> (30
33((2
in which the variables in the integrands are z;, z,,
and z,; s, is assigned a value below threshold.
The limits of integration, as in Fig. 4(c), must be
continued analytically as z, increases to values
outside the Dalitz plot. For 2, in the range (W
-m)® to (W +m)?, these limits are complex con-
jugate points in the 2, and z, planes; for z,
= (W +m)? the limits return to the real axis.. The
paths followed by s,¢ and s,, as 2z, increases from
(M +1)? to are shown in Fig. 5; the motion of
these 2 points is readily obtained by examining
the boundary curve'in Fig. 3.

The procedure begins by recognizing, with
Pasquier and Pasquier,® that (37) can be re-ex-
pressed in terms of contour integrals in two com-
plex planes: ’

~ 1 dz
G-G:—f—-—-l-—-(f dz,®,(M,G,)
1 17, e, z,-$, Ty 2 F12 W2 Va/c

o+ f dz;®,5(M, Gs)c>‘
sy

(38)
S2>
when
/z,-(W—m)
/ 0 MmP  (MemP (W-p)?
w;,m-(W+m) v
when
Sp< 2, = (Mep)?

z, plane

FIG. 5. Paths followed by the limits of integration
s (21) and sy> (24) in Eq.(37), asz, increases from
(M+u)?to ». For z1 between (W—m)2 and (W+m)2,
sy and sy, are complex.

P CI -
Mo (Wem)®  (WemP?

z, plane

0 (M:m)z . (W-p)?

0 (m-p)? (me+p) (W-M)?
z, plane

FIG, 6. Integration paths for Eq. (38). For each z;
in the integrationoverC,, the z, and 2z, integrations
run over contours from 0 to the point &, on Ty and §; on
T3, respectively. In the text these contours are de-
noted as Ty(§y) and T'3(F3). The locations of §, and §3
are shown for a value of z; on Cy above the real axis
between (W —m)? and (W+m)?. As 2z runs the length
of Cy, §; and 33 sweep out all of Ty and T'. Note how the
right-most point in the z, and the z3 plane is encircled,
due to the fixed s+40 stipulation.

To see this, consider the double integral over z,
and 2, in (37) and start with the simple observa-
tion that (suppressing the integrands)

s> (%) 8p> (%) Sp¢(2y)
f' dzz=f dzz—f dz,.
S 0 0

2<(2)

Then, given s +¢0, introduce the contour C, in the
Z, plane as shown in Fig. 6 and make the following
correspondence. For each real z, in (37) assign
the limit s, (2,) [s5< (2,)] to 2, +40 (2, — i0) on the
portion of C, above (below) the real z, axis. The
point in the 2, plane, call it §,(z,), assigned in
this way, follows the path I', in Fig. 6; for each
z, on C, the z, integration runs along I, from 0
to §,. The notation I'y(§,) in (38) refers to this
contour of integration. The end point §, sweeps
out all of I'y as 2z, runs over the length of C,. The:
double integral over 2, and z, is treated in similar
fashion; T',(5;) in the z, plane is analogous to
I',($,) in the 2, plane.

The procedure continues by reversing the order
of integration while observing the correspondence
that has been set up between the variables:

’ z ‘ 1 b4
lf Ll_f dzzzj dzz_f Llﬁ‘
T Je, 21— 51 Ir,3) T, m Cl(El)zl”sl

For each z, on I',, the z, integration follows the
portion of C, which begins at the corresponding



3078 I.J. R. AITCHISON AND J. J. BREHM 17

S
SV (Wom)? (Wm)z/’
=

z, plane
R
.44?—.’;‘*—.@
0 (M-m)? (M+m)? (W-p)*

z, plane

FIG. 7. Deformation of contours after reversing the
order of integration. The point 5§; shown on C; corres-
ponds to a value of z, on T near (W — w)%. For this
value of z, the z; integration runs along C; from §; to
+ 0 above the real axis. In the text this contour of in-
tegration is denoted as C;(35y).

