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� Introduction

A complete treatment is given here of the problem of constructing IG eigenstates of the

K �K� systems� This note relies on the results of a previous note by the author	�
� The

reader is referred to this work for a thorough discussion of the I� G and C operators acting

on elementary particles� quarks and the composite systems� It may be worth emphasizing

that the I and C operators do not commute� and so the wave functions for anti�particles

with non�zero hypercharges� such as those of K�s and K�� should be de�ned with care�

Section � is devoted to the classi�cation of all the possible IG eigenstates for 
K �K���

and 
K �K��� resulting from an interchange of the K with a �K� One may �nd the complete

decay amplitudes for 
K �K��� in Sections � and �� and those for 
K �K��� in Section �� A

comment on notation is in order� the wave functions and the corresponding parameters�

whenever necessary� are speci�ed with superscripts � for the G�parity and with subscripts

� or � for the isotopic spin I�

An important conclusion of this note is that K�K
S
�� and K�K

S
�� are fundamentally

di�erent and that the two data sets cannot be combined in general� One notable exception

is the �pp annihilation at rest leading to the �nal states K�K
S
��� The decay amplitudes for

this process as well as that in �ight are dealt with in Section �� Conclusions are given in

Section ��

Although the �nal state 
K �K�� can come in I � �� I � � or I � �� this note deals

mainly with I � � or I � � only� but it should be borne in mind that the I � � states�

however small in magnitude�may nevertheless play a signi�cant role through interference

e�ects� In the Appendix� the states �a�
���� are expanded in all possible eigenstates of

I� and it is shown that the states ��a�� 
���� and ��a�� 
���� do have di�erent interference

e�ects between I�even and I�odd states� It is demonstrated� �nally� that the states of two

charged pions� i�e� ���� and ����� are indistinguishable�as expected�

Finally� a comment on the symbols is in order� I�� G � C � J� and P are used to indicate

the operators for the isospin squared� the G�parity� the C�parity� total spin squared and the

parity� with the corresponding eigenvalues denoted by I
I � ��� G 
mostly written as g�� C�

J
J � �� and P �

�



� Classi�cation of K �K� systems

Consider production of a non�strange meson state X in

��p� X�p

��p� X�n

��

which then decay into

X� � 
K �K���

X� � 
K �K���

��

The purpose of this note is to give a complete list of all possible decay modes and exhibit

the interplay of I� C� and G�parities for each distinct �nal state�

For ease of reference� the actions of C and G operators	�
 are collectively given here� For

��s� one has
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For K�s� one has
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where C � � � and G � � 
���I�

One assumes that the state X is in an eigenstate of IG JPC� If these quantum numbers

are conserved in the decay� then the �nal state K �K� must also be in the same eigenstate� In

terms of the orbital angular momentum � for the K �K system� one �nds readily the results

given in Tables � and ��

�



Table �� Possible Decay Modes with a K�

I G C X Decay Mode � �

��� � ��� X� K�K
S
�� even

��� � ��� X� K�K
S
�� odd

��� ��� � X� K�K��� even

��� ��� � X� K�K��� odd

� ��� ��� X� K�K��� even

� ��� ��� X� K�K��� odd

� Orbital angular momentum for the K �K system

The decay modes are listed with K
S
instead of K� or �K�� as a neutral K is detected mainly

through its decay K
S
� ����� An exotic X can come with I � �� but it is not considered

in this note� It is worth noting that neither the G nor the C is de�nite for the �nal state

K�K���� since the K�K� isospin is not known 
it can be either � or ���

Table �� Possible Decay Modes with no K�

I G C X Decay Mode � �

��� ��� � X� K
S
K

S
�� even

� ��� ��� X� K
S
K

S
�� even

��� � ��� X� K
S
K��� even

��� � ��� X� K
S
K��� odd

� � � X� K
S
K��� even

� � � X� K
S
K��� odd

� Orbital angular momentum for the K �K system

It should be understood that the quantum number � applies even when the isobars do not

involve the K �K systems� For example� if the decay amplitude containing an isobar K� or a

�K� is even 
odd� under the interchange of K and �K� then one should have ��even 
odd��

When one searches for an exotic meson� it is critical that one determines unambiguously

