Ecole Polytechnique F�d�rale de LausanneD�partement de Math�matiquesChaire de Recherche Op�rationnelleCH-1015 LausanneAbstract:This paper is concerned with a multi-period inventory problem where the demandand the supplier capacity of a given key resource are discrete random variableswith known probability distribution. The procurement manager has to answer twotypes of questions: how much supplier quantity to reserve for each period (whereall of these reservations have to be made prior to the start of the first period) andhow large an order quatity to use at start of each period. An exact procedure,based on branch and bound and dynamic programming, as well as variousheuristics methods to solve the problem are presented in this paper. Heuristicmethods are shown to perform extremely well in the sense that they provide nearoptimal strategies while requiring much less computational effort than the exactmethod.Exact and approximate algorithmsfor the multi-period procurement problemwhere dedicated supplier capacitycan be reservedDaniel Costa (1)Edward A. Silver (2)(1)D�partement de Math�matiques, Ecole Polytechnique F�d�rale de Lausanne, 1015Lausanne, Switzerland. Email: costa@dma.epfl.ch. Fax: +41 (0)21 693 4250(2)Faculty of Management, University of Calgary, 2500 University Drive NW, Calgary,Alberta, Canada T2N 1N4. Email: silver@acs.ucalgary.ca. Fax: +1 403 282 0095

11.IntroductionIn an earlier study [9] a number of procurement managers in large scale projects in the oil andgas industry were interviewed, including asking them to identify problems of concern. One suchproblem motivated the research leading to this paper. Specifically, we consider a multi-periodsituation where there are two types of uncertainty present with respect to the procurement of akey resource. First, the requirements period by period are only known probabilistically. Second,the supplier capacity in any period is also a random variable with a known probabilitydistribution. In addition, there is the option of reserving some capacity in one or more periods,but paying a premium for such reservations. In contrast with the replenishment quantities, whichcan be selected at the start of each period (when the associated inventory level is known), allcapacity reservations must be finalized well ahead of time (due to the much longer lead timerequired by suppliers for such firm commitments). Motivation and further clarifications aboutthe problem area under study in this paper can be found in [11], the latter prepared more for aproject management audience.The remainder of this paper is organized as follows. In the next section we present themathematical model of the above problem as well as the assumptions and notation underlying it.In section 3, we introduce a branch and bound procedure, based on dynamic programming, tofind an optimal strategy. This approach is well suited for small scale procurement and inventorymanagement problems but can on no account be used for larger scale problems typicallyencountered in practice. We present in section 4 some heuristic methods yielding satisfactory(i.e. reasonable, yet mathematically suboptimal) solutions to complex realistic size problems.Various computational experiments are reported in section 5. Finally some conclusions aredrawn in section 6.2.Model descriptionThe purpose of this section is to lay out a detailed mathematical model corresponding to theprocurement problem mentioned in the introduction.We assume that there exist N planning periods, such as a week or month, and that all reorderintervals are an integer multiple of this base period. Let us consider a particular key resourcewith which two types of uncertainty are associated. Its requirements (Xi) as well as thecapacities (Ci) available from the supplier in period i (i=1, ..., N) are independent discreterandom variables with known probability functions pi(Xi) and gi(Ci) respectively. In most of thestudies reported in the literature (see [4, 8] for instance) the problem is to determine at the startof each period i the order quantity qi which minimizes the expected total cost. As mentioned in

2the introduction we also permit dedicated capacity levels to be fixed prior to the start of period 1by paying a premium to the supplier. This ensures the receipt in each period i of the number ofresource units corresponding to the capacity reserved ri if the capacity Ci available from thesupplier happens to be smaller than ri. The two types of decisions that have to be made in thisproblem are:a)prior to the start of period 1, the sequence (r1, r2, ..., rN) of dedicated capacity levels, andb)at the start of each period i, the replenishment quantity qi(Ii) to order if the inventory level isIi. Clearly, the quantity qi(Ii) has to be ordered before the requirement Xi and the capacity Ciare known.The Xi’s, Ci’s, and ri’s are limited to discrete values, with the set depending upon the period i, asfollows:Xi [ Xi = {x1i, x2i, ..., xnxii}Ci [ Ci = {c1i, c2i, ..., cncii}ri [ Ri = {r1i, r2i, ..., rnrii}We assume that the values in Xi, Ci, and Ri are sorted in increasing order (e.g. xji<xj+1i "j=1,...,nxi-1, etc). Moreover, we have r1i=0 ("i=1,...,N) since reserving capacity in advance is notmandatory.Costs in this model include (they could all be made functions of the period):v:unit acquisition cost of the resourceA:fixed cost associated with an acquisitionB1:fixed cost for any shortage in a periodB2:cost per unit short in a period (B2>v)f(r):monotonic increasing function representing the cost of reserving capacity r. The costof reserving grows with r because it is more and more difficult for the supplier toensure the receipt of a larger and larger number of resource units.h:inventory carrying charge per unit leftover at the end of a period. In period N, h = -swhere s is the salvage value per unit of resource.The goal is to find a strategy (_r*, _q*) = (r*1, r*2, ..., r*N, q*1(I1), _q*2(.), ..., _q*N(.)) minimizing theexpected cost over the N periods considered. We assume that there is no inventory at the start ofperiod 1 (I1=0) and that shortages are not backordered. The B1 and B2 costs are due to

3eliminating the shortages by emergency actions (customary in a project management context).Thus, the period-ending inventory can never go negative. A similar procurement problem for asingle period (N=1), where X1 and C1 are continuous instead of discrete, has been studiedrecently by Jain and Silver [7, 10]. It turned out that the replenishment quantity to request can beselected easily contrary to the reserved capacity. In general, the expected cost as a function ofthe reserved capacity has multiple local minima. However, for the special case of normallydistributed demand, normally distributed capacity and a linear function f, an efficient algorithmhas been developed for finding the best level of reserved capacity.Let COSTi(Ii, qi, ri, Xi, Ci) be the cost in period i as a function of the five quantities Ii, qi, ri, Xi,Ci where the latter two are random variables. The qi values to consider are all the possiblevalues of Xi+ Xi+1 + ... + XN - Ii but no higher than the largest possible value of Ci and ri(0£qi£max(cncii, rnrii)). Because of the discrete nature of the possible ri’s and the increasingnature of the cost function f(r) it makes sense to only consider ri values up to and including thefirst value equal to or greater than qi. Except for the particular case of qi£ri where the inventorymanager automatically receives qi resource units, there are 6 different expressions for COSTi.To make things clearer, indices refering to the period will be dropped when they are notessential. d(x) is a binary function equal to 1 if x>0 and 0 otherwise.If r£q, then

