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Abstract

This paper presents a simple load balancing algorithm and its probabilistic analysis.
Unlike most of the previous load balancing algorithms, this algorithm maintains lo-
cality. We show that the cost of this load balancing algorithm is small for practical

situations and discuss some interesting applications for data remapping.

Index Terms - Data locality, irregularity, load balancing, mapping, probabilistic

analysis.



1 Introduction

In parallel computing, it is important to map the program such that the total execu-
tion time is minimized. FExperience with parallel computing has shown that a ‘good’
mapping is a critical part of executing a program on such computers. This mapping
can be typically performed statically or dynamically.

For most regular and synchronous problems [9], this mapping can be performed
at the time of compilation by giving directions in the language to decompose the
data and its corresponding computations (based on the owner computes rule). We
are currently developing a compiler for Fortran D, which provides a rich set of such
directives [5]. Load balancing and reduction of communication are two important
issues for achieving load balancing. The directives of Fortran D can be used to
provide such a mapping for a large class of regular and synchronous problems.

For some other class of problems, which are irregular in nature, achieving good
mapping is considerably more difficult. Further, the nature of this irregularity may
not be known, and can be derived only at run time. Many problems can be character-
ized as a discrete model of a physical system, and a set of values are to be calculated
at every domain point of the system [15]. The mapping of such problems entails
mapping of regions of model domain to each processor. The computational work as-
sociated with each subdomain may change over a period of time and hence the load
on each processor may become unbalanced. For many problems, the computations
may be characterized as a series of phases. The output of each phase acts as an input
for the next phase. Although the input may have uniform pattern, the output may
be nonuniform. For example, computer vision requires the conversion of image (low
level structure) into higher level structures. The processing passes through several
phases. The following are some of the low-level tasks, where the output of phase 1

would be used as a input to phase 2 or phase 3 or both:

1. The image is converted into a set of edges by application of Sobel operator [1](to

give an edge image).

2. The edge image can be used to detect lines or circles in the image.



3. Multiple images can be used to perform stereo effect for detection of motion or

distance of the object.

A typical parallelization of these tasks would require partitioning of the input
image. Assume that we have a image of size N x N distributed on p processors such

that each processor gets a % x N rectangular block. (We note that it may be useful in
N N
VPP

square block. However, we restrict ourselves to the previous mapping). The number

some cases to divide the image in each processor such that each node gets a

of edges in each partition in general will not be equal. However, phase 2 or 3 may
require locality of edges. In such cases the load needs to be balanced in a fashion
that each node has equal number of edges (assume that the computation depends on
the number of edges).

In such cases a remapping needs to be performed in order to achieve load bal-
ancing and have potential improvement in performance. There are many algorithms
described in the literature for mapping irregular problems (e.g. [4, 10, 12]). These
algorithms perform the mapping statically and are very time consuming. For many
problems this is acceptable, as the structure of the problem does not change over
its execution. However, they are prohibitive for a large class of applications. There
are several algorithms proposed in the literature for balancing the load at run time
[6, 11, 14, 18]. However, these algorithms shuffle data around in a fashion that lo-
cality between data items is no longer maintained. For applications possessing some
natural locality, i.e., the computations utilize data items which have some sense of
proximity, shuffling of the data to balance the load will, in general, lead to a greater
and irregular communication and may significantly reduce the advantages of having
the load balance.

In this paper, we analyze a simple load balancing algorithm for irregular problems.
A similar algorithm has been described in [13] for load balancing for fine grained hy-
percube machines. We show that if irregularity is such that the computation points
are distributed with a certain class of distributions and the granularity (number of
points per processor) is reasonably high, then the cost of this load balancing is nom-

inal and reduces to a simple shift algorithm. Further the load balancing algorithm



maintains locality which is one of the desirable features. We give some simple appli-
cations of the load balancing algorithm which could be used in several domains.
The rest of this paper is organized as follows. Section 2 describes several differ-
ent versions of the load balancing algorithm. Section 3 presents average analyses of
the load balancing algorithms. These algorithms are developed in an architecture
independent fashion using collective communication primitives with reasonable as-
sumptions about the cost of these primitives. This makes them suitable for a wide
variety of architectures. Section 4 presents a simple application. Finally, conclusions

are presented in Section 5.

2 Load Balancing Algorithm

Let the data which is useful in kth processor, Py, be given by array alLocy(0..X; — 1),
where X represents the number of useful elementsin Py, where £k =0,---,n—1. We
assume that the data in each local array is sorted in order of locality.