�



its C�parity 
along with its JP �� In this regard� there are four decay modes at our disposal

X� � K�K���

� K
S
K

S
��

X� � K
S
K

S
��

� K
S
K���


��

Note� however� that the decay modes involving two K
S
�s su�er a visibility factor of ��� and

that it must necessarily have ��even�

� K� Isobar in the decay of X�

In this section� a treatment is given of a state X� decaying into a K �K� system via K�

intermediate states�

Once again� one uses a convention in which ordering of particles signi�es di�erent mo�

menta� so that one must keep track of it with care� A K� decays into a �K� For K��s with

positive strangeness� one has
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and for negative strangeness
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It is seen that the C and G operators act on K��s in the following way�
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and

G
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A state X� decaying into a K �K� system via K� intermediate states can be represented by

an amplitude

A
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r
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where g � �� is the G�parity eigenvalue for the K �K� system and the subscripts � signify

the K� isobars� It is easy to see that� as expected�

G A
K�� � g A
K�� 
���

using 
�� and 
����

It should be noted that the amplitude A does not possess symmetry under the inter�

change of a K with a �K� since neither ��K� nor ��K� can form a K�� Therefore� one

cannot apply�indiscriminately�the classi�cation scheme of the previous section for the

K �K� system in which the �nal states are divided into those with either ��even or with

��odd� An examination of 
��� shows that the decay channel K
S
K��� can be either ��even

or ��odd depending on whether g � �� or g � ���

� Complete Decay Amplitudes for X�

In order to write down a complete decay amplitude� one has �rst to specify the G�parity

for X�� Denoting the eigenvalue via a superscript� one �nds� for the complete amplitude� a

A � A� �A� 
���

a The state X� could in principle be in the I � � state� but this possibility is ignored in this note� It is
assumed that X� is an I � � state�
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where

A� � x�� A
�
K�� � y�� A
a�

A� � x�� A
�
K�� � y�� A
f�


���

where A�
K�� is the amplitude given in the previous section for g � ��� and x�� and y�� are

arbitrary complex constants in general 
 the subscripts refer to I�� The arguments a�s refer

to a�
����� a�
����� and other IG � �� objects� and f �s stand for either f�
����� f�
�����

or other IG � �� states�b The corresponding amplitudes for X� are given by

A
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r
�
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�
��a� � ��a�

�

���

The a�s have the following expansion�
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Note that these amplitudes have the correct G�parity� i�e�

G a� � �a�� G a� � �a�� G a� � �a� 
���

The C operator acts on a in exactly the same way as on �� see 
��� Substituting 
��� into


���� one �nds for the amplitude

A
a� �
�

�

�
��
K�K��a � ��
K�K��a

�
� �

�
p
�

�
��
K�K��a � ��
K� �K��a � ��
 �K�K��a � ��
K�K��a

� 
���

where the subscripts a have been added to indicate that the isovector isobars a are being

treated� As expected� one �nds

G A
a� � �A
a� 
���

b Only even spins for the isobars a and f are treated here� The states ������	 and ����
��	 have very little
decay modes into K �K � The ������	 should be handled separately as if it were a stable particle because
of its narrow width� The ����
��	 is omitted from the list of potential K �K isobars� because of its high
spin and its high mass�

�



for a decay of X� into � � a�

By applying the same technique� one �rst writes down the wave function for f in an

eigenstate of positive G�parity

f �
�

�

�
K�K� �K� �K� � �K�K� �K�K�

�

���

so that Gf � �f and Cf � �f � One then �nds

A
f� �
�

�

�
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K�K��f � ��
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 �K�K��f � ��
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�
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which obeys

G A
f� � �A
f� 
���

as required for a decay of X� into �� � f �

One is now ready to examine the complete decay amplitudes for all the decay modes of

X� � 
K �K���� For example� the appropriate amplitude for the �nal state ��K
S
K� should

read
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where the subscripts at the square bracket indicate isotopic spin� For the �nal state ��K�K��

one has
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where the superscript at the square bracket indicates the G�parity� 	Note that the �nal state