COST(I,q,r,X,C) = ϕ(r)+

A⋅δ(q)+q⋅v + h⋅(I +q − X) if C ≥ r, q ≤ C, X ≤ q + I A⋅δ(q)+q⋅v + B1 + B2 ⋅(X − I − q) if C ≥ r, q ≤ C, X > q + I A⋅δ(C)+C⋅v + h⋅(I +C − X) if C ≥ r, q > C, X ≤ C+ I A⋅δ(C)+C⋅v + B1 + B2 ⋅(X − I − C) if C ≥ r, q > C, X > C+ I A⋅δ(r)+ r⋅v + h⋅(I + r − X) if C < r, X ≤ r + I A⋅δ(r)+ r⋅v + B1 + B2 ⋅(X − I − r) if C < r, X > r + I

whereas, if q£r, we have

COST(I,q,r,X,C) = ϕ(r)+ A⋅δ(q)+ q⋅v + h⋅(I +q − X) if X ≤ q + I

q⋅v + B1 + B2 ⋅(X − I − q) if X > q + I

We give below the expected value (over X and C) of COST(I, q, r) as a function of theinventory level I, the order quantity q and the dedicated capacity r.ECOST(I, q, r) = �X˚ �C˚COST(I, q, r, X, C).p(X).g(C)

4If r£q, thenECOST(I, q, r)= f(r)+ �C‡q˚ �X£I+q˚ [A.d(q)+q.v+h.(I+q-X)].p(X).g(C)+ �C‡q˚ �X>I+q˚ [A.d(q)+q.v+B1+B2.(X-I-q)].p(X).g(C)+�r£C<q˚ �X£I+C˚ [A.d(C)+C.v+h.(I+C-X)].p(X).g(C)+ �r£C<q˚ �X>I+C˚ [A.d(C)+C.v+B1+B2.(X-I-C)].p(X).g(C)+�C<r˚ �X£I+r˚ [A.d(r)+r.v+h.(I+r-X)].p(X).g(C)+ �C<r˚ �X>I+r˚ [A.d(r)+r.v+B1+B2.(X-I-r)].p(X).g(C)=f(r)+ �C<r˚g(C).{A.d(r)+r.v+�X£I+r˚ h.(I+r-X).p(X)+�X>I+r˚ [B1+B2.(X-I-r)].p(X)}+ �r£C<q˚ g(C).{A.d(C)+C.v+�X£I+C˚ h.(I+C-X).p(X)+�X>I+C˚ [B1+B2.(X-I-C)].p(X)}+ �q£C˚ g(C).{A.d(q)+q.v+�X£I+q˚ h.(I+q-X).p(X)+�X>I+q˚ [B1+B2.(X-I-q)].p(X)}whereas, for q£r,ECOST(I, q, r)= f(r)+A.d(q)+q.v+{�X£I+q˚ h.(I+q-X).p(X)+�X>I+q˚ [B1+B2.(X-I-q)].p(X)}Given a sequence _r=(r1, r2, ..., rN ), let f_r,i (Ii) be the expected cost of an optimal (over the q’s)strategy (ri, ri + 1 , ..., rN , q*i(Ii), _q*i+1(.), ..., _q*N(.)) for periods i, i+1, ..., N starting with aninventory Ii in period i. f_r,i (Ii) can be computed recursively as follows:f_r,i (Ii) =minqi (ECOSTi(Ii, qi, ri) + Ef_r,i+1(Ii+1))

whereIi+1 = Ii+1(Ii,qi,ri,Xi,Ci) = max{Ii + min[ max(Ci, ri ), qi ] - Xi, 0}

Ef_r,i+1(Ii+1)=�Xi˚�Ci˚f_r,i+1(Ii+1).pi(Xi).gi(Ci)

f_r,N+1 (IN+1) = 0 " _r, " IN+1 ‡0

5Given a dedicated capacity sequence _r, the above recursive relationship allows us to usedynamic programming to compute f_r,i(Ii) "i, "Ii. When the values f_r,i+1(Ii+1) are known"Ii+1 the complexity of the computation of f_r,i(Ii) is O(max(cncii,ri).nxi.nci). By settingNx=maxi (nxi), Nc=maxi (nci), Nq=maxi (cncii,rnrii) and NI= m a x i |{all possible inventories Ii inperiod i}|, we have that the computation of f_r,1 (I1=0) has complexity O(N.NI.Nq.Nx.Nc). It isimportant to point out that the maximum number of inventories to consider at a period, NI , ishard to evaluate. It depends essentially on the specific data set of the problem and cannot bebounded by a polynomial function of the data size. In spite of this, the cost f_r,1(I1=0) and thedecisions (_q*1(.), _q*2(.), ..., _q*N(.)) can be computed relatively easily for problem sizes equivalentto those encountered in practice. Unfortunately this is not the case for the value:f_r*,1(I1=0) = minr1,r2,˚...˚,rN f_r,1 (0)which is of interest in our problem. Let R = {˚_r=(r1, r2 , ..., rN ) | ri [ Ri "i} be the set of alldedicated capacity sequences. As there are nri possible values of ri, the total number ofcombinations is �i=1N˚nri. This number increases very quickly with N and nri. An exhaustiveenumeration to find the best sequence _r requires an enormous computational effort even for asmall problem. For instance, with N=10 and nri=4 "i there are more than a million possiblecombinations to consider. Thus, in the next section we focus on an implicit enumerationprocedure in an effort to reduce the computational effort.3.An exact procedureAn efficient enumeration procedure needs to be carefully structured so that only a small fractionof R is examined. The branch and bound technique (B&B) provides such a procedure (c.f. [6]for a general introduction).Let us denote by Ri (rj1, rk2, ..., r�i) = {_r[R | r1=rj1, r2=rk2, ..., ri=r�i} the subsets of R which definesubproblems of the original problem in which the quantities to reserve in periods 1to i are fixed.By convention R0=R.Let B* be the expected cost of the best strategy˚ ˚ ˚ _r* found so far and let LBi (rj1, rk2, ..., r�i) be alower bound on the expected cost of the best strategy in Ri (rj1, rk2, ..., r�i). Initially we set _r*=(r11, r12 , ..., r1N), i.e. the ri’s are all set at their lowest levels, and B*= f˚r11, r12,..., r1N, 1 (0). The

