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Abstract

In heterogeneousenvironments,dynamicschedulingal-
gorithmsarea powerfultool towardsperformanceimprove-
mentof scientificapplicationsvia load balancing. In gen-
eral, thesetechniquesemployheuristicsthat require a pri-
ori knowledge about workload via profiling resulting in
higher overheadas problemsizesand numberof proces-
sors increase. In addition,variationsin work load mayap-
pear only at run-time, makingprofiling work tediousand
sometimesevenobsolete. Recently, dynamicloop schedul-
ing schemessuch as Factoring, Fractiling, and Weighted
Factoringprovedto beextremelyinstrumentalin scientific
applicationssuchasMonte-Carlosimulations,N-Bodysim-
ulations,radarapplications,andothers. Thispaperreports
onperformanceimprovementsobtainedbyintegratinga dy-
namicloop schedulingtechniquethat evolvesfrom earlier
schemes,and addressestheseconcerns,the AdaptiveFac-
toring, into a scientificapplicationthat invlovescomputa-
tional field simulationon unstructuredgrids. Reportedex-
perimentalresultsconfirmthebenefitsof usingthismethod-
ology, andemphasizeits highpotentialfor a successfulinte-
gration in otherscientificapplicationsthatexhibit substan-
tial performancedegradationdueto load imbalance.

1. Introduction

In large scientific applicationsperformanceis signifi-
cantlyaffectedby thevariancein workload,variancein pro-
cessorperformanceduring execution,variancein network
latency, andothersystemicfactors. Processorimbalances
might be generatedby applicationandalgorithmiceffects,
aswell assystemeffects,suchasdataaccesslatency and
operatingsysteminterference. In heterogeneousenviron-
mentssuchasnetwork of workstations(NOW), clustersof�
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NOW, andclustersof SMPs,the potentialof theseimbal-
ancesbecomingperformancebottlenecksincreases,since
variousapplicationsmightalsounexpectedlybeinitiatedor
removed.Dynamicschedulingschemesattemptto maintain
balancedloadsby assigningwork to idle processorsat run
time. In this way, they accommodatesystemicaswell as
algorithmicvariances.Adaptingto thevarianceof multiple
factors,suchastheonesdescribedabove,requiresdynamic
work assignment.In heterogeneousenvironments,dynamic
schedulingalgorithmsarea powerful tool towardsperfor-
manceimprovementof scientificapplicationsvia loadbal-
ancing. Traditionally, theseschedulingtechniquesemploy
heuristicsthat requireprior knowledgeaboutworkloadvia
profiling, and load balancingis achieved via repetitive or
iterative staticpartitioning [36][12][32][34][40]. This ap-
proachresultsin higheroverheadasproblemsizesandnum-
ber of processorsincrease.However, load imbalancemay
appearonly at run-time,makingprofiling work tediousand
sometimeseven obsolete. A numberof newly developed
dynamicstrategiesto addresstheaboveconcernshavebeen
proposedandoftenincorporatedinto softwarelibrariesand
packages[24][8]. They addressload imbalanceson parti-
tionsdueto applicationandarchitecturalirregularitiesthat
are known, or could be predicted,andomit the onesthat
may occurduring execution(i.e., dueto variationsin net-
work latency andload). Theseconcernsraisethe needfor
a fully dynamicloadbalancingapproachthataddressesap-
plicationandsystemirregularitiesat run-time.

Dynamic loop schedulingschemessuch as Factoring,
Fractiling, Weighted Factoring, and Adaptive Weighted
Factoring have recently been proposed and success-
fully implemented in the parallelization of, Monte-
Carlo simulations[21], N-body simulations[3][5], radar
applications[18], and computationalfluid dynamics [6],
respectively. Theseschemesare basedon a probabilis-
tic analysis, and therefore can accommodateload im-
balancescausedby predictableand unpredictablephe-
nomena. The performanceof computational simula-
tion codes over other competitive techniqueswas con-



siderably improved in both, distributed sharedaddress
spaceenvironments[3][21], anddistributedmessagepass-
ing environments [5][18]. The algorithms employed
derive from recent theoretical advancesin researchon
schedulingparallel loop iterationswith variable running
times [22][28][27][30][29][25][37][38][19][20]. These
loop schedulingtechniquesallow loop iterationsto be ex-
ecutedin decreasingsizechunks. The chunk-sizesarese-
lectedsuchthat they have a high probabilityof beingcom-
pletedby theprocessorsbeforetheoptimaltime.