��K���K� is not an eigenstate of G�parity�
 In table � are listed several sample decay

modes corresponding to the parameters x�� and y�� �

�



Table �� Possible Decay Modes for X� � 
K �K���

IG JPC X� Decay Mode L of decay a coe�s�

�� ��� �
����� K�
���� �K P �wave x��

�� ��� ��
����� K�
���� �K P �wave x��

�� ��� ��
����� a�
������ b D�wave y��

�� ��� ��
����� f�
������ D�wave y��

a Orbital angular momentum between the isobar and

the bachelor particle

b Hypothetical decay mode

Finally� one �nds� for the �nal state ��K
S
K

S
�
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The �nal state 
��K
S
��KS

requires a comment� Since there are two identical particles K
S
�

the orbital angular momentum � between them has to be even always� But the state K
S
K

S

is a superposition of I � � and I � �� so that the state 
��K
S
��KS

is in turn a superposition

of two G�parity eigenstates�

The above formulas show that one can combine the data samples� ��K
S
K�� ��K�K�

and ��K
S
K

S
at the stage of the partial�wave analysis� One has to be scrupulous about

keeping track of the Clebsch�Gordan coe�cients� as well as the visibility factor of ��� for

K
S
� ����� In addition� one must remember that the experimental acceptances are di�er�

ent for each data sample� The partial waves are to be classi�ed according to JP and G � �C

I � � in this case�� and for each wave one must determine the parameters x�� and y�� �

�



� Complete Decay Amplitudes for X�

Much of the work on the neutral K �K� system has been given in a previous note	�
� Here

one has reproduced some of the work� with emphasis on writing down the complete decay

amplitudes for a neutral K �K� system� c

One treats �rst the problem of introducing the K� isobars� From 
��� of the previous

note	�
� one sees that an amplitude for X� in a given eigenstate of I 
I is equal to � or ���

is given by

A
g

I
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where g is the eigenvalue of the G�parity for the neutral K �K� system� i�e�
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c The state X� is in general an admixture of I � �� I � � and I � � eigenstates� but the I � � state is
ignored in this note�
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Note that the two wave functions above have been classi�ed according to their G�parity eigen�

values given by g or to their C�parity eigenvalues given by g
��I � It should be emphasized

that 
��� is di�erent from 
��� of the previous note	�
� which explored the consequence of

interchanging K and �K� the resulting wave function there breaks up into two parts� the one

an eigenstate of G and the other of C� whereas 
��� is is constructed to be in an eigenstate

of G only�

One may introduce next the isobars a and f � so that the complete amplitude may now

be written

A � A�
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� �A�� �A�� 
���
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where the superscripts � once again speci�es g � �� and the subscripts � or � stand for

I� Note that an isoscalar X� cannot couple to �� � f � so that one must set y�� � �� The

amplitudes with a and f isobars are
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and
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One sees that CA�
a� � �A�
a�� CA�
a� � �A�
a� and CA�
f� � �A�
f��
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Consider� as an example� a sample of ��K�K� events� The appropriate amplitude is
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where the subscripts at the square brackets indicate isotopic spin� Sample decay modes for

the isovector states are already given in Table �� those for the isoscalar states are listed in

Table ��

Table �� Possible Decay Modes for X� � 
K �K���

IG JPC X� Decay Mode L of decay a coe�s�

�� ��� f�
����� K�
���� �K S�D�wave x��

�� ��� �
����� K�
���� �K P �wave x��

�� ��� �
����� a�
����� S�wave y��

a Orbital angular momentum between the isobar and

the bachelor particle

One sees that the �rst and the second lines above have been grouped together corresponding

to the C�parity eigenstates� If theK �K intermediate states happen to be a�
���� and f�
�����

then the last two terms� both of which have a positive C�parity� assume the same form and

hence could not be distinguished�

��



Consider next the amplitude corresponding to ��K
S
K�� The complete amplitude is
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or� equivalently�
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The �nal states ��K
S
K� and ��K

S
K� are fundamentally di�erent� if the initial state

consists of an arbitrary admixture of IG and C eigenstates� One must bear in mind� therefore�

that even the cross sections for the two �nal states could be di�erent� An examination of

both 
��� and 
��� shows that the two data sets� ��K
S
K� and ��K

S
K�� could be combined

at the analysis stage� if the �nal states consist entirely of I � � or I � � but not both� d