6procedure starts with the subproblem RN-1 (r11, r12, ..., r1N-1). Once Ri (rj1, ..., rkh, ..., r�i) has beenreached (i<N), three basic steps can be performed:1)if i=N-1 then we set the incremental counter m to 1 and we examine sequences of the form(rj1, rk2 , ..., r�N-1, rmN) one after the other as long as (m£nrN) and LBN-1(rj1, ..., rkh, ..., r�N-1)<B*.If a sequence (rj1, rk2, ..., r�N-1, rmN) better than the current best one is found (i.e. frj1,..., rkh,..., r�N-1,rmN,1 (0)<B*), then we update B* and _r*. As soon as m=nrN or LBN-1(rj1, ..., rkh, ..., r�N-1)=B*we move backward to Rh (rj1, ..., rk+1h) where h is the largest index£N-1 such that k<nrh.2)if i<N-1 and LBi (rj1, ..., rkh, ..., r�i)‡B*, then there is no hope to find a strategy inRi (rj1, ..., rkh, ..., r�i) that is better than the current best one. As above we move backward toRh (rj1, ..., rk+1h) where h is the largest index£i such that k<nrh.3)if i<N-1 and LBi (rj1, ..., rkh , ..., r�i)<B*, then it is worth examining further the subproblemRi (rj1, ..., rkh, ..., r�i). We move forward to Ri+1 (rj1, ..., rkh, ..., r�i, r1i+1).The procedure stops just before backtracking to the original problem R0=R (in step (1) or (2))after having explored implicitly all possible dedicated capacities _r. A more formal descriptionof the above branch and bound algorithm is given in Table 1.<Insert Table 1 here>3.1Computation of the lower bound LBi (r1, r2, ..., ri)The efficiency of a branch and bound algorithm depends essentially on the quality of the lowerbound computed at each step of the enumeration process. Let us consider the two followingformulations which can be seen as relaxations of the original problem:

P1yi (Ii) =minri,qi (ECOSTi(Ii, qi, ri) + Eyi+1(Ii+1))whereIi+1 = Ii+1(Ii,qi,ri,Xi,Ci) = max{Ii + min[ max(Ci, ri ), qi ] - Xi, 0}Eyi+1(Ii+1)=�Xi˚�Ci˚yi+1(Ii+1).pi(Xi).gi(Ci)yN+1 (IN+1) = 0 " IN+1 ‡0

7P2("j£i)�br1,r2,...,ri,j (Ij) =minqj (ECOSTj(Ij, qj, rj) + E�br1,r2,...,ri,j+1 (Ij+1))whereIj+1 = Ij+1(Ij,qj,rj,Xj,Cj) = max{Ij + min[ max(Cj, rj), qj ] - Xj, 0}E�br1,r2,...,ri,j+1 (Ij+1) = �Xj˚�Cj˚�br1,r2,...,ri,j+1 (Ij+1).pi(Xj).gi(Cj)�br1,r2,...,ri,i +1(Ii+1) = yi+1 (Ii+1) " r1, r2, ..., ri, " Ii ‡0

Problem P1 is based on the assumption that ri can be selected at the same time as qi (i.e. at thestart of period i once the inventory level Ii is known). It follows that yi(Ii)£f_r,i(Ii) "˚ _r, "Ii. Inproblem P2, this assumption is not valid for periods j£i and thus only ri+1, ri+2 , ..., rN can beselected at the start of their corresponding periods. The values yi (Ii) and �br1,r2,...,ri,j (Ij) can becomputed quickly using dynamic programming. We have yj(Ij)£�br1,r2,...,ri,j (Ij)£fr1,r2,...,rN,j(Ij)"j£i, "Ij, "˚ _r= (r1, r2, ..., rN), and in particular � br1,r2,...,ri,1(0)£ fr1,r2,...,rN,1(0)"˚ _r= (r1, r2, ...,rN). Thus a lower bound on the expected cost of the best strategy in Ri(r1, r2, ..., ri) is given by:LBi (r1,r2, ..., ri) = �br1,r2,...,ri,1(0)The efficiency of a branch and bound algorithm is directly related to the quality of the lowerbound considered. LBi (r1 , r2 , ..., ri) will be shown to discard a large number of dedicatedcapacity sequences. Because the bound from P2 is sharper than that from P1, we did not use P1for bounding purposes. However, P1 will be used as part of one of the heuristic procedures insection 4.1.3.2Upper bound on r*iIf we can find an upper bound on some of the r*i’s, this could eliminate a significant portion ofthe |R|= �i=1N˚nri possible patterns of _r and thus substantially reduce the search effort. An upperbound on r*i, the best value of ri, can be found as follows. Assume we are at the start of period iwith zero inventory (i.e. Ii=0) and that capacity can be reserved in period i but not in periodsi+1, i+2, ..., N (i.e. ri+1 = ri + 2 = ... =rN = 0). Under these circumstances, we can use dynamicprogramming to select ri and qj(Ij) "j‡i, "Ij. Moreover, because of the strong restrictions on Iiand on the rj’s (j>i) the value of ri determined in this way is clearly an upper bound on r*i of theoriginal problem. This can be done for each i=N, N-1, ..., 1. Hereafter we will assume that thesets Ri do not contain any value greater than the upper bound on r*i.

8As we saw at the end of the previous section, the total number of sequences _r can get arbitrarilylarge very quickly. If Nr=maxi (nri) denotes the maximum number of r’s in a period then thecomplexity bound of the algorithm is O(NNr.N.NI.Nq.Nx.Nc ) . D u e t o t h i s e x p o n e n t i a l complexity, even the fastest computers and the more sophisticated enumeration algorithmscannot guarantee obtaining an optimal solution to a problem of large size. In the remainder ofthis paper we thus concentrate on heuristics as opposed to exact methods. In practice, it isgenerallly sufficient to look for a good solution, instead of an optimal one, if the latter can onlybe found after an enormous computational effort.4.Heuristic approachesWe present in this section 4 different heuristic methods for finding good strategies to theprocurement problem considered in this paper.4.1An incomplete enumeration methodThe idea of this first heuristic is to substantially restrict the sets Ri of possible dedicatedcapacities in each period i in order to lessen the running time of the branch and bound algorithmwhen applied on the resulting reduced set R- 1 R = {˚ _r = (r1 , r2, ..., rN) | ri [ Ri "i}. To thatpurpose, we solve problem P1 (i=1, I1=0) where each ri can be established at the start of period iand we keep track of all values of ri that are chosen. Let Ri- 1 Ri be the set of these valueschosen in period i. Table 2 provides a description of the resulting incomplete enumeration (IE)method. Clearly, this method yields an optimal strategy if and only if R- contains the optimal _r.<Insert Table 2 here>4.2A constructive algorithmThis second heuristic builds a strategy (˚ _r*, _q*) gradually by considering one period at a time.To establish reasonable values of r1 and q1(I1=0) one possibility consists of looking at a shorterhorizon, e.g. n periods (n<N) where n is a parameter. Then we go through all possible patternsof (r1, r2, ..., rn) in order to establish components r*1 and q*1(I1=0) of the best strategy (r*1, r*2, ...,r*n, q*1(0), _q*2(.), ..., _q*n(.)) obtained. When looking for the best strategy of the form (r1, r2, ..., rn,q 1 (0), _q2(. ) , . . . , _qn(. ) ) , i t i s i m p o r t a n t t o t a k e a c c o u n t o f f u t u r e d i f f i c u l t i e s c a u s e d b y n o t reserving enough capacity in periods 1 through n. Experiments were carried out with a numbero f p o s s i b l e m e t h o d s t o a d e q u a t e l y a n t i c i p a t e s u c h f u t u r e c o s t l y c a p a c i t y s h o r t f a l l s . S u c h methods should be reasonably efficient from a computational standpoint. The best results wereobtained by considering a pseudo-project starting in period n+1 with, as initial inventory In+1,