value of z,, called §, in the equation above, and
runs to+« on top of the real axis. The double
integral in this form may now be subjected to
contour deformation. T, is collapsed to the real
Z, axis; because of the correspondence C,; must
be opened up compatibly. Then one obtains

fdzz _l.f ﬂi__z f dzz‘l“f le .
T, T Jes) A1 Sy F, "TYCGE) AT

The resulting contours are indicated in Fig. 7.
For each z, on I,, the z, integration runs from
the corresponding point §; on C—1 to+« above the
real axis; this contour is denoted as C,(5,) above.
T, can itself be deformed toward ~ « in the z,
plane, as shown in Fig. 8, to obtain the configura-
tion consisting of the two pieces I', and I'y,. This
step is expressed as )

1 dz 1 z
dzz“f ,.d_;__:f dzz“f _az,
rz TJ5G)%A=S1 Jf T JGE) A5

1 z
+f dzZ;f 5 zd is ’
Do CyfSyY “17 %

the explanation of which follows, with the aid of
Figs. 8 and 9. For each 2z, on the contour T, the
z, integration again runs from the corresponding

—_—— . . .
o 0 (Mmp? (Msm)? (Wop)?

z, plane

FIG. 8. Deformation of the contour T, into the two
pieces T'y and Ty. ’

(a) -
— &
0O (M-p)
z, plane
(b)

_FIG, 9. (a) Path 51, followed by 5, as z, runs along
T,. C, differs from T by the addition of the piece from
0 to —~, The contour C,(,) in the text runs from s, to
+e, (b) Path C,, followed by s,as z, runs along I',y. The
contour C,((5,) in the text runs from s, to —~. Note that
the direction of the contour C,y(s;) is opposite to the di-
rection of the path of motion of 5;, Cj, show in the fig-
ure.

§, to +<; here, however, the path 51 over which
§, ranges includes C_1 and also a new piece from
0 to—, arising from the deformation of I,. This
new piece is countered in the second term above;
for each z, on T',,, the 2z, contour runs from the
corresponding §, to — « along C,,. Thus the
contours C,(s,) and C,,(5,) in the expression above
follow the paths in Fig. 9, denoted as C, and C,,,
from §, to+<« and from §, to - ©, respectively.
The procedure concludes by expressing the con-
tour integrations of Fig. 8 in terms of the con-
tributions of the two contours «, and 7, in the 2,
plane which run from — « to the points (W — p)?
and 0, respectively, as shown in Fig10(a). Clear-
ly v, is just 'y, in reverse so the z, integration
is over C,,(§),) in reverse, a contour indicated as
L,, in Fig, 10(b). At each z, on a,, the difference

2,
0 (M-m) (M+m) (W-p)
(a) z, plane
Le, . s De .
0 M® (Me® - (Wem)? (Wam)®
(b) ] z, plane

FIG. 10. (a) Contours &, and y, obtained from I', and
T. (b) Contours in the z; plane which appear in result
(39). Dy, is shown for a choice of z; on &y near (W — w?;
Ly, is shown for a choice of z on v, near 0.
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|__'
(a) . — B B
0 (m-p) (m+u)z (W-M)?

z5 plane

~

»
"Q\ |
B N . >

a3
R
(C)_Z\\‘\“ . ‘

FIG. 11. (a) T'5 of Fig. 6 is flattened to become T.
(P) T‘§ is deformed toward — « to obtain three contours
T3, I'3, and T3 (c) Final contours in the z3 plane
leading to result (40). '

is taken between branches of f‘z. That is, for each

Z, on @,, the 2, integration starts from §,(z, — 20)
and ends at §,(z, +20) corresponding to the points
Z,+ 20 on the two branches of f‘z. The resulting
z, contour is indicated as D,, in Fig. 10(b). This
final step is expressed as

1 z 1 z
j: dzz__f il_ =f dzz_f _d_l__
L, mJEE) 1S o m’p,%1~5:

and

20

In Fig. 10(b), D,, and L,, have been indicated for
values of 2z, near the right end points of @, and v,
[i.e., near (W — p)? and 0], respectively.