AdaptiveFactoringis analgorithmthatevolvesfrom the
above methodologyandits mathematicalfoundationshave
beenpresentedin [4] An integration of this algorithm in
an implementationof a parallel computationalfield simu-
lation applicationusingunstructuredgridsof varioussizes,
andexperimentalresultsonSuperMSPARC(attheNational
ScienceFoundationEngineeringResearchCenterfor Com-
putationalSystems- NSF ERC - at MississippiStateUni-
versity)arereportedhere. The benefitsof usingthis tech-
niquein computationalfield simulationproblemsusingun-
structuredgridsoverotherearlierdevelopedloadbalancing
techniquesareconfirmedby experimentalwork, andunder-
scoretheadvantagesof usingthis techniqueto improvethe
performanceof otherscientificapplications.Theresultsin-
dicatea high potentialfor future integrationof this method
in applicationsinvolving complex and irregular domains
wherefluctuationsin numberof datapointsand in work-
load per datapoint cannotbe predictedfrom the domain
structureonly, andsimplestaticevaluationof workloads.

Thepaperis organizedasfollows. Section � 2 describes
recentadvancesin schedulingtechniquesfor loadbalancing
scientificapplicationswith emphasisonthedevelopmentof
loop schedulingstrategiesover time. Section � 3 givesan
overview of the adaptive factoringmethodand a descrip-
tion of integratingthis techniqueinto a computationalfield
simulationapplicationusingunstructuredgrids. Section � 4
discussesexperimentalresultsand the scalability of cur-
rentimplementationwith respectto othercompetitivetech-
niques. Section � 5 presentsthe benefitsof extendingthe
useof this techniquefor aneffectiveparallelizationof other
scientificapplicationsin heterogeneousenvironments.

2. Related Work

Researchon load balancing methods for scientific
computationson homogeneousas well as heterogeneous
systemshas been extensively surveyed in the literature
[11][39][13][33]. In general,in scientificapplicationsthat
usefinite elementand finite volume methods,scheduling
techniquesusethemostrecentadvancesin graphpartition-
ingalgorithmsfollowedby staticscheduling,to addressper-
formancedegradationdueto load imbalance.To adaptto
variablework loadsfrom onestepto another, someapplica-

tionsuseaniterative staticapproach,wherefor eachrepar-
titioning stepthecomputationon eachpartitionsegmentis
performeduntil completion[9][26][34][40]. Thesetech-
niquesareeffectivein applicationswherethefluctuationsin
the numberof datapointsandthe workloadperdatapoint
canbewell predictedfrom aprior evaluationof thecompu-
tationspace.Someof thesetechniqueshave beengathered
into softwarepackageswidely used,which includea num-
berof algorithmsthatoffer theuserchoicesregardingpref-
erencesin performancetradeoffs, relatedto thecharacteris-
ticsof theirparticularapplications.However, in someappli-
cationsin additionto changesin numberof pointsin various
regionsof the computationspace,the amountof work per
datapoint cannotbe anticipatedfrom a simplestaticanal-
ysis. For theseapplications,load balancingstrategiesthat
useaniterativestaticapproacharenot effective.

A numberof newly developeddynamic strategies at-
temptto addresstheaboveconcernsby providing tuningpa-
rametersto addressbothapplicationandarchitecturalchar-
acteristics[24] and [8]. However, they only addressap-
plicationandarchitecturalirregularitiesthatareknown, or
couldbepredictedprior to startingtheexecutionof a time
step[8][24][36][12][32]. Thesestrategies also fail to ad-
dresspartitionirregularitiesthatoccurduringtheexecution
(for instance,“within” a time stepof the computationas
opposedto “between”timesteps).