9the inventory left at the end of period n. The qualifier "pseudo" is used because we assume thatcapacity can be reserved at the start of each of periods n+1, n+2, ..., N (cf problem P1 in section3.1) which, of course, is not the case in the true project context. The cost function used forchoosing the best strategy (r*1, r*2, ..., r*n, q*1(0), _q*2(.), ..., _q*n(.)) is the sum of the expected costover periods 1 through n and the expected cost of the pseudo-project. Another way ofinterpreting what we are doing is that we select r1 and q1 so as to minimize the expected totalcost over periods 1through N assuming that the r’s for periods 1, ..., n must be all selected aheadof time whereas the r’s for periods n+1, ..., N can be selected at the start of their correspondingperiods.In general we can look at just periods i, i+1, ..., i+n-1 and use the above principle to get r*i and_q*i(Ii). But the difficulty is what to assume about the inventory level at the start of period i (i>1).In contrast with I1, which is known, Ii for i>1 is a random variable in that its value dependsupon the random variables C1, C2, ...,Ci-1, X1, X2, ... and Xi-1. One approach is to recursivelycompute a probability function ui(Ii) for all possible inventories Ii. Initially we have:u1(I1)={˚1˚if˚I1=0˚0˚otherwiseAssumingr*i-1, q*˚i-1(Ii-1) and ui-1(Ii-1) are known "Ii-1 we obtain ui(Ii) as follows:ui(Ii=inv) = �(Xi-1,Ci-1,Ii-1)[Si-1(inv)˚ pi-1(Xi-1).gi-1(Ci-1).ui-1(Ii-1)where Si-1(inv) = {(Xi-1,Ci-1,Ii-1) |(ui-1(Ii-1)>0) and (Xi-1 [Xi-1)and(Ci-1 [Ci-1) and(inv=max{Ii-1+min[max(Ci-1, r*i-1 ), q*˚i-1(Ii-1)] - Xi-1,0})}The computation of the probability function ui(Ii) is a very difficult task. Thus, we considerinstead weights wi(Ii) which are approximate values of the ui(Ii)’s obtained by simulation. Thewi(Ii)’s can be computed recursively by generating in each period i-1 (i>1) a given numbernsimul (e.g. ngen » 100) of pairs (Xi-1,Ci-1). Details are given in Table 3.<Insert Table 3 here>Suppose that now we were to compute for each possible inventory level Ii and for each r�i [ Ri,the expected cost f�i,i+n-1(Ii, r�i) of an optimal strategy of the form (r�i, ri+1, ..., ri+n-1, qi(Ii), _qi+1(.),..., _qi+n-1(.)) over periods i, i+1, ..., i+n-1. Clearly, it is very unlikely to have the same r i

10minimizing f�i,i+n-1(Ii, ri) for every inventory Ii. To reflect the different possible values of Ii weinstead consider the weighted function:F�i,i+n-1(r�i) = �(Ii˚|˚wi(Ii)>0)˚ wi(Ii) . f�i,i+n-1(Ii, r�i)and we keep track of the component r*i minimizing F�i,i+n-1(r�i) over Ri as well as its associatedorder quantity vector _q*˚i(.).The quality of the strategy (_r*, _q*) produced in this way depends on the parameter n (1£n<N).Let us denote by CA(n) the constructive algorithm presented above.As we are dealing with short horizons in CA(n) (n<N), the possibility of reserving capacity ateach step of the algorithm is potentially not as attractive as in the original N period project. Thefirst experiments with CA(n) showed that it is worth lowering somewhat the cost of reservingcapacity in order to make the possibility of reserving capacity more attractive. The percentagereductions in the cost of reserving that we tested are 10, 20, 25 and 33. The best results wereobtained by considering a 25 percent reduction. Thus, we decided to reduce fk(rjk) by 25 percent(k=i, i+1, ..., i+n-1; j=1,..., nrk) at each step i of CA(n).A general description of CA(n) is provided in Table 4. The complexity of CA(n) isO(Nnr.N2.NI.Nq.Nx.Nc).<Insert Table 4 here>4.3Neighborhood search methodsThe algorithms described in this section are refinements of the well known classical descentmethod. Roughly speaking the method consists of starting from an initial sequence _r [ R andthen moving repeatedly to a neighbor sequence that is as good as possible. In order to direct thesearch rationally in R, the move from a sequence˚_r to the next one _r’ is restricted to a class ofsimple modifications. Let M˚ s˚ j,k be the set of moves that consist of modifying at most scomponents ri of a sequence _r with i ranging from j to k. In the same fashion we define theneighborhood N˚ s˚ j,k(_r) of _r as being the set of all sequences _r’ = _r7m [ R that can be obtainedfrom _r by applying a move m[M˚ s˚ j,k.The most straightforward implementation of this search principle is to scan at each step thecomplete neighborhood N˚ s˚ j,k(_r) of the current _r and to move to the best sequence encountered.One possible stopping criterion is to interrupt the search if no _r’ better than _r can be found inN˚ s˚ j,k(_r). Unfortunately such a method is likely to lead to a local minimum of f_r,1 (0) which may

11be far from the global minimum. To circumvent such an outcome, non improving moves mustalso be considered when selecting a neighbor sequence. But when a sequence worse than _r canbe selected, cycling can occur, causing the process to be trapped by returning repeatedly to thesame sequence. Numerous neighbor selection rules can be designated to reduce considerably therisk of cycling after a local minimum is detected. Two adaptations of this general searchprinciple to the procurement problem are presented hereafter.Different types of local searches can be obtained by varying the parameters s, j, and k whendefining the neighborhood of a given sequence. Let us first restrict to the case where s=1, j=1and k=N. This means that only sequences _r’ which differ from the current sequence _r by at mostone component can be selected at each step of the search process.Tabu search (TS) is a general neighborhood search technique which provides guidance throughthe solution space by incorporating a memory structure forbidding moves that could lead thesearch to a recently visited solution. This is done by a constantly updated tabu list T whichstores some attributes of the most recently moves. When moving from _r’ = (r1, ..., ri’, ..., rN) to_r’’=(r1,...,ri’’, ..., rN) the most natural thing to do is to memorize (i, ri’) in T and to forbid the ithcomponent of _r to be again ri’ during the next |T| iterations. Clearly such a tabu list T mayhinder us from visiting a sequence which has never been reached before. Thus it must bepossible to cancel the tabu status of a move under certain favourable circumstances. We will doso if a tabu move from _r to _r’ yields a sequence _r’ better than the best sequence _r* found so far(i.e. if f_r’,1 (0)< f_r*,1 (0)). The whole process is stopped as soon as a given number nimax ofconsecutive iterations have been performed without improving the best strategy obtained so far.Dynamic programming has to be used to compute f_r,1 (0). Thus it is very time-consuming toexplore the whole neighborhood of the current solution at each step of the process. We proposetwo techniques to speed up the search for a neighbor sequence at each iteration of TS. Weexamine only a randomly selected sample V* 1 N˚ 1˚ 1,N(_r) of size |V*| = e . |N˚ 1˚ 1,N(_r)| (0<e<1) andwe rank the best nmv moves encountered in expected cost decreasing order with the aim ofperforming more than one move without a complete reevaluation. It is important to point outthat each time one of the moves selected is performed the expected cost of the remaining moveschange. We decided to perform the best move automatically and to accept the other moves ifthey are still improving moves according to their updated expected costs.Let TS(e,nmv) denote a TS algorithm in which a proportion e of the current neighborhood isexplored and at most nmv nmoves are performed at each step. One iteration of TS(e,nmv) hascomplexity O(Nr.N2.NI.Nq.Nx.Nc). An adaptation of TS(e,nmv) to the procurement problem is