But one should be careful to combine them according to their strangeness� in a Dalitz plot

analysis� one must match the variables M�
��K�� with M�
��K
S
� and M�
��K

S
� with

M�
��K���

d It turns out that a short discussion on this topic in Ref� � did not properly spell out the necessary
assumptions� The new note with this correction is now called Version III�

��



Note that 
��� and 
��� di�er only in the sign of the second line� but this leads to a

profound change in the interpretation of the two data sets� More speci�cally� the signs of

x�� � x
�
� and y�� have changed from 
��� to 
����note that all these coe�cients correspond

to the C � �� eigenstates� while the coe�cients x�� � x
�
� and y�� � which does not change sign�

all belong to C � �� eigenstates� Once again� the two data sets� ��K
S
K� and ��K

S
K��

could be combined for analysis� if it consisted entirely of C � �� or C � �� states but not

both� or� if the two C eigenstates do not interfere� as given in an example in the next section�

It should be emphasized that the two data sets are to be combined in accordance with the

C conjugation� in a Dalitz plot analysis� one must therefore match the variables M�
��K��

with M�
��K�� and M�
��K
S
� with M�
��K

S
��

Finally� the amplitude for the all�neutral channel ��K
S
K

S
is given by

A ��
r

�

�

n
x��
�

��K

S
��KS

��
�
� x��

�

��K

S
��KS

��
�

o

�
r

�

�
y��
�
��
K

S
K

S
�a
�
�
� y��

�
��
K

S
K

S
�f
�
�


���

The �nal state 
��K
S
��KS

needs to be treated with care� The orbital angular momentum

between the two K
S
�s must be even� so that the state 
��K

S
��KS

is in an eigenstate of

C � ��� But the system is a superposition of I � � and I � � states� resulting in two

di�erent eigenstates of G�parity� Once again� one gains extra information by combining�

at the analysis stage� the events of the type ��K�K� with those of the type ��K
S
K�

or ��K
S
K

S
� but then one must keep careful track of the coe�cients� It is noted that the

visibility factor of ��� for each K
S
� ���� is not included in the above formulas�

One of the most important result of this note is that one can in fact determine I of the

neutral K �K� system� if one performs a combined analysis of the data of the type ��K�K��

��K
S
K�� ��K

S
K� and ��K

S
K

S
� For each partial wave with a given set of IG JPC� there

are in general seven parameters to be determined� i�e� x�I and y�I for I � � and I � � 
note

that y�� � ���

��



� �pp Annihilation into ��K
S
K�

The �pp Annihilation processes at rest and in �ight into ��K
S
K� are treated in this

section�

Assume that the annihilation at rest takes place in the S wave only� Then the initial

states consists of �S� 
JPC � ���� and �S� 
JPC � ����� and they do not interfere� i�e� the

states with C � �� and C � �� add incoherently� In Table � are listed possible decay

modes for this process�

Table �� Possible Decay Modes for �pp� ��K
S
K�

IG JPC �pp Decay Mode L of decay � coe�s�

�� ��� �
����� K�
���� �K P �wave x��

�� ��� �
����� K�
���� �K P �wave x��

�� ��� �
����� a�
����� S�wave y��

�� ��� �
����� K�
���� �K P �wave x��

�� ��� �
����� K�
���� �K P �wave x��

�� ��� �
����� a�
������ D�wave y��

� Orbital angular momentum between the isobar and

the bachelor particle

Denoting the C eigenstates by superscripts 
�� in A� one �nds that the amplitudes

corresponding to ��K
S
K� are� from 
����

���A �

r
�

�
x��
�

��K���KS

� 
��K
S
��K

�
�
�

�
r

�

�
x��
�

��K���KS
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��K
S
��K
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�
�

�

r
�

�
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�
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S
�a � ��
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S
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and

���A � �
r

�

�
x��
�

��K���KS

� 
��K
S
��K

�
�
�

�

r
�

�
x��
�

��K���KS
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��K
S
��K

�
�
�

�
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�



y��
�
��
K�K

S
�a � ��
K

S
K��a

�
�


���

The di�erential cross section is proportional to

d�

dM�
�� dM

�
��

� j ���A j � � j ���A j � 
���

where the e�ective masses M�
�� and M�

�� are the Dalitz�plot variables� Similarly� the ampli�

tudes for ��K
S
K� are given by� from 
����

���A �

r
�

�
x��
�

��K���KS
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and
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K�K