In otherscientificapplications,suchasN-body simula-
tions [7][2][15][1] performancegainsfrom theparallelex-
ecution[16][23][17] arealsodifficult to obtaindueto load
imbalance.Theimbalancemaybecausedby the irregular-
ity of datadistribution (particles)andby the differentpro-
cessingrequirementsof datapoints in interior versusnear
the computationspaceboundary. In addition,the distribu-
tion of particlesvariesateachtime step.

Previously, variousmethodshavebeenemployedto bal-
anceprocessorloads,as well as to exploit locality in N-
Bodysimulations.They only addressalgorithmicvariances,
anduseprofiling by gatheringinformationonthework load
from a previous time stepin orderto estimatethe optimal
assignmentof work to bedistributedduringthecurrenttime
step. However, the cost of thesemethods(i.e., orthogo-
nalrecursivebisection,costzonesmethods,hashedoct-tree,
randomassignments)increaseswith thenumberof proces-
sorsand datasize [35][41][14], and they employ a static
assignmentof work load to processorsduring a time step.
Unfortunately, for large problems,load imbalancesoften
occurduring a time step,sinceprocessorload imbalances
areinducednotonly by applicationandalgorithmiceffects,
but alsoby systemeffects(i.e., dataaccesslatency andop-
eratingsysteminterference).Adaptingto algorithmicand
systeminducedloadimbalancesrequiresdynamicwork as-
signment. Dynamicschedulingschemesattemptto main-
tain balancedloadsby assigningwork to idle processorsat
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run time. In this way, they accommodatesystemicaswell
asalgorithmicvariances.

Scientific applicationscontain loops with large num-
ber of iterationswhich could be expressedindependently,
thus easily amenablefor parallelization. In applications
suchas computationalfluid dynamics,Monte Carlo sim-
ulations,sparsematrix computations,iterationsexecution
times could vary due to, for instance,conditional state-
ments.Even in applicationswherethereis no algorithmic
variancein iterationlengths,loop iterationexecutiontimes
mayvarydueto interferencefrom otheriterations,otherap-
plications,or theoperatingsystem.Thecumulativeeffectof
variancesin loop iterationexecutiontimescouldultimately
lead to processorsload imbalanceand thereforeto severe
performancedegradationof parallelapplications.A funda-
mentaltrade-off in schedulingparallelloopiterationsis that
of balancingprocessorloadswhile minimizing scheduling
overhead.

In homogeneoussystems,in addition to problemsen-
countereddueto applicationirregularities,thedifferencein
processorspeeds,architecturesandmemorycapacitiescan
significantlyimpactperformance.Moreover, in caseof het-
erogeneousnetworksof workstations,loadsandavailability
of theworkstationsareunpredictable,andthusit is difficult
to know in advancewhat the effective speedof eachma-
chinewill be.

Algorithms that derive from theoreticaladvancesin re-
searchon schedulingparallel loop iterationswith variable
runningtimes[22][28] [25][38][21], have extensively been
studiedfor dynamically load balancingscientific applica-
tions. Recently, dynamicloop schedulingalgorithmsbased
on a probabilisticanalysishave beenproposed,and suc-
cessfullyimplementedfor a numberof scientific applica-
tions [21][18][3][5]. In Monte-Carlosimulations,N-body
simulations,and Radarapplications,dynamic scheduling
schemes,basedon Factoring [21], have beenproposed.
They derive from recentadvancesin researchon schedul-
ing parallelloopswith variablerunningtimes,andaccom-
modateloadimbalancescausedby predictablephenomena,
suchasirregulardata,aswell asunpredictablephenomena,
suchasdata-accesslatency andoperatingsysteminterfer-
ence.In thesealgorithms,loopiterationsareexecutedin de-
creasingsizechunks,sothatearlierlargerchunkshaverela-
tively little overhead,andtheirunevennesscanbesmoothed
over by latersmallerchunks.Theselectionof chunksizes
requiresthat they have a high probability of being com-
pletedby the processorsbefore the optimal time. These
schemesallow thescheduledbatchesof chunksof iterations
to befixedportionsof thoseremaining(eachbatchcontains�

chunks,where
�

is thenumberof processors).
One of the methodsbasedon Factoring is Fractiling,

a combinedschedulingtechniquethat balancesprocessor
loads and maintainslocality by exploiting self-similarity

propertiesof fractals.It hassuccessfullybeenimplemented
for N-Bodysimulationsin distributedsharedaddressspace,
aswell asmessagepassingenvironments[3][5].

As the heterogeneityin processorsperformancecould
lead to severe load imbalance,a WeightedFactoring ap-
proachwas proposed,where the decreasingchunkssizes
areproportionalto the relative processorspeeds[18]. Ex-
perimentsinvolving networks of workstationshave shown
thatweightedfactoringsignificantlyoutperformedprevious
methodsaswell aswork-stealing, a schemein which work
is dynamicallymigratedfrom heavily loadedprocessorsto
lightly loadedones[10][31]. In environmentswherepro-
cessorworkloadsdynamicallyvary, many scientificappli-
cationswhosesolutionsrequirea numberof iterationsover
the computationspacewould benefitfrom a dynamicad-
justmentof weightsafter eachiteration. To addressthis
concern,the AdaptiveWeightedFactoring techniquehas
beenproposed,successfullyimplemented,andreportedin
[6]. In weightedfactoringand adaptive weightedfactor-
ing, weightsarestaticallyassignedto processors,andare
consideredto remainunchangedeitherthroughoutthe en-
tire computation,or throughoutrunning the algorithm for
oneiterationover thecomputationspace,respectively. This
characteristicresultsin performancelimitationsof applica-
tions wherehighly unpredictableimbalancesoccurat run-
time. The following sectiondescribesthe AdaptiveFac-
toring scheme,wherethis limitation is addressed,andthe
dynamicassignmentof work for eachprocessorcloselyfol-
lows its rateof changein load.

3 Adaptive Factoring and its Implementation

The effectivenessof schedulingparallel loopswith in-
dependentiterationsonsharedaddress-spacehomogeneous
multiprocessors,aswell ason networks of heterogeneous
workstations,hasreceivedconsiderableattentionin thesci-
entific community. In general,the schemesderiving from
Factoringandpresentedin Section� 2 assumethatloopiter-
ations’ executiontimesareindependentrandomvariables,
andthat their meanandstandarddeviation areknown and
do not changeduring applicationexecution. In real appli-
cations,theseassumptionsdo not hold, sincethe loop iter-
ations’ executiontimesmay vary, due to both application
and systemirregularities that may occur during runtime.
A new, more generalizedtechniquefor schedulingparal-
lel loopswith independentiterations,AdaptiveFactoring,
hasrecentlybeenintroduced,andthemathematicalfounda-
tionshaveearlierbeenpresentedin [4]. A theoreticalstudy
wasalsoconductedundera moregeneralizedassumption
that valuesof meanand standarddeviation of loop itera-
tions’ executiontimes are unknown and vary during run-
time. An analysisof work assignmenthasalsobeenpre-
sented.TheAdaptiveFactoringalgorithmdynamicallyesti-
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matesthemeansandvariancesof loop iterations’execution
times,andemploys a probabilisticandstatisticalmodelfor
thedynamicallocationof chunksof loop iterationsfor each
processor. Thesizesof chunksof loopiterationsaredynam-
ically computedandallocatedto processorssuchthat the
averagefinishing time for completionof all chunksoccurs
beforetheoptimal time with high probability. This insures
amoreefficientmethodfor balancingprocessorworkloads,
highly tunedto therateof changein processorspeeds.