12given in Table 5. Detailed explanations on how TS works, as well as some refinements of thesimple version of TS presented above, can be found in [2, 3, 5].<Insert Table 5 here>The use of the best move criterion in a neighborhood search technique is based on thesupposition that moves with higher evaluations have a higher probability of leading to anoptimal (or near optimal) solution in a fewer number of steps. However, as observed in [1], theuse of a candidate list of moves often permits neighborhood search techniques significantlysuperior in overall efficiency (in spite of requiring more iterations), especially when theavailable moves at each step of the search process are many and costly to evaluate. Generallythe basis of a candidate list strategy is to decompose the set of all possible moves according tothe structure of the problem under study. Rather than looking repeatedly for the best sequence inN˚ s˚ 1,N(_r) (or in a randomly generated sample V*1N˚ s˚ 1,N(_r)) a good idea is to subdivide M˚ s˚ 1,Ninto a given number of subsets M˚ s˚ j,k and to seek a best move from each of these subsetsconsidered in turn. In order to diversify somewhat the search through R, s differentdecompositons of M˚ s˚ 1,N are taken into account successively, namely (M˚ s˚ incr+1-s,incr,M˚ s˚ incr+1,incr+s, ..., M˚ s˚ incr+1+(m-1).s,N) where incr is an incremental parameter ranging from 0 tos-1 and m=ØN-incrs

ø. By convention M˚ s˚ j,i = M˚ s˚ 1,i, M˚ s˚ i,k = M˚ s˚ i,N and M˚ s˚ j,0=fl "1£i£N, "j<1, "k>N.As we are dealing with s consecutive neighborhoods which are always pairwise disjoint, the useof a list of forbidden moves is no longer essential. We interrupt the procedure after havingexamined all sets of moves of a decomposition without improving on the best strategy obtainedso far. Each decomposition has a complexity O(Nsr.N2.NI.Nq.Nx.Nc ). Details of the abovecandidate list strategy are given in Table 6.<Insert Table 6 here>5.Computational experimentsThe experiments were conducted on a Silicon Graphics workstation (9 Mflops). Various classesof problems were generated to provide a basis for comparison between the search methodsproposed in this paper. Unfortunately, due to the large number of parameters, namely vi, Ai,B1,i,B2,i,hi, s, pi(Xi), giCi) and fi(ri), it was not possible to do a complete experimental designtesting of the methods developed. The assumptions we made are given below:-the unit acquisition cost vi is equal to 1 in each period i (vi=v=1"i).-the requirements Xi and the supplier capacities Ci are multiples of ten between 10 and 100which have binomial distributions with parameters (9,ai) and (9,bi) respectively.

13More formally, we have:Xi ={10, 20, 30, ..., 100}, pi(Xi=xi)= pi~(yi= xi-1010

)= (9yi).ayii.(1-ai)9-yi andCi = {10, 20, 30, ..., 100}, gi(Ci=ci)= gi~(zi= ci-1010

)= (9zi).bzii.(1-bi)9-zi.In order to avoid manipulating quantities which occur rarely, we grouped the lowest andgreatest xi (resp. ci) values such that pi(Xi=xi)<0.02 (resp. gi(Ci=ci)<0.02). For instance, ifpi(Xi=90)=0.05 and pi(Xi=100)=0.01, we discarded the order quantity Xi=100 and we setpi(Xi=90)=0.06. It follows that the numbers nxi and nci depend exclusively on theprobabilities ai and bi selected (nxi £9, nci £9"i).-the nri possible dedicated capacities in each period i are multiples of 20, i.e. Ri = {0, 20, 40,..., (nri-1).20}. We used nri=nr=4, 5 or 6 "i. The function fi(ri), giving the cost of reservingcapacity ri in period i, was assumed to be piecewise linear as shown in Figure 1. It can be builtrecursively for any set Ri by generating successive increasing slopes. Let tj be the slope of thestraight line from fi(rj-1i) to fi(rji). Initially we have fi(r1i=0)=0 and fi(r2i)= t1.r2i. The selectionof t1 will be described in a moment. Then we set fi(rji)=fi(rj-1i) + tj.(rji-rj-1i) with tj=tj-1.mj"j=3,..., nri. The mj’s were independently drawn from a uniform distribution over the interval(1,1.2). In order to make the possibility of reserving capacity attractive, it is important to havefi(rji)<B2,i.rji "j=2,. .., nri. This inequality is automatically satisfied if t1< B2,i(1.2)nri-1

˚. We sett1=(_Ci)-1/2. B2,i(1.2)nri-1

where _Ci is the average supplier capacity in period i. Thus the unit costsfor reserving capacity are inversely proportional to the average supplier capacity, i.e. it is lessexpensive to reserve a specific amount of capacity if it is a smaller proportion of the supplier’saverage available capacity.<Insert Figure 1 here>The other parameter values in our model were set as follows:hi=h=0.015 and 0.030 "i=1,...,N-1 (based on annual rates of 0.18 and 0.36 if periodsrefer to months).s=0 and 0.2.Ai:two values to give TEOQ,i =�‘2.AiXi_.h

= 0.5 and 1, where TEOQ,i is the economicorder quantity expressed as a time supply (see section 5.2 in [8]) and Xi_ is theaverage demand in period i.B1,i=0 and Xi_2

. The idea of the higher value is to have the fixed cost of a stockout equalto half of the average cost of acquisition of one period’s requirement.