S
�a � ��
K

S
K��a

�
�


���

This shows that the absolute value of the C eigenstates for ��K
S
K� and ��K

S
K� are the

same� leading to identical cross sections� One must remember� however� that the two data

sets could be combined in a Dalitz plot analysis� by matching the variables related by the C

conjugation� i�e� M�
��K�� with M�
��K�� and M�
��K
S
� with M�
��K

S
��

In the previous section� it was noted that the �nal states ��K
S
K� and ��K

S
K� are

not the same in general� However� the �pp annihilation process at rest is a special case� if

C�parity is conserved and the two di�erent C eigenstates do not interfere� then the two �nal

��



states become indistinguishable� It is clear that the same conclusion must hold for the �nal

state 
K �K��� 
���� as well� Because of the limited phase space in the �pp annihilation at

rest� the 
���� has a very limited mass range and so it becomes predominantly the vacuum

state IG � �� and JPC � ���� indicating that the results of this section could be applied to

this �nal state without modi�cation�

However� the same argument cannot be applied to the �pp annihilation in �ight� where

the initial state in general can consist of di�erent IG eigenstates� Let S and L be the total

intrinsic spin and the orbital angular momentum of the �pp states in its CM system� Then the

�pp helicity�coupling amplitude F J can be expressed in terms of the LS�coupling amplitudes

GJ
LS �

F J
����

�
X
LS

r
�L � �

�J � �

L� S�jJ��
s��� s����jS��GJ

LS 
���

where �� and �� are nucleon helicities 
� � �� � ���� with the normalization given by

X
����

jF J
����

j� �
X
LS

jGJ
LSj� 
���

It is more appropriate to parameterize the process in terms of the F J �s� as the transition

amplitude depends directly on the helicities of the initial �pp system and di�erent helicity

states do not interfere�

From parity conservation in the process jJMi � �pp� one has

F J
������

� �
J

��JF J

����

���

where �
J
is the intrinsic parity of the �pp system given by 
��L��� Note also that C � 
��L�S�

From 
���� one sees that

F J
�� � � if S � �

and

F J
�� � � if L� S � J � odd

��



As an example� if the �pp annihilations involve all possible JPC states up to J � �� one

�nds that

A�� �
X
JLS

F J
�� � ���
 �S�� � ���
 �P�� � ���
 �D��

� ���
 �S�� � ���
 �D�� � ���
 �P�� � ���
 �F��

A�� �
X
JLS

F J
�� � ���
 �P�� � ���
 �D��

� ���
 �S�� � ���
 �D�� � ���
 �P�� � ���
 �F��


���

where each state given above stands for its amplitude and is given by GJ
LS in 
���� Note

that the state ���
 �P�� does not contribute to a three�pseudoscalar �nal state� It should be

emphasized that each �pp state consists� in addition� of two coherent sums of IG eigenstates for

I � � or I � � 
G is �xed� once I and C are given�� and there should be complex parameters

�x� and�or �y� for each IG fJ�L� Sg depending on the isobars under consideration�

The di�erential cross section is given by

d�

d cos �dM�
�� dM

�
��

� jA��j� � jA��j� 
���

where � speci�es the angle of the beam with respect to the K �K� plane in the overall CM

system� Consider now the case in which the beam direction is integrated over and analysis

is limited to the Dalitz plot� Because of the orthonormality of the D�functions� the states

F J
�� and F J

�� with di�erent J �s break up and do not interfere but the states of di�erent P �s

and C�s remain� One must conclude� therefore� that the �nal states ��K
S
K� and ��K

S
K�

should be di�erent in general�

Finally� one must point out that the �pp states listed in 
��� appear in general with

di�erent coe�cients in A�� and A��� It is best to work out a simple example� to illustrate

this point� Consider the two amplitudes� �S� and �D�� in the JPC � ��� state� Suppressing

the indices J and S� both of which are equal to �� one �nds

p
�F�� �

r
�

�

G� �

p
�G��

p
�F�� �

r
�

�


p
�G� �G��


���

��



whereG� and G� correspond to the amplitudes for �S� and �D�� respectively� This shows that

the state of a given set fJ�L� Sg appears in general with di�erent strengths and signs in A��

and A��� Note how the normalization condition of 
��� is satis�ed by the equations given

above� Each of the GL�s given above can be expanded in terms of the G�parity eigenstates

of 
��� or 
��� depending on the �nal state being considered�

� Conclusions

In this note is given a complete treatment of the problem of decomposing the �nal states