By this sequence of steps the first double inte-
gral in Eq. (37) is manipulated into the form

[ (1] 250
dz —f P ) G
. 2\ 7 Dizzl—sl 12 2 VYz2/c

° 1 dz,
+f de <}- llzgl—_;‘; @12> (M2 GZ)C' (39)

13 S D[3 RIB
——

—— . . 0 ey o .
0 (Mp® (M) W-m® (Wem)?
z, plane
FIG. 12. Contours in the z3 plane which appear in
result (40). D, is shown for a choice of z3 on o3 near

(W—M)?, Uy for a choice of z3 on B3 near (m — p)?,
.and Ry3 for a choice of z3 on v 3 near 0.

[anlf dm [ g lf dn
YT T Je fsp%1— S Y, T, A8

The advantage of achieving this result is obvious.
The factors in brackets in (39) are integrals over
explicit kinematic functions. Once integrated

these factors provide for the kernels of the re-

sulting single-variable integral equations for the
G amplitudes. '

The double integral over 2z, and 2, in (37) and
(38) is manipulated according to the same pro-
cedure, but with an important extra feature. In
Fig. 6, accompanying Eq. (38), the contour T,
in the 2z, plane leaves the origin in a-different

fashion than I', does.. When I, is deformed to

obtain T';, the additional point z, = (m - p)? is

picked up, as in Fig. 11(a). This gives rise to
three contours in the deformation of T, into Iy,

I';, and Ty, shown in Fig. 11(b). Finally, three
contours appear in the final form: «,, 3;, and y,
as shown in Fig. 11(c). When the Pasquier pro-
cedure is implemented with these steps, it is
straightforward to show that the second double
integral in Eq. (37) is manipulated into the form

(w=u? 1 dz
dz (——f L@ )MG)
[_w s\ 7 by 21—y 13| (M3 Gy

(m=p? 1 dz
_— 1 N
+f°° dza(,” ~/;1321_31 ‘1)13)(M363)c

- 1

° lf dz,
-»/.‘oo dzg(" Ry, %15, '@13>W363)c« (40)

The contours in the 2z, integrations are as shown
in Fig. 12.

r

D: D "R
L, . ‘a| 32

R23 R13
Lai

FIG. 13. Contours for the evaluation of the kernels
D, Y5, £, and ®;;. The contours Dy;, Uy, Lyj,
and R;; are indicated by traversals of the kinematic re-
gions in the variable z; with z; fixed.
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The contours associated with the kernels in

Eqs. (39) and (40) are more easily visualized in

terms of the Dalitz plot and the adjacent kine-

matic regions. Figure 13 shows a map of all such

contours for all the kernels in the problem, each

one represented as a traversal of the relevant

kinematic region. In each case the traversal is

shown for a given value of the other fixed variable

near its upper limit. As this fixed variable sweeps

I

= (w-w? . 0
Gl_Glzf dzz®12(MzG2)c+f A2, 81, (M,G,) o+

AND J. J. BREHM 17

down its range, the evaluated kernels can then be
obtained by analytic continuation. All roots oc-
curring in the ® functions are specified to have
positive values when the variables lie inside the
decay region; outside, the branches are deter-
mined by analytic continuation,

The Pasquier inversion applied to each double
integral arising from Eq. (36) leads to the follow-
ing results:

W= M2
/]

d23Dy3(M3 Gy)

(m—u)? 0
"'f dzy W5 (M, Ga)c"f dz8,, (M3 Gy, (41
_ (W—m)z 0 W—M)z. . 0
Gz"Gz:f dz1“‘021(M1G1)c+_/ d21£21<M1C'1)c+f d2z;D,, (M, Gs)c"'f' dz,8,, (M3 Gy, (42)
_ (w=mp? (= py? 0
G3'Ga:f dzls)leGl)c"'f dzlﬂm(MlGl)C‘f dz,£4,(M, G,)c
(W=p)? (H=mP 0
o) amma G [ aa@a00,6)- [ dzg,01,6,)c. (43)
In Egs. (41)-(43) the kernel 9;;(s;2;) corresponds to the contour Dy;; it is
1 )
:D’,j=——f a2 ®;;, z;fixed; (44)
T “p;; %i—Si

the other kernels correspond to the other contours: U;; to U;;, £;; to L;;, and & ;; to R;;. Figure 13 shows

all of the necessary contours.