14B2,i=B2:two values to give probabilities 0.014 and 0.010 of a stockout in the standardsingle period inventory model where (see section 10.2 in [8]) probability of astockout = hB2+h

.Xi ,Ci:three cases were taken into account. The abbreviation X ~ bin(n,a) means that therandom variable X has a binomial distribution with parameters (n,a).a)The pi(Xi)’s (resp. the gi(Ci)’s) are all the same: Xi ~ bin(9,a=0.40) and Ci ~bin(9,b=0.35).b)Xi ~ bin(9,ai) and Ci ~ bin(9,bi) where ai and bi are randomly generatedbetween 0.2 and 0.8 in each period i.c)There is a seasonal pattern for the Xi’s and the Ci’s. A season is assumed to bemade up of 3 consecutive periods. When demands are highest, availablecapacities are likely to be the lowest, because of other customers having thesame seasonal requirements. For each period i in season S (S=1, ..., ØN/3ø), wehave Xi ~ bin(9,aS) and Ci ~ bin(9,bS=1-aS) where aS is generated randomlybetween 0.2 and 0.8.Given a number N of periods and a number nr of possible reserved supplier capacities in eachp e r i o d , w e d e f i n e d a b a s e p r o b l e m w i t h t h e f o l l o w i n g p a r a m e t e r v a l u e s : h = 0 . 0 1 5 , s = 0 , TEOQ,i=0.5, B1,i= Xi_2

, probability of a stockout= 0.014, Xi~bin(9,0.40) and Ci~bin(9,0.35). Thenwe looked at variations of the base problem by changing each of the parameter values, one at atime. This defined a set of 8 problems which served as test problems in the computationalexperiments.Let us first consider the base problem obtained by setting N=2 and nr=6. The optimal strategyturned out to be:_r*= (r*1, r*2) = (60, 0)I10 i=1f_r*,1(I1)112.41

q*1(I1)70I201020304050607080

i=2f_r*,2(I2)77.9165.1549.4130.9820.9810.886.473.562.61

q*2(I2)50403020100000

15The expected costs f_r,1 (0) for all of the 62 possible˚˚_r = (r1, r2) vectors are plotted in Figure 2.The colour changes according to the height of the point represented (110-115: dark grey, 115-120: pale grey, 120-125: black, 125-130: white). We see that the function contains four localminima, namely (0,0), (0,60), (60,0) and (60,60). These local minima render the appropriatesearch for an optimal sequence _r* far from obvious. We can easily imagine that the shape off_r,1 (0) becomes even more complex for larger values of N and nr. Other plots like Figure 2have shown that a single modification in the parameter setting is likely to radically change theform of the expected cost function.<Insert Figure 2 here>Let us mention that the value y1(I1=0) (cf problem P1 in section 3.1) is equal to 108.76 for theabove base problem. The corresponding strategy is presented below. The values q^i(Ii) and r^i(Ii)denote respectively the replenishment quantity and the capacity reservation which arecommunicated to the supplier at the start of period i with a stock level equal to Ii (i=1,2). Notethat the approximation of problem P1 gives the optimal values of r1 and q1 in this particularinstance.I10

i=1y1(I1)108.76

q^1(I1)70r^1(I1)60I201020304050607080

i=2y2(I2)66.6454.6444.6430.9820.9810.886.473.562.61

q^2(I2)50403020100000r^2(I2)604040000000All subsequent results are averages obtained by running the algorithms on the associated set of 8test problems. The first experiments deal with the branch and bound algorithm with N rangingfrom 6 to 12 and nr from 4 to 5. The expected cost, the CPU time (in seconds) as well as thepercent of subproblems Ri(.) (pc_sp) and of sequences _r (pc_r) examined by the enumerationprocess are shown in Table 7.<Insert Table 7 here>

16For given N and nr values, we observed important differences in the CPU times of B&B, eventhough two problems differ by only one change in the parameter setting. Some problems turnedout to be very easy to solve whereas others required much more effort.We see that for each N the optimal expected cost f_r*,1(0) decreases when nr goes from 4 to 5. Itfollows that it is generally worth reserving capacity r5i=80 at least once in periods 1, ..., N.The proportions of subproblems Ri(.) examined by the algorithm are extremely low. With only afew exceptions these proportions decrease when the problem size increases. This means that theefficiency of the lower bound LBi ( r 1, r2, ..., ri) is somewhat proportional to the problem size.We see, for instance, that up to 100-0.18 or 99.82% of the sequences _r are discarded on averagewhen N=12 and nr=5.Relatively large problems can be solved by implicitly exploring all possible sequences _r.However, it is important to point out that even a modest increase in problem size can cause anexplosion in computational time beyond feasible limits. For N=11 and N=12 we see that therunning time becomes approximately 10 times bigger when nr increases from 4 to 5. Largerproblems cannot be solved in a reasonable amount of CPU time.As mentioned in the introduction, it is generally sufficient to find near optimal strategies inpractice. What is equally important is the running time necessary to produce them. Let us nowexamine the efficiency of the various heuristics proposed in section 4 from solution quality andcomputational viewpoints. The CA(n), TS(e,nmv) and CLS(s) heuristics were each run with 3parameter values, namely {n=1,2,3}, {(e,nmv)=(0.5,1),(1,1),(1,ØN/4ø)} and {s=1,2,3}. Twelvevalues of N ranging between 6 and 40 were considered. In order to limit the number of tests, weonly examined the case where nr=5, i.e. Ri = {0, 20, 40, 60, 80} "i. The average expected costsand CPU times (in seconds) measured in our experiments are reported in Tables 8-11. When theoptimal strategies were known (i.e. when N£12) success gives the number of times (out of 8)that the heuristic considered found the optimal strategy. OLP refers to the "on line procedure"which solves the procurement problem by assuming that capacity can be reserved at the start ofeach period once the stock level is known (cf problem P1 in section 3.1). The resulting expectedcost is clearly a lower bound on f_r*,1(0).<Insert Tables 8-11 here>-Among all the heuristics tested, IE is undeniably the method which produces the strategiesw i t h l o w e s t e x p e c t e d c o s t . I n a l l t h e e x p e r i m e n t s w h e r e f _r*,1 ( 0 ) i s k n o w n , I E f i n d s t h e optimal strategy. Although IE is much faster than B&B, its running time is very high whencompared with the other heuristics. The proportions of subproblems Ri(.) and of sequences _rexplored by IE are not reported in Tables 8-9. These proportions are bigger for IE than forB&B but they remain extremely low. They also decrease when the problem size increases.