The load balancing algorithm is given in Figure 1. The following variables are

used in the algorithm:
o prefix sum Y, = Y X for k=1,---,n— 1, and Yy = 0.

e average number of useful elements X = %Z?:_Ol X;. We assume that X is an
integer (we make this assumption for ease of presentation). The algorithm can

be easily modified when this is not satisfied.

o (i(2) represents aLocg(1)'s corresponding global index, G (i) = Vi +1¢, 0 <i <
X, — 1.

o packet? contains data elements which should be moved from processor Py to
P.. Let Ibf = max{i X,Y,} and ubl = min{(i + 1)X — 1,Y} + X; — 1}, then
if [bF > ubl, packet® = ¢, otherwise packet® = {aLoci(j) | GF'(1bF) < j <
G (ubf)}, where G (i) =1 — Y.



Load Balancing Algorithm:
For processor P, 0 < k <n — 1, parallel do

1. Yy = Parallel _Sum_Prefiz(Xy);

2. X = L. Parallel_Sum(Xy);

3. Rshift, = |“Z=U] — k;

Lshifty = k — 2 ];

4. Max_L_Shift = Parallel_Max(Lshifty);
Max_R_Shift = Parallel_Max(Rshifty);

5. call Data_Movement();

Figure 1: Load Balancing Algorithm

o Lshifty (Rshifty) represents the maximum distance of left (right) shift P
will perform. It should be noted that Lshift; and Rshift; could be negative
(implying that this shift takes place on the opposite direction, it also represents
the minimum shift in that direction). Further Lshifty = 0 and Rshift,_4 = 0.

o Max_L_Shift (Max_R_Shift) represents the maximum distance of left (right)

shift among all processors.

In this paper, we analyze our algorithms in architecture independent fashion. We
assume a store-and-forward message passing approach for calculating the complexity
of the communication. However, our algorithms are developed using collective com-
munication, which could utilize wormhole or cut-through routing [7]. Further, the
main results of our paper are not dependent on the above choice. We assume that a
linear array can be efficiently embedded in the architecture. This is true for popular

architectures like meshes, toruses, and hypercubes [16]. The time to send a message



of size S from any node to a neighbor node is assumed to be O(7 + ¢5), where 7
represents the set up cost and ¢ represents the inverse of the data transfer rate. For
efficiency reasons our algorithms require efficient evaluation of parallel prefixes. Pre-
fix operations are provided in hardware on CM-5 [20], it is expected that it would be
available on most future computer architectures.

In this paper we propose several schemes for data movement, each approach may
be suitable for a particular system architecture. The time required for step 1, 2, and
4 (Figure 1) is upper bounded by the time required for parallel prefix. Step 3 can be
completed in O(1). We develop several algorithms for step 5. All three algorithms

assume that a linear array can be embedded in the given architecture.

2.1 Approach 1

In this approach (Figure 2), each processor Py first concatenates all packets it needs
to send to its left hand side processors (i.e. P;, ¢ < k). At each stage, P, shifts
its packets to P,_; and receives packets from Pyiy, P then accepts and removes
the packets which are targeted to it from the packets it received. The stage will be
repeated until all packets reach their final destination. The right shift operation will
follow the same procedure, but in other direction.

Assume S represents the maximum size of packets (in terms of data elements)
which would be left shifted among processors, also let D represent the longest left
shift distance among processors. Then in the worst case one processor may contain
as many as DS data needed to be left shifted, so the time takes to complete the left

shift process would be

(7 + DpS) + (7 4+ (D = D)) + -+ + (7 + ¢5)

D(D+1)
2
So the worst case time complexity of this approach is O(D71 + D*pS)). This ap-

=Dt + ©S.

proach is geared towards architectures which utilize store and forward communication
method.



procedure Data_Movement();

1. Let L_packetsy = Uf:_,:_Lshiftkpacketf;

/* concatenate left-shift data in one packet */
2. for 1 =1 to Max_L_Shift do

(a) Py send L_packetsy to Py_q;

(b) Py receive L_packetsyiq from Ppiq;

(c¢) Let L_packets, = L_packetsyiq — packeti, E+1<j<n;
3. Let R_packets; = Ufi,isfiﬁkpacketf;

/* concatenate right-shift data in one packet */
4. for 1=1 to Max_R_Shift do

(a) P send R_packetsy to Pyyq;
(b) Py receive R_packetsy_q from Py_q;
(c¢) Let R_packetsy = R_packets,_; — packeti, 1<j<k—-1;

Figure 2: Data Movement: Approach 1

The other way to perform the complexity analysis is to assume that the maximum
amount of data to be sent by any processor is X. In that case the complexity is

O(D(r + X¢)).