IV. THE INTEGRAL EQUATIONS AND THEIR SOLUTION

In order to examine the full structure of Eqs. (41)-(43), the isospin dependence should be recalled.!!
According to the notation 7 =total isospin, and {; =isospin of isobar 7, the integral equations in a single

variable are

(w=p)?

Gf’l(ssl):éf"l(s)+2 f
t2

— (w=m)?
GT2 (s5,) =G, 2 (s) + ‘Z f dz, KTi2*1 (ss,2,)GT (s z,) +Z f
1 = 3 -

GIts (ss,) =Gt (s) +Z f(W""’z dz, KTft1(ss,2,))G 1(s 2,) + Z f(W"“)z dz, KXfst2(ss,2,)Gl*2(s 2,) .
t 2 J_ .

The kernels are composed of three types of fac-
tors:

K{f#i(ss ;) =H,;(68:2,)CT, M (2,) . (48)

The H factors contain appropriately the terms

D, U, £, and K of Eqs. (41)-(43), as described
below. The C’s are the isospin crossing matrices
of Ref, 11, Table I. The kernels also contain the

. (w=u2
dz, KTh'2 (s5,2,)GT*2 (s z,) +Z f dz K Tt (ss,2,)G 3 (s z,) , (45)
t; Y-
W- M2
dzsszS‘z‘S (sszz3)G§'3 (s25), (46)
(47)

r

two-body elastic amplitudes which satisfy the
unitarity relations, Eqs. (45) and (56) of Ref. 11.
For use in the isobar model the simplest form

to adopt is the effective-range approximation:
M= (A - ), (49)

where ¢;(z;) is analytic, having only the right-hand
cut in 2; on which Im¢; =mp;. In (49), A¥ is a



polynomial in which there occur the constants
which parametrize the two-body elastic scattering
amplitudes.

It would appear, on inspection of Eqs. (41)-(43),
that the H;;’s are as follows:

Hpp=Dp+6(= 2,)L4,,
Hyg=D5+ 0lm — 1) - 2) U5 — 6(= 2)R 5,

ete.

A minor problem, which has not yet been made
apparent, causes H;; to be modified. The inte-
grals £,; and &,; do not converge in their present
form. The cure is readily found by reconsidering
Eq. (36) and the role of G;, introduced there. It
is clear that G; serves as a subtraction constant
insofar as the variable s; is concerned, with sub-
traction point at s;=«, This procedure fails if
the integral over z; is not convergent. The remedy
then is to choose the subtraction point in the finite
plane at s;=s;,, such that

G;= (Gi)si=s,0. : (50)
Then (36) is replaced by

G, -G, =21"S10 _ o dzy
o T threshold 4 (21 =5 (2; =5 )
Xl—disciG,. (51)

2%

A convenient choice to make is in fact s;,
=threshold;. All of Sec. III goes through, down
to Eqgs. (41)-(43), with the replacement

dz; f dz;
b~ (s; - — ;..
2;-5; if (S‘ Sio) (z‘_s‘)(zi_s‘o)éll
‘ (52)
This amounts to the formal replacement
D, (s 42) = Dyy(s125) = Dyyls 402y, (53)

and similarly for Uy, £, and & ;;, wherever
these functions occur in (41)-(43). The factor
H,; in (48) can now be identified, observing in-
junction (53). Because it is an integration in the
variable 2z; with z; fixed, factors in it which de-
pend only on s and 2; may be extracted. With the
use of Egs. (30)-(35), together with (52), H
takes the form .

Hj(ss,2) =[L;(55,2;) = I;;(ss152)] Z,(s2,)  (54)
in which ' '

Z\(s2,) =M /[647% (P, +1)(P, o+ 1)],

Z,(s2,) =M /[647% (P, + 1) Py, + 1)], (55)

Zy(s2,) =M /[3203(P,+1)].