17-Contrary to our expectations, the quality of the solutions produced by CA(n) often decreaseswhen the parameter n increases. For n larger than 1, what happens in periods i+1,i+2, ..., i+n-1apparently has a detrimental influence on the choice of ri and _qi(.). Thus, it is generally notworth using CA(2) and CA(3) because they require more computational time than CA(1)without guaranteeing better results. Hence, when building the strategy (_r, _q) periodically itseems more appropriate to restrict the horizon to n=1 period.In order to make the possibility of reserving capacity more attractive (cf end of section 4.2),the cost of reserving capacity is reduced by 25 percent in periods i, i+1,..., i+n-1 at each step iof CA(n). However, it is to be observed that the performance of CA(1) is still quite good evenwithout the cost reduction.In comparison with the other heuristics, we observe that CA(n) produces better results forsmall problems than for large ones. The generation of the weights wi(Ii) is based on _wi-1(.),ri-1 and _qi-1(. ). Thus, once a wrong decision is made at one step of CA(n), it is unlikely toc o m p u t e t h e s u b s e q u e n t w e i g h t s p r o p e r l y . H e n c e t h e i m p o r t a n c e g i v e n t o t h e f u t u r e inventories may not reflect the real situation. The larger N is, the more chances we have to endu p w i t h e r r o n e o u s e s t i m a t i o n s o f t h e w e i g h t s w i(Ii). One possible improvement of CA(n)would be to build the strategy (_r, _q) by considering more than one period at a time, i.e. weselect ri, ..., ri+k-1, _qi(.), ..., _qi+k-1(.) (1<k£n) instead of just ri and _qi(.) at each step of thealgorithm. Further research is being carried out along this line.-TS(0.5,1) is much faster than TS(1,1) but it yields strategies which are significantly worsethan TS(1,1). The principle of looking repeatedly for the best neighbor strategy seems to leadto better final solutions. On the other hand TS(1,ØN/4ø) is comparable to TS(1,1) both insolution quality and in computational time. Surprisingly TS(1,ØN/4ø) requires slightly moreCPU time than TS(1,1) does for N£18.-Contrary to CA, CLS improves on solution quality when its parameter value increases. LikeIE, CLS(2) and CLS(3) find the optimal strategy _r* everytime it was known. CLS(3) producesthe best strategies for N between 14 and 30.Neighborhood search techniques have already been applied to a broad variety of combinatorialoptimization problems. They define a general framework in computer programming that canchallenge very sophisticated algorithms. In our case, however, TS and CLS yield solutionswhich are quite acceptable but they are not really competitive with respect to the running time.The difficulty with the procurement problem is that it is extremely time-consuming to explorethe whole neighborhood at each step of the search. With TS, the principles of generating only

18part of the neighborhood and/or performing more than one move at each step yield solutionswhich are not significantly better.The comparison between the various results reported in Tables 8-11 reveals that there is noalgorithm which always outperforms the others with respect to solution quality andcomputational time. There is somewhat of a tradeoff between computational effort and thequality of the solution. Our recommendation is to use either IE or CLS(3) for problems of smallsize (N£16 and nr£5) and CA(1) for larger problems, although CLS(1) could be used in place ofCA(1) if computational effort is not a primary concern.6.ConclusionIn this study we have developed one exact and four approximate algorithms for the multiperiodprocurement problem where there is uncertainty in demand and in supplier capacity and wherededicated capacity can be reserved ahead of time.The exact algorithm is governed by a branch and bound procedure based on dynamicprogramming. Due to its exponential complexity, the algorithm is applicable only to problemsof relatively small size. Its CPU time becomes prohibitive when treating problems with morethan N=12 periods and nr=5 possible dedicated capacities in each period.The four heuristic methods proposed in this study are based on three different search principles:an incomplete enumeration (IE), a constructive schema (CA) and a neighborhood search (TSand CLS). A wide variety of solutions are produced by the heuristics. However none of themethods appears to be better than the others from both solution quality and computationalviewpoints. IE, CLS(s) (2£s£3) and TS(1,.) produce solutions with lowest expected cost butCA(1), TS(0.5,1) and CLS(1) are much faster. In our opinion CA(1) and CLS(1) are goodcompromises between solution quality and computational time for large size real-worldprocurement problems.AcknowledgementsThe authors would like to thank Fred Glover for having provided copies of helpful researchpapers, Thomas Liebling for the german translation of the abstract and Yves Mottet for thedrawing of Figure 2. The research leading to this paper was partially supported by the NaturalSciences and Engineering Research Council of Canada under Grant A1485 and by the CarmaChair in Operations Management at the University of Calgary. A substantial portion of the workwas carried out while Edward Silver held a visiting research professorship at the EcolePolytechnique F�d�rale de Lausanne.

19References[1]Glover F.,"Simple Tabu Thresholding in Optimization", Research Paper,Graduate School of Business, University of Boulder, 1992.[2]Glover F.,Taillard E.,de Werra D."A user’s guide to tabu search", Annals of Operations Research 41(1993), 3-28.[3]Glover F.,Laguna M."Tabu search", Colin R. Reeves ed., Modern Heuristic Techniquesfor Combinatorial Optimization, Blackwell ScientificPublications, Oxford, 1993.[4]Graves S.C.,Rinnooy Kan A.H.,Zipkin P.H.Logistics of production and inventory, Handbooks in OperationsResearch and Management Science, Volume 4, North-Holland,1993.[5]Hertz A.,Taillard E.,de Werra D."Tabu search", J.K. Lenstra ed., Local Search in CombinatorialOptimization, to appear.[6]Hillier F.S.,Lieberman G.J.Introduction to Operations Research, Fifth Edition, McGraw-Hill,1990.[7]Jain K.,Silver E.A."The single period procurement problem where dedicated suppliercapacity can be reserved", Naval Research Logistics, to appear.[8]Silver E.A.,Peterson R.Decision systems for inventory management and productionplanning, Second Edition, Wiley, New-York, 1985.[9]Silver E.A."Policy and procedural issues in procurement and logistics forlarge scale projects in the oil and gas industry", ProjectManagement Journal 18 (1987), 57-62.[10]Silver E.A.,Jain K."Some ideas regarding reserving supplier capacity and selectingreplenishment quantities in the project context", InternationalJournal of Production Economics 35 (1994), 177-182.[11]Silver E.A.,Costa D."Dealing with a variable supplier capacity", Research Report94/05, DMA, Ecole Polytechnique F�d�rale de Lausanne, 1994.

20Table 1 - A branch and bound algorithm (B&B) for the procurement problem

VariablesB*expected cost of the best strategy found so far_r*best strategy found so farindexarray defining the current sequence _r = (rindex[1]1, rindex[2]2, ..., rindex[N]N)forwardboolean variable indicating if the enumeration process goes forwardInitializationB* = fr11,..., r12,..., r1N,1(0);_r*=(r11, r12, ..., r1N);index[j] := 1 " j=1, ..., N;i:= N-1;forward := true;While i>0 doIf forward thenIf i=N-1 thenWhile index[N]<nrN andLBN-1(rindex[1]1, rindex[2]2, ..., rindex[N-1]N-1) < B* doindex[N] := index[N]+1;If frindex[1]1, rindex[2]2,..., rindex[N]N,1 (0) < B* thenB* := frindex[1]1, rindex[2]2,..., rindex[N]N,1 (0);_r*= (rindex[1]1, rindex[2]2, ..., rindex[N]N);forward := false;elseindex[i] := index[i]+1;If LBi(rindex[1]1, rindex[2]2, ..., rindex[i]i) < B* then i:=i+1 else forward := false;elsei := max{j | (0£j£i) and [(index[j]<nrj) or (j=0)]};index[i+1] := index[i+2] := ... := index[N] := 0;forward := true;

21Table 2 -The incomplete enumeration method (IE)

-compute y1(I1 =0) and memorize the associated best strategy (r^1(0), r^2(.), ...,r^N(.), q1(0),_q^2(.), ..., _q^N(.)) obtained.-Ri- ={ri [Ri | `Ii such that r^i(Ii) = ri}-R- = {_r = (r1, r2, ..., rN)|ri [Ri- "i}-use the branch and bound algorithm to get the best sequence _r*[ R - and theassociated _q*;