2.2 Approach 2

In this approach (Figure 3), each processor Py initializes a vector sendy, where
sendi[i] = 1 if Py needs to send packets to P;, otherwise sendy[i] = 0. All processors

then participate in Parallel_Sum(send[]), which will return a vector receive[ | with



procedure Data_Movement();
1. Let send[l..n] = 0;

2. for 1 =1 to n do
if packett # ¢ then sendy[i] = 1;

3. recetwe[l..n] = Parallel_Sum(sendg[l..n]);

4. for 1 =1 to n do
if packett # ¢ then send packett to P

5. for i =1 to receiverlk] do
receive packeti, 1<j3<n and j #k;

Figure 3: Data Movement: Approach 2

receivelk| representing number of processors which will send packets to Pj.. Finally,
processors use this information to send and receive packets.

The complexity of this algorithm is difficult to analyze. The cost of steps 1 to 3
(Figure 3) is upper bounded by the parallel sum. The cost of step 4 and 5 in the
worst case is difficult to analyze as it will depend on the network congestion and
contention on which it is performed. A very loose upper bound on the complexity is

O(n*(7+¢S)). The performance of this algorithm should be much better in practice.

2.3 Approach 3

During the load balancing process, assume that P will left shift packets to P;, where
k—maxl, <1 < k— minly, mazxl, and manl;, represent P,’s maximum left shift
distance and minimum left shift distance (> 0), respectively. These values can be
calculated locally in O(1) time. We observe that Pj41’s maximum left shift distance

maxlp; must be less than or equal to minly + 1. With this observation, we know

7



that at any left shift stage, if P left shift packets to P, and Pyy4 left shift packets to
Py, then a < b. So we can conclude there is no link conflict at any shift stage. This is
assuming that shift is carried over on an embedded linear array. The same conclusion
holds for right shift operation.

The worst case time complexity of this algorithm (assuming that each node sends
out a maximum of 7' packets to a maximum distance of D') (Figure 4), is O(T- D(7 +
©S)). This is because each shift can be performed in O(D(7 + ¢5)) amount of time.
This algorithm will be better than algorithm 1 and 2 if T" and D are small.

2.4 Total Complexity

Thus the cost of load balancing is of the order to the cost of computing a parallel
prefix followed by the time required for one of the approaches for data movement.
The cost of parallel prefix is O(logn - (7 4+ ¢)) for hypercube architectures [17]. We
believe that many of the future architectures would have some hardware support for
such a primitive. In such case it can be assumed that parallel prefix can be calculated
in O(1) time; such is the case for CM-5 [20]. (Approach 1 has a better worst case
time complexity than approach 2 and 3. However in practice, approach 2 and 3 may
work better.)

Up to now, we have only performed the worst case complexity analysis. The worst
case cost of the above algorithms makes them prohibitive for load balancing for many
problems. However, as we shall show in the next section, the cost will be small if the
granularity (amount of data) per node is reasonably large and the irregularity follows

some reasonable distribution.

3 Probabilistic Analysis

We assume that each node has number of elements which are given by a distribution

2

with mean g and variance o°. We will derive results without any assumption on

D = max{Max_L_Shift, Max_R_Shift}



procedure Data_Movement();
1. for ¢ = maxly downto manly do

Perform a left shift of distance Max_L_Shift for packet}_; in a store
and forward fashion. Whenever Pj receives a packet, if the packet
is targeted to it, then Py accepts this packet and removes it from
communication channel. Otherwise, P, forwards this packet toward
its destination. If a node does not have any packet to send, it sends

a dummy packet.
2. for 1 =maxry downto mainr, do

Perform a right shift of distance Max_R_Shift for packet} ; in a
store and forward fashion. Whenever P; receives a packet, if the
packet is targeted to it, then Py accepts this packet and removes
it from communication channel. Otherwise, Py forwards this packet
toward its destination. If a node does not have any packet to send, it

sends a dummy packet.

Figure 4: Data Movement: Approach 3

the distribution and present specific results for normal distribution. Within the load
balancing algorithm (Figure 1) there are two important parameters which typically

affect the complexity of the algorithm,

Z : the maximum number of elements at any node. This will affect the

maximum number of packets which are sent out by every node, and,

D : the maximum amount of distance which has to be traversed by a

packet sent out by any node.