K �K��� and 
K �K��� into IG eigenstates�

It is noted that the two neutral states K� �K
S
�� and K� �K

S
�� 
and� equivalently� those

in which K
S
is replaced by K

L
� do have fundamentally di�erent physics because of the

di�erence in sign of the interference terms between I�even and I�odd terms� If� however�

the 
K �K��� system at a given mass region contains a single resonance with �xed IG JPC�

then it is clear that the �nal states K� �K
S
�� and K� �K

S
�� are identical� and one may

combine the two data sets together by pairing the K� states according to their strangeness�

i�e� K� vs� �K�� One notable exception is the �pp annihilation at rest into 
K �K���� where

there exist two non�interfering C � �� and C � �� eigenstates� Because of this� the �nal

states K� �K
S
�� and K� �K

S
�� are again equivalent� Since one of the two amplitudes could

be obtained by applying a C operator on the other� one should combine the two data sets

together by pairing the K� states according to those related by the C conjugation� i�e�

K�
charged� vs� K�
neutral��

Appendix

It might be instructive to work out an example of a neutral system X� coupling to the

�nal state consisting a ��� and an �a�� Here the symbol �a� is a shorthand notation for� e�g�

a�
���� � K �K�

Assume that X� is produced in reaction 
��� One follows the technique of the preceding

��



sections and display the I eigenstates of the 
� � a� system

A� �

r
�

�

��a� � ��a� � ��a��

A� �

r
�

�

��a� � ��a��

A� �

r
�

�

��a� � ���a� � ��a��


���

The complete amplitude may be written

A � y�� A� � y�� A� � y�� A� 
���

where y�� � y
�
� and y�� are complex parameters �xed by the production process 
��� The

amplitude for each �nal state can now be read o� from the general formula above
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r
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r
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y�� 
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���

where the two subscripts in A specify the charge states of � and a� The amplitudes for a

given I� denoted by 
�a�
I
above� are superpositions of partial waves �� if the state X� itself

is a superposition of many neutral states� It is clear that the amplitudes A��� A�� and A��

are all di�erent in general� and one needs to measure all of them in order to determine the

parameters y�� � y
�
� and y�� �

It is instructive to re�derive 
��� by a di�erent approach� For the purpose� one may resort

to the ket notation and write

j��a�i �
r

�

�
j
�a���i�

r
�

�
j
�a���i�

r
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j
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where the ket states on the right�hand side stand for jIIzi� The transition amplitudes for

reaction 
�� may be written

A�� � h��a� njT j��pi
A�� � h��a� njT j��pi
A�� � h��a� njT j��pi


���

suppressing the nucleon helicities� Similarly� the amplitude for production and decay of a

de�nite isotopic spin with a positive G�parity is

y�
I

�a�

I
� h
�a�I�� njT j��pi 
���

and the decay amplitude of the 
�a� system in jIIzi � jI�i could be written


�a�
I
�
X
� m

c
I

�m�Y m

� 
�� 
���

where c
I

�m� is the coe�cient in an expansion in the spherical harmonics Y m

� 
��� It is clear

that� by substituting 
��� and 
��� into 
���� one obtains the desired result given in 
����

Note that the charges appearing in 
�a�
I
in 
��� are super�uous� For example� all three

expressions 
��a���� 
��a��� and 
��a��� are given by a single equation 
��� with I � ��

Suppose now that a is replaced by another �� Then� from the Bose symmetrization of a

system of two pions	�
� one must have I � ��even� so that ��even for both I � � and I � ��

while ��odd for I � �� Now switch �� and �� in A�� or in A�� � each of the amplitudes


�a�
I
acquire a phase factor 
���� and the term with I � � picks up a negative sign and

those with I � � or I � � do not� so that the amplitude A�� turns into A�� and vice versa�

i�e� the �nal states ���� and ���� are indistinguishable�a familiar result�

��
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