Theoptimal time canbeachievedonly if theloop itera-
tions’ executiontimesarenonrandom.We adopta criteria
for schedulingloop iterationssuchthat the expectedexe-
cution time of a batchis lessthanthe optimal time for all
the remainingloop iterationsto be executed.This criteria
is appliedto different situationswherefactoringschedul-
ing methodsareusedto balanceprocessors’workloads(i.e.,
equalversusweightedprocessorspeeds,known versusun-
known meansandstandarddeviationsof iterationexecution
times)[4].

To studytheperformanceof schedulingscientificappli-
cationswith the AdaptiveFactoring (AF), the solution of
heatconductionequationon anunstructuredgrid wascho-
sen. The heatsolver computesthe solution of the steady
heatconductionequation(Laplaceequation),using an it-
erative method(Jacobimethod). During eachalgorithms’
iterationover thecomputationspace,thetemperaturenorm
valueis computedby solvingtheequationfor all theinterior
pointson the grid, andis comparedwith a giventolerance
value.

The adaptive factoringschemecan be implementedin
distributedcomputingenvironmentusingthreeapproaches:
a centralizedmanagement,a distributed managementor
a hierarchicalmanagementapproach. Our currentimple-
mentationemploys the centralizedmanagementapproach,
whichusesamasterprocessorandseveralslaveprocessors.
Other possibleimplementationsthat are presentlysought
arebeyond the scopeof this paper. Master/slave commu-
nicationpatternsin our implementationsaresimilar to the
onesdescribedin detailin [5]. In thisscheme,only themas-
ter hastheauthorityto accessandmodify sharedvariables
(suchas,chunksizesto dynamicallybeassignedto slaves,
andthethetotalamountof remainingwork to becomputed
by the system). Thus, this schemeguaranteesdatacon-
sistency andlesscomplexity of programming.Eachslave
computesupdatedvaluesfor themeansandthestandardde-
viationsof loop iterationsof recentlyfinishedchunks,and
sendthis informationto themaster. Themasterthencom-
putesthe chunk sizesto next dynamicallybe assignedto
eachslave. All updatedvaluesarecomputedaccordingto
the algorithmdescribedin detail in [4]. Performancebot-
tlenecksmay thusoccurwith increasingnumberof slaves
beingcontrolledby a singlemaster. This problemcanbe
alleviatedby ahierarchicalmanagementscheme,consisting

of multiplemasters,eachcontrollinga numberof slaves.
The adaptive factoringalgorithm was integratedinto a

parallel implementationof the heat solver in C++ using
theMessagePassingInterface(MPI). Previously, four other
implementationsof the heatsolver usingearlierdeveloped
loopschedulingtechniques,suchasStaticScheduling(SS),
WeightedStatic Scheduling(WSS), Factoring(FAC) and
Adaptive WeightedFactoring (AWF), have also beenre-
ported[6]. Thispaperconsidersevaluatingtheadaptivefac-
toring implementationby comparingits performancewith
thatof eachof theabovementionedtechniques.

4 Experimental Results

The performanceof the parallel implementationusing
the Adaptive Factoring(AF) for an applicationusing un-
structuredgrids is evaluatedfrom collectedresultsof run-
ning experimentsusing parallel implementationsof the
heat solver with Static Scheduling(SS), WeightedStatic
Scheduling(WSS), Factoring (FAC), Adaptive Weighted
Factoring (AWF), and Adaptive Factoring (AF) on Su-
perMSPARC. TheSuperMSPARC is a32-processorcluster
comprisedof eight4-processorclusters(designedandcon-
structedat the NSF ERC at MississippiStateUniversity).
The clustersareessentiallytightly coupledSunSparcSta-
tion 10s with CPU upgrades. The clustersare intercon-
nectedusingATM or Myrinet networks, characterizedby
low latency andhigh bandwidth. Timing resultsobtained
from five executionsof eachimplementationon a particu-
lar environment(characterizedby problemsizeandnumber
of processors),werecollectedandaveraged(to avoid mea-
surementbiases)for furtheranalysis.