The remaining quantity I;; contains the basic
residual integrals, of two types, with certain
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rather lengthy kinematical factors:
Ly={1+ P+ Py + [Vs1Pyo(s,) +V2, Pyy = M)/ WA,
+(Vs,[Pys ) +VPaO(s D1+ (W +MY(P,y + Py
+V2,{[Vs, Po(s,)+ V2, Ppy— M]/W

= 2P, Pyo - 1}) rlz ’ (56)
113:(1+P0)A13+\/‘—9-1[P10(81)+P00(sl)v]r‘13’ (57
L= (1/2M)[1 +Py(s,) + Pyo+ Pgaolag, s (58)

L, L, and I, are obtained from I,,; I;;, and I,,,
respectively, with the substitution of subscripts
1+ 2 and a-~b. The basic integrals themselves
are the factors A;; and I'y; in (56)-(58). These are
identified in Appendix B where the details of their
explicit evaluation do not interfere with the flow
of the text. A distressing feature of these results
should be noted here, however. It turns out (see
Appendix B) that I'y; is an elliptic integral of the
third kind. Its appearance, which will considera-
bly complicate the numerical treatment of the
integral equations, may be traced directly to the
\/;i factors which occur inevitably due to the
unequal-mass kinematics.

In the equal-mass case, it has been found”*® that
the D;; parts of the kernels are equal to, or re-
lated to, partial wave projections (in the three-
body system) of one-particle-exchange (OPE)
graphs, in which the common particle is exchanged
between the two isobar pairs having invariant
masses \f.;, and G,. In the present case, it is
clear that such projections will lead, as usual, to
logarithmic functions and not to elliptic integrals.
The reason for the discrepancy lies precisely in
the factors */;, and \/Ej. The OPE partial waves
necessarily have singularities at s;=0 and 2;=0
associated with these factors; however, the
treatment which follows from (36) and (51) pro-
vides for isobar amplitudes having only the normal
threshold branch points. It is shown in Appendix
C that the physical region discontinuities of the
D;; kernels are related to the corresponding dis-
continuities of the OPE partial waves. -This
correspondence suggests an approximation to the
Dy part of the elliptic integral I';; (denoted by
FD” in Appendix B) which may be useful in prac-
tical applications: One simply replaces the factor

Z; inside the integral by VE; outside. This ma-
neuver preserves the physical region discontinuity
but replaces G;FD” by the logarithmic function
AY identified in Appendix B, the latter involving
just the form of logarithm which arises in the
corresponding OPE partial wave.

It has also been found,”*® in the equal-mass case,
that the remaining parts of the kernels, analogous
to the pieces identified here as Uy, £;;, and R ;,
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are related to certain internal mass discontinuities

of the triangle graph in perturbation theory. In
the present case, the substitution Vz;~ Vs;
throughout (i.e., T';;~ A;;/Vs;) enables the inte-
grals U;;, £;;, and ®,; to be evaluated in terms
of elementary functions which are just those oc- .
curring in the analysis!® of the unequal-mass tri-
angle graph. These integrals are also identified
in Appendix B. '

It is clear that the simplifying substitution, pro-
posed above, will alter the analytic structure of
the isobar amplitudes constructed according to
(36) and (51); in particular, singularities at s;=0
will be introduced. It is unlikely that this will be
a serious liability as far as results in the physical
region are concerned. In any case, elimination
of the elliptic integrals by some such simplifying
step would seem to be necessary in any practical
application of the formalism. \

In Ref. 11 a further unitarity constraint was
cited, namely, that associated with the two-body
discontinuity in the total energy variable s. This
takes the following form when applied to the G;
amplitudes (isospin suppressed):

discsG; = 2mipG, M _ (59)
a result which follows directly from Eqs. (B4) of
Ref. 11. ' In (59) # - denotes the 3* p-wave KN

— KN amplitude (isospin T), a function of s, con-
tinued to s — 0. The phase-space factor is

p=Mp/16m°W , (60)

where p refers to the nucleon momentum in the
KN s channel.