Table 3 - Generation of the weights wi(Ii)

Variablesnsimulnumber of simulations performednsimuli(Ii)number of times inventory Ii is simulatednsimul1(I1) := {˚nsimul˚if˚I1=0˚˚˚˚˚˚0˚˚˚˚˚otherwise;For i:=2 to N donsimuli(Ii) := 0 "Ii ;For every possible Ii-1 doFor s:=1 to nsimuli-1(Ii-1)dogenerate randomly Xi-1[Xi-1and Ci-1[Ci-1 according to their probabilityfunctions pi-1(Xi-1) and gi-1(Ci-1);Ii := max{Ii-1+min[max(Ci-1, r*i-1 ), q*˚i-1(Ii-1)] - Xi-1,0};nsimuli(Ii) := nsimuli(Ii) +1;For i:=1 to N do wi(Ii):= nsimuli(Ii)nsimul

"Ii ;

22Table 4 - The constructive algorithm CA(n)

-examine all sequences (r1, r2, ..., rn) to find the best strategy (r*1, r*2, ..., r*n, q*1(0),_q*2(.), ..., _q*n(.));-keep track of r*1 and q*1(0);For i:=2 to N doFor every possible Ii doFor every r�i [ Ri doexamine all sequences (r�i, ri+1, ..., ri+n-1) to determine the costf�i,i+n-1(Ii, r�i) of the best strategy of the form (r�i, ri+1 , ..., ri+n-1, qi(Ii), _qi+1(.),...,_qi+n-1(.));generate the weights wi(Ii) as indicated in Table 3;look for the value r*i [ Ri minimizingfunctionF�i,i+n-1;keep track of r*i and _q*˚i(.);

Table 5 - The tabu search method TS(e,nmv)

choose an initial sequence _r [ R and compute the associated _q(.);_r*:=˚_r and _q*(.):=˚_q(.);(best strategy found so far)iter:= 0;(iteration counter)bestiter:=0;(iteration at which the best strategy was found)T:=fl;(the tabu list is empty initially)While iter-bestiter<nitermax doiter:=iter+1;identify the best nmv non tabu moves m yielding _r’ = _r7m [ V* 1˚_ N˚ 1˚ 1,N(_r)For each acceptable move m doset _r = _r7m and compute the associated _q(.);update the tabu list T;If (f_r,1 (0)< f_r*,1 (0)) thenbestiter:=iter;_r*:=˚_rand _q*(.):=˚_q(.);

23Table 6 - The candidate list strategy CLS(s) choose an initial sequence _r [ R and compute the associated _q(.);_r*:=˚_r and _q*(.):=˚_q(.);(best strategy found so far)ndec:= 0;(decomposition counter)stop:= false;(boolean variable indicating whether the stoppingcriterion is met)While not stop dostop:=true;incr:= ndec mod s;ndec:=ndec+1;For m:=0 to ØN-incrs

ø doseek the move m [ M˚ s˚ incr+1+(m-1).s,incr+m.s yielding the best_r’ = _r7m [ N˚ s˚ incr+1+(m-1).s,incr+m.s(_r) and identify the resulting ˚_q’(.);_r :=˚_r’ and _q(.) :=˚_q’(.);If f_r,1 (0)< f_r*,1 (0) then_r*:=˚_rand _q*(.):=˚_q(.);stop:= false;

Table 7 - Results obtained with the branch and bound algorithmnr=4nr=5

Nf_r*,1(0)CPU(sec)pc_sppc_rf_r*,1(0)CPU(sec)pc_sppc_r

5329.79<17.9620.01309.5638.5316.27

6383.8833.7411.91360.24102.5711.10

7443.7284.037.69415.32302.235.30

8498.17222.465.56468.15720.081.10

9552.21600.362.00521.161840.020.40

10612.812430.110.95578.069160.030.23

11678.6912900.010.79640.75109520.020.25

12743.3531950.040.34702.0048088<0.010.18

24Table 8 - Results obtained with the heuristic methods (N= 6, 8)N=6N=8 methodcostCPU(sec)successcostCPU(sec)success

OLP351.06<1-455.80<1-

B&B360.2410-468.1572-

IE360.24<18468.1528

CA(1)360.24<18468.19<15

CA(2)360.27<17468.21<14

CA(3)360.45<14468.21<15

TS(0.5,1)360.90<12468.3423

TS(1,1)360.2418468.1548

TS(1,ØN/4ø)360.2418468.3433

CLS(1)360.24<18468.3423

CLS(2)360.24<18468.1518

CLS(3)360.2448468.1568

Table 9- Results obtained with the heuristic methods (N= 10, 12)N=10N=12

OLP560.57<1-679.29<1-

B&B578.06916-702.0048088-

IE578.06158702.00788

CA(1)581.09<12705.29<11

CA(2)581.13<11706.02<12

CA(3)581.2411710.1221

TS(0.5,1)580.3851703.79111

TS(1,1)578.42103702.20193

TS(1,ØN/4ø)578.94143703.13204

CLS(1)579.6742706.5982

CLS(2)578.06148702.00328

CLS(3)578.06558702.001038

25Table 10 - Results obtained with the heuristic methods (N= 14, 16, 18, 20)N=14N=16N=18N=20 methodcostCPU(sec)costCPU(sec)costCPU(sec)costCPU(sec)

OLP798.61<1907.07<11010.95<11129.431

IE826.77285938.356041046.1810901171.445712

CA(1)829.41<1943.61<11048.20<11175.15<1

CA(2)831.311944.3911055.2611180.552

CA(3)830.493945.7741048.6751184.636

TS(0.5,1)827.5417938.73271048.27481174.9865

TS(1,1)826.8333938.65511046.37751171.88133

TS(1,ØN/4ø)826.8340939.04761047.41841172.69128

CLS(1)832.7315948.88201054.79261175.5059

CLS(2)830.7050941.67771051.991041172.25144

CLS(3)827.25210939.483211046.644811171.44509

Table 11 - Results obtained with the heuristic methods (N= 24, 30, 36, 40)N=24N=30N=36N=40

OLP1352.5711678.5521998.5542217.594

CA(1)1409.02<11749.3912082.5512313.781

CA(2)1413.3421751.3742084.6862320.417

CA(3)1411.9191748.17142094.76202319.3926

TS(0.5,1)1404.761181743.013042075.085352304.81727

TS(1,1)1403.412271740.454852073.709482303.041345

TS(1,ØN/4ø)1403.452091740.734262073.758922303.251123

CLS(1)1408.26951743.612322077.424122306.03593

CLS(2)1405.792421741.577332073.9212282302.851629

CLS(3)1403.2412151740.202372----

26Figure 1 - Representation of the function fi(rji)

fi(rij)rinriri2ri3ri4rinri-1ri1=0Figure 2 - Graphical representation of f(r1,r2),1 (0)