In the following analysis we study properties of the above two parameters. To-
wards this goal we first state a general result.
Let Uy,---,U, be independent and identically distributed random variables with

mean 0, variance 1, distribution function F', and associated density function f. Let

7" =max{U,---,U,}.

Then, for large n, the distribution of normalized Z* is given by the extreme-value-

distribution [8]. More precisely,

lim P(b, (7" —a,) <) = e ",

n—00
where a,, and b, are sequences of constants satisfying
n—1

Fla,) = \ by, =n - flay).

n

From the properties of the extreme-value-distribution we know that

E(Z) = a, + bl

where v = Fuler's constant = 0.5772, and

7T2

In particular, it U;’s are normally distributed, then both «a, and b, are approxi-

mately equal to v21nn.

Now suppose that each X has the normal distribution function with mean pg and

Var(Z*)

variance 0% and Z = max(Xy, -+, X,,). Then Z = y+ ¢Z* and substitution of mean

and variance of Z* gives

y
E(Z)=pu+o|V2Inn+ :

10



and

rio? rio?
Var(Z) = = .
(2) 602 12Inn
From the properties of the extreme value distribution described above we can
evaluate
P [Z — < :1;] _ 6_6—(m—¢m>¢m
o

for any z. For, 0 < a <1, let

_6—(.r—\/21n n)V2lnn
a =€ 5

then

—In(=Ina)
—V2lnn 4 el
’ n vV2Inn

So, in general the ath percentile of (7 — p)/o would be given by x and, for
n = 16, 64, they are 3.6 and 3.9, respectively. It also means that for Z the ath
percentile would be p + o, implying that (7 — y) would have to go as much change
as ox with probability (1 — «). Consequently, probability that at least one processor
will acquire a large number of elements is high even for small number of processors
(if the variance is high).

In comparison with 7, distributional properties of D are considerably more in-
volved. Let

Vk:Xl‘F"'—l-Xk—kY

where X = n=1(X; + -+ + X,,). Thus, V,/X represents the amount of shift which is
required for the first few elements of processor k. Distributional properties of V}, are

easy to observe by rewriting

k
(Xpps 400+ X,)

n

Vo= (- 5 (Xt 4 x0)

11



and recalling that each of the X’s are independent random variables.
. E(Vx)=0

2. Var(Vy) = Maz, corr(Vy, Vi) = %:T_g, k<l

3. V., =0

4. for k = 1,---,n — 1, distribution of V} is given by the normal distribution
N(0, wgz), if X’s are normally distributed.

Thus behavior of each V} is given by the properties of a normally distributed
random variable. These properties of V,.’s show that more deviation from zero will
occur in the middle. Since V} indicates amount of data movement from one processor
to another, it would be useful to find probabilistic bounds on size of V}.’s. For example,
when n = 16, the eighth processor would encounter large data movement [variance
of Vi is largest for n = 16] and since P(|Vs|/o > 4) = 0.05 it follows that as much as
(4 x o) elements may have to move from this processor to some neighboring processors
with probability 0.05. If n = 64, then as much as (8 x o) elements may have to move
from this processor in either direction with the same probability.

Now we consider properties of another random variable, W, which is of interest

in analysis of D. This variable is defined as

1 Ve
a\/ﬁw max{ \/_ Vovn

Thus, random variable W represents maximum change among all processors.

W/

}

Properties of this random variable will allow us to quantify amount of data move-
ment from one processor to others. Approximate asymptotic distribution of W’ is
obtained by realizing that the stochastic process generated by Vi /o\/n, V3 /o\/n, - -

is a Brownian Bridge. In other words, if we define

Vn Lntj Vmg 1
Oty = ik g - ) I g <4 <
Wit = oo - =) 0sts

12



Then, as n — oo, the behavior of the process {W°(¢) : 0 < ¢ < 1} is such that
(i) E(W°(t)) = 0 for all ¢, (i1) E(W°(t)WO(s)) = s(1 — ) for s < ¢, and (iii) for all
values of ¢ the distribution of E(W?°(t)) is Gaussian.

Therefore, properties of this process can be used to obtain asymptotic distributions
of interest. In particular, asymptotic distribution of W’ is the same as the distribution
of supge,<y WO(t) and the latter satisfies [3]:

P{ sup WO(t) < :1;} =1- 6_29”2, x> 0.

0<i<1
Therefore, for large n

PW <a)=1-¢e2" 2>0.