A convenient multiplicative procedure!® may be
used to incorporate the two-body cut ins. A
product form for G,(ss;) is adopted:

G‘:G_gFi, (61)

where G;(s) contains the s cut of Eq. (59) and F;
remains to be determined. It follows from (59)
that

disc,G; = 2mipG M- . (62)
Because G; depends only on s it is suitable to
satisfy (62) by

Gi(s)=c i), (63)
in which c¢; is an unknown constant; clearly (63)
is consistent with the unitarity relation for i7:

disc M =2nipiiiL- . (64)

It is, of course, not surprising that (—;‘ should
contain an unknown constant factor in view of the
role of G; as a sort of subtraction constant in
Eq. (51). Equations (61) and (63) may now be

combined, absorbing the unknown c; into F; to

-write

Gy=M(s)f;. : (65)

The functions f; must be determined such that the
integral equations (45)—-(47) are satisfied. In order
to satisfy (64) a simple effective range form may
be used for A, similar to (49) but with p-wave
threshold behavior.

The foregoing construction may be folded into
Eqs. (45)—-(47) for the determination of the re-

. sidual isobar functions fii(s;) (reinstating isobar

variables but suppressing total energy s and iso-
spin T); the integral equations are

il(sl)=c§1+}; fdzszgtz(slzz)fQZ(zz)
2
+ZS:fdst§%‘3(Slzs)f§3(Za), ) (66).
f;2(32)=c§2+‘Efdlez‘g‘l(szzl)f{I(zl)
1
+Z': f dz, K33'3(s,2,)f 83 (2,) , (67)
3
f;3($3)=c;s+zti fdzIK;q‘l(sazl)f{I(zl)
1

+ 3 [ ankigne,2)rt). (68)
- ,

This system of linear equations may be expressed
in a generalized matrix form as

f=c+Kf, ' (69)

in which the matrix structure spans the three
isobar channels as well as the isobar isospin and
subenergy within each channel. The solution to
(66)~(68) can be indicated in those terms as

f=(1-K)c=c+K(1-K)c;
that is,

K adj(1 - K)

fEer et <K) (70)

Result (70) is rather schematic. ' It can be put into
standard Fredholm form, and it can be applied
directly to a numerical procedure over a selected
grid of discrete subenergy points. Such quad-
rature methods have been employed for the less
complex 37 problem.!?

The problem of providing a unitary analytic
description for the production amplitude has been
addressed. The situation considered includes the
complications of isospin and spin, and is restricted
to s-wave systems in the three-body state, al-.
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though the removal of this restriction is straight-
forward. Unitarity is satisfied in each of the
isobar subenergy variables, and two-body unitar-
ity is satisfied in the total energy as well. The
steps leading to the formal solution of the problem
can be outlined as follows:

expansion into isobars, Eqs. (13) and (27)-(29) of
Ref. 11;

identification of isobar factors, Eqs. (2), and their
subenergy discontinuities (A1)-(A3);

identification of kinematic factors, Eqgs. (24)-(26);
expression of analyticity in terms of dispersion .
relations, Eqs. (36) and (51);

Pasquier inversion of the double integrations, Sec.
IIT, leading to the single-variable integral equa-
tions (45)-(47);

incorporation of the two-body cut ins, Eq. (65);
formal solution (70) to the final linear equations
(66)-(68).

The parametrization of the solution includes two
collections of constants, those which parametrize
the relevant two-body problems [as in (49)], and
the ¢’s which appear in (63) and in the final so-
lution (70). Only the formal development of the
problem has been treated in this paper. The

—J

practical application of this work to phenomenology
will be taken up in the near future.
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APPENDIX A: THE GENERAL DISCONTINUITY FORMULAS

An important error has been spotted in Ref. 11,
It occurs at the point of insertion of the isobar
expansion into the discontinuity relation [Eq. (30)
of that paper]. A phase factor has been overlooked
in the matchup of angular coordinates necessary
to unravel certain of the recoupling terms. In
Eq. (30) the factor e'™ " should accompany the
isobar amplitude {m,i|MJ%2[A). The net effect
of this correction is that in all the results of Ref.
11, Sec. IV and Sec. V, the phase factor e~!"™
should be replaced by e"*™™~")  The correction
propagates into the formulas of Appendix B, Eqgs.
(B5)-(BT7), the corrected version of which is as
follows:

P,
disclmc“”f"hzmmf dcoss;{ 2 Ir S, (919:)d %y (Xa+ Xs)