The implementationsof AF, AWF, FAC, WSS and SS
wererunon2,4,8,16and32processorsof SuperMSPARC,
in a loadedenvironmentwhereexternaljobswerealsoexe-
cutedalongwith theheatsolver (in orderto introducevari-
able loadson the processors).Grid sizesof 78K, 101K,
134Kand158Kpointswereusedfor theseexperiments.

In order to simulateexternal loads on the processors
which areusedto run our applicationson,a ’slowburn pro-
gram’ is executedon processorsaccordingto the loadper-
centagesmentionedbelow. Theslowburnprogramis essen-
tially a loadsimulatorthatusesCPUcyclesupto anamount
that can easily be specifiedby the useron the command
line. This load simulatoris designedto be separatefrom
theapplication,suchthat theactualloadon theCPUcould
moreaccuratelybe accountedfor our analysis,and there-
fore reusedfor analyzingthe performanceof our schedul-
ing techniquesin otherapplications.Half of theprocessors
wereexternallyloadedby runninga programthatloadsthe
CPUto apresetvalue.Half of theseloadedprocessorswere
loadedwith mediumloadandthe restwith high load. For
example,whentheapplicationwasexecutedon 32 proces-
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sors,8 of themwereloadedwith 25% externalload and8
of themwith 50%.

The elapsedtime betweenthe moment the computa-
tion in parallel started,until the momentthe last proces-
sor finished, was measuredfor the purposeof analysis.
Thevaluesof costs ���
	���
 , improvementpercentagein cost,
andcoefficientsof variation(c.o.v.’s)of processorfinishing
times,werecalculatedto measuretheperformanceof all the
schedulingtechniquesmentionedabove.

Experimentalresultsindicate that the AF costsare in
mostcaseslower thantheonesof AWF, FAC, WSS,andal-
wayslower thantheonesof SS.In mostcases,bothAF and
AWF show substantialreductionin cost againstthe other
techniques. In caseof the grid with samplesize of 78K
points,valuesof costimprovementsof up to 8%,14%,and
25%overAWF, FAC,andWSS,wererespectivelyobtained,
underscoringthebenefitsof AF (seeFigure1.,Tables1-4.).

With grid samplesizeof 101K points, the costsof AF,
AWF, andFACareconsistentlybetterthanthoseof theother
techniques.Costimprovementsof upto4%,17%,and32%,
have beenobtainedby AF over AWF, FAC, andWSS,re-
spectively. However, for smallernumberof processors(less
than8), AWF andFAC outperformedAF by upto 13%(see
Figure2., Tables1-4.).

With grid samplesizeof 134Kpointsandlargernumber
of processors(greaterthan8), thecostof AF is alwaysbet-
ter thanthe costsof othertechniques.Cost improvements
of up to 8%,10%,and21%havebeenobtainedby AF over
AWF, FAC, andWSS,respectively (seeFigure 3., Tables
1-4.).

With grid samplesizeof 158K points,thecostof AF is
alwaysbetterthanany of theothertechniqueswith only one
exception,in whichat8 processorsFAC outperformsAF by
1%. Costimprovementsof up to 7%, 26%,and48% have
beenobtainedby AF over AWF, FAC, andWSS, respec-
tively (seeFigure4., Tables1-4.).

The experimentalresultsclearly indicate that the AF
scaleswith thenumberof processorsandproblemsizes.Its
bestcost improvementpercentageover all the other tech-
niquesis in generalachievedfor thelargestnumberof pro-
cessorsandthelargestproblemsizesused.

In all the experiments,the averagevaluesfor the coef-
ficientsof variation(c.o.v.) of timeshave beencomputed.
The averagec.o.v. valuesof AF, AWF, andFAC obtained
aremuchlower thanthoseof SSandWSS,for all problems
sizesandnumberof processorsconsidered(seeFigures5,
6, 7, and8). Moreover, in all cases,thec.o.v. valuesof AF
outperformedtheonesof AWF andFAC, underscoringthe
AF’s strengthsin dynamicallybalancingloadsover other
factoringmethods.