In summary, the distribution of W, i.e., P(W < ), can be approximated by
1 — e 2@/7*n) for > 0. The ath percentile of W is easily obtained from this
approximate distribution and is given by 0'\/7%(— In(1 — «))'/2. For example, when
a = 0.95 and n = 16, then the 0.95 percentile of (W/o) is approximated by 4.895,
and for n = 64 it goes up to 9.791. This is consistent with our previous observations
about V'’s.

It would also be of interest to find the distribution of

D/ 1 ‘/1 X n
o'\/_ 1<k<n \/_ no ’ \/ﬁo'
which represents the maximum shift in either direction. However, our algorithms
perform a shift along left followed by right. Hence the above distribution is not useful
for evaluating the complexity of the algorithms. We give the following result for

sake of completeness. Again using properties of the Brownian Bridge, we obtain the

following asymptotic distribution for D’: as n — oo, [3],
P(D' <=x)— P{ sup ‘Wo ‘ :1;}
0<i<1

13



=142 (=D >0
=1

Consequently, for large n, the distribution of D*, P(D* < x), can be approximated
by 142522 (—=1)le®#/79°) for 2 > 0.
Returning back to W, it is easy to show that

1
E(W') = 5@ = 0.626.

Finally, we consider the behavior of the normalized maximum right shift random

variables

W* = max
1<k<n

Vi v, wow D
X

70\/57”'770\/5 :\/ﬁayz :m'

By the strong law of large numbers, it follows that X — u almost surely [19],
and by Slutsky’s Theorem [2], asymptotic distributions of W* and D are ‘essentially’
the same as of W'/u and D' /u respectively. Consequently, for large values of n, the

following approximations can be used
PW*<z)=1—e2" 250

(By symmetry, the distribution for maximum left shift should be similar.)
These distributions can be used to obtain desired probability bounds on the mag-
nitudes of amount of data items sent from one processor to another.

From above, we have,

2,2

and

_ 2zt

P(D>x)=¢ o2, a>0.




Now consider the expected time ¢ to complete step 5 of load balancing algorithm,
using the data movement algorithm in Approach 1. Realizing that X < Dy and using
the property that it takes O(D(7 + X¢)) time to move X amount of data, we get

&= [TID17 + [D1Den) F(D)AD

</ ((D +1)7 + (D* + D)pp) f(D)dD
= (E(D)+ 1)t + (E(D*) 4+ E(D))ppu .

Since D = maxXi<i<n, |Vi|/ X, therefore

2
£<(1+ 0.6260\/_)7 +(0.31 7" +0.626 \F)
i i i

The cost of left shift is also the same. Hence total cost of load balancing =2 - £.

The above gives the upper bound on the expected time for completion of our

algorithm. In case p > m/%n In n, we observe that

P(D>1) =20

_ 2(1)20'2kn1n n
€ o2n

1

nk

Thus the probability of a shift of more than 1 unit in D is very low provided above
property is satisfied by p. This result indicates that most of the data movement occur

among neighbor processors.

3.1 Discussion

From the analysis in the previous section, the cost of performing the data movement

is

O(2(1 + 0.626A)7 + 2(0.312% + 0.626\ ), where A = 7V
4

15



Thus for all distribution with g = O(o+/n), the effective time for data shifting on
an average is O(A(7 + ¢pu)). We will show in the next section that binomial distri-
bution satisfies the above properties. Assuming that parallel prefix can be calculated
reasonably efficiently (it can be calculated in O(7logn) for most architectures, and
nearly constant time in architectures like CM-5), the cost of load balancing should
make 1t practical for use for many applications. Further if 7 is negligible when com-
pared to ¢u and parallel prefix can be calculated in O(1) time, then the total cost
is proportioned to O(Appu). Assuming that the cost of computation is at least pro-
portional to number of elements in every local array, this result shows that the cost
of load balancing should be no greater than the cost of computation. Typically load
balancing needs to be performed after several iterations of computation. Our load
balancing algorithms would add a small incremental cost if the above assumptions

are satisfied.

4 A Simple Application

In the following we analyze the cost of load balancing for a specific instance. Assume
that the input of a computational phase is a dense linear array which is distributed
equally (each node has M elements). Assume that each element represents a compu-
tation with probability p (and no computation with a probability 1 — p) which can
be demonstrated by following statements (Figure 5).

The array A is distributed in a block distribution fashion so each processor has a
local array A[l..M]. This would in general reduce the total communication. C'(M)
represents the computation cost of the ¢ f — then block. The cost in each node can
be given by the binomial distribution B(M,p). For reasonably large M this can be
approximated by a