J2MKy

e P
— e (= l)ulzfj{jz ‘(»9 Sz)dnl-Kg( +Xb)]e—m(l<z 1/2)(Mi£’5mJ 1§Kz)c

+Z JIH(‘% 3)dr<1 1/2-£(Xa)
TE

- Py P,
+"1P(‘ 1)J 1/zf{£1§ (3183)dl{1--1/2+€(x“)](MlmJ lg)c}’ (A1)

disc,d ? Brae™ika1/D = 2mip, f dcossz{z [f iz;él
) lﬂ'K

(stx)dulkz (x +Xb)

- j T P.m
+NpNy (= 1)-’+J1f,;'zf_lk 1(3231)(1.«1'(2 (Xa+Xb)](MJ1mJ L “1)e

+2:4 ’z‘*(szs )Y )5-e, 1 Xs)
]

—np(=1)771/2 ’2"(82 3)d-1/z+¢,K2(Xb)](M fan, 7 ’%}, (A2)

disCst"tﬁzzni%f dcoss3{_z [f 511+(8 Ss)dxl,l/z (X2

JimKy

s m P,
+npng (= DT RN (9,957 172 (X (M7 o’ JIKI)C}

+ Z [fJ tr (3283)d1/2-{,nz(xb) 77p771r( 1)“’2](]2H (sta)dl/z-e,-nz(xb)]

121TK2

x e-ﬂr(Kz-l/Z) (Mfgm'fpfgka )C} (A3)
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Equation (B8) of Ref. 11 should be altered to read
2" (997) = 2N, Nylel', (9) € 9") = e (9) el (9],

KK’

All the other notation of Ref. 11 remains intact.
The discontinuity relations have been expressed

above in terms of the isobar factors defined in

Eq. (2). For the application to the isobar system

described in the text, Eqs. (A1)-(A3) lead directly

to Egs. (3)-(5), the corrected version of Eqs.

(85)—(87) of Ref. 11.

APPENDIX B: THE KERNEL INTEGRALS

Equations (56)—-(58) contain the basic integrals
involved in the explicit determination of the ker-
nels. As one can see by relating Eqs. (41)-(43)
to the assembled results of Eqs. (45)-(47), (48),
and (54), the 4;; integrals are

A, =AD12+ 9(—-22)AL12,
B=8y +6(m= pf =20y - 6(-2)Ay ,
8,=8y, +6(-2)4, ,
A23=AD23+ 0(—z3)AR23,
A= A031 +O0((M = u)? -~ 21)AU31 - 9(-—z1)AL31,‘
B =8y +O(M=m)* - 2,)A,  ~ 8(-2,)8,
To define the right-hand sides in (B1), let
K =[(WHm)? =z, F2[(W—m) -z, ]/2,
K =[(W+ p)? =z, 2[(W = nf - 2,2, - (B2)
Ky =[(W+M)? =z, ' 2[(W = M) = z,]t/2,

taking the positive branch of these and all other
roots when z, is in the decay region. Then, de-
fine
dzi
A Lz.)= —_— N
c""(s‘rZ]) —fc;] (z;=s)K; ’ B3
where C;; refers to each of the contours shown in

Fig. 13 and referred to in (B1). The I';; integrals
are specified similarly to (B1), with .

N dz;
To,(8:2)) _J'C’_j (2= s Kz,

(B4)

Function (B4) is an elliptic integral of the third
kind. To identify it as such!? it suffices to consid-
er only the case of the contour D,;:

2
Ty, (s:2,)=~ 2T ((e1,,Y,,y,)

- H(¢;j’Y1,y1)]
in which

sing?, = vzt /(W - m),
y.=(W=m)/(W+m),
Y =—(W=-m)/s,;

T'p,;(s,2;) is similar, with 1 -2 and m - u. The
notation z;j and z;; refers to the greater and less-
er values of z; at the end points of the contour D,
for fixed z;.