5. Conclusions and Future Work

For improvedperformancein highly irregularandcom-
putationally intensive applications running in heteroge-
neousenvironments,it is essentialthat adequateparallel
dynamicloop schedulingmethodsareused. Of particular
interestaretheclassesof problems,suchascomputational
field simulation on unstructuredgrids and N-body simu-
lations, whereload balancingstrategies usedby previous
methodsarenot effective.

In this paper, the benefitsof usingthe Adaptive Factor-
ing (AF) methodto improvetheperformanceof anirregular
applicationusingunstructuredgrids is presented.The AF
is a new dynamicloop schedulingalgorithm,thatallows a
relaxationof someof the theoreticalassumptionsimposed
by modelsusedin earlier methods,thereforemaking this
techniquemorerobust to any loadvariationspresentin the
softwareenvironment.In this way, performanceof a larger
classof parallelapplications,whoseloadimbalancemaybe
causedby awiderrangeof characteristics,canconsiderably
beimproved.

In our application,theAF provedto performbetterthan
all theothermethodsemployed(SS,WSS,FAC, andAWF)
underall conditions(up to 48% cost improvement). This
indicatesthat the performancegainsdueto load balancing
with AF outweightheincreasein schedulingoverhead.The
averagevaluesof thecoefficientsof variationof processors’
finishing timesof theAF areconsistentlylower thanthose
of the other techniques.Experimentswith AF in N-body
simulationsarecurrentlyunderway andwill bereportedin
thefuture.
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Table 1. AF percentage improvement in cost
over AWF

Improvement Grid % Procs.
of Size

78K -2.6 2
4.6 4
3.8 8
5.3 16
8.3 32

101K -13.0 2
-2.6 4
4.4 8

AF over -3.7 16
AWF 3.9 32

134K 5.8 2
1.2 4
7.9 8
4.7 16
3.5 32

158K 7.2 2
2.3 4
1.4 8
4.5 16
4.8 32

Table 2. AF percentage improvement in cost
over FAC

Improvement Grid % Procs.
of Size

78K 2.0 2
3.9 4
6.9 8

14.5 16
14.2 32

101K -8.2 2
-4.7 4
16.7 8

AF over 5.0 16
FAC 7.0 32

134K 4.0 2
-3.4 4
8.6 8

10.0 16
4.6 32

158K 10.6 2
7.4 4

-1.5 8
25.5 16
25.8 32

Table 3. AF percentage improvement in cost
over WSS

Improvement Grid % Procs.
of Size

78K 9.9 2
6.0 4
8.3 8

25.8 16
14.9 32

101K 18.7 2
9.6 4

32.5 8
AF over 21.4 16
WSS 13.4 32

134K -4.1 2
2.0 4

20.9 8
9.5 16
7.0 32

158K 17.8 2
4.8 4
3.0 8

27.6 16
48.5 32

Table 4. AF percentage improvement in cost
over SS

Improvement Grid % Procs.
of Size

78K 13.9 2
12.1 4
17.6 8
17.2 16
16.0 32

101K 27.7 2
0.6 4

18.4 8
AF over 17.9 16
SS 9.9 32

134K 19.6 2
11.1 4
35.5 8
21.9 16
7.1 32

158K 19.5 2
12.9 4
3.8 8

23.5 16
47.8 32
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Figure 1. The cost ������	 � 
 of SS, WSS, FAC,
AWF and AF for a 78K size grid.
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Figure 2. The cost ������	��(
 of SS, WSS, FAC,
AWF and AF for a 101K size grid.
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Figure 3. The cost �+�
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 of SS, WSS, FAC,
AWF and AF for a 134K size grid.
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Figure 5. The average c.o.v. values of SS,
WSS, FAC, AWF and AF for a 78K size grid.
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Figure 6. The average c.o.v. values of SS,
WSS, FAC, AWF and AF for a 101K size grid.
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Figure 7. The average c.o.v. values of SS,
WSS, FAC, AWF and AF for a 134K size grid.
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Figure 8. The average c.o.v. values of SS,
WSS, FAC, AWF and AF for a 158K size grid.
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