Function (B3) is of greater practical significance
and should be itemized in full detail. To begin,
Egs. (B1) should be rewritten in terms of more
convenient notation.'®* For A, 4,,, and A,;:

A =A% +6(-2,) (AR +A8)); (B5)
for A,;, A, and A,;:

A=A +6(55,- 2, )AF + 0(-z )AL, (B6) -
in which §;, refers to the pseudlothreshold points
510= (M = p)?, 5,0=(M-m)?, and §,,=(m — 2. It

_can then be shown'® that

1 Ei; = Ki(s)K;(z;)

Al)Ns.z.)=
ij (SIZJ). Ki Si) lnEij+Ki(si)Kj(Zj) ) (B7)
1 E —Ki(si)l(z;)|
AR s.z,)= i LA SLS A
i0(S42,) K,.(s,.)1nE;j+Ki(si)Ilj(zj)l » (B8)
Af(s,2;)=~z(Af + A%
1 E;+K;(s;)
+ In —+——124 B9
CO2Ky(sy)  E;-Ks)) (B9)

in whichE, =s+m®-s,, E,=s+ u*-s,, and E,=s
+M? - s,. The quantities I, are given by

l]_ = [Zl - (M+ “)2]1/2[31- (M-_‘“)Z]I/Z’
L=z, = M+mP1%[z, - (M = m)2]/2, (B10)
1,=[zy= (m+ pPl/2[z,— (m - pp]/?

in the decay region, and have been continued for
use in (B8). The functions E;;(s;z;) and E{ (s, z;)
are as follows:

E,==s%+s(s, +2, +m? + y?)
+(sy = m?) (2, = B?) = 25 M7,
Ei3=Ey, (withz,—~25, M~p),
12 (Withs, —~s,, z,~2z,, m—pu), (Bll)

E, =E
Eys=E, (withz, -z, M—m),

E, =E,, (Withs,—~s,, 2,~2,, M~—m),
E,,=E

s (With z, -z, m — ),

and
E[,=E,; (with s —m?, M~ ),
" By =E,, (withs—p?, M—m), (B12)
E{;=E,; (With s ~M? m -~ p).

APPENDIX C: THE OPE PROJECTIONS
AND THE A1) 'KERNELS

The integrals A} and T';; of Appendix B develop
an imaginary part in those regions of the Kinematic



(a)
M === \/5'2(!)
(b) /m
VZ, lm)mmmmmn W
M =mmemmm === smmmmnas Ve, ()
(c) H
‘/Z_ (”) ............... M

FIG. 14. One-particle-exchange processes.

5

(s;,2;) plot (analogous to Fig. 3) which correspond
to possible physical processes. In the physical
region, call it D, for the three-body production
process one finds

ImA ’=n/K, and ImT'; =1/K;Vs,

for s;,z;€®. Thus in O, Egs. (56)-(58) imply
that

Iml, =1A/K,,
Iml,, =1B/K,,
Iml,, =nC/K,,
where A, B, and C are obtained from the lengthy
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kinematical factors in (56)~(58); for example,
B=1+Py(2;) +Pyy(s,) + Ppyls,).

Consider now the ;Feynma:n graphs for the pos-
sible OPE processes between s-wave isobars,
shown in Fig. 14. The isobars are denoted by:
N=(nN), $=(KN), and m =(Km). Because these
are s-wave pairs their coupling vertices are sim-
ply NIN7, 8NK, and m*Kn. As shown in the figure

" the isobar legs have masses +5; and vz;. The J 7

=4* projections of these graphs can be computed,
following the technique for partial-wave analysis
of Gell-Mann et al.*® If these projections are
called II;;, the results (omitting common kine-
matic factors) are

(@) M,==sM[(s,z,) ! 2PAAD /K, +5(M+W + 5, +Vz, ),
(b) Myy=-sMVS,BAYL/K,~ 3%,
(c) H31 ="'SM‘/Z_1CA3(P/K1" %:

éorrespond'mg to Figs. 14(a)-14(c). It follows

that the imaginary part of II;; in ® is proportional
to that of the kernel I;;.

Further, if the substitution I';; - 4A,,/+5; is made,
then only A;; occurs in I;;; one finds from Eqs.
(56)—-(58) that

I,~AA
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I,; - BA,;,
I, - CA,,.

Thus the A{}’ part of I,; is very simply related to
the corresponding II, ,, so that, for those parts

of the kernels which cover the physical region

D, a physical interpretation in terms of one-par--
ticle-exchange has been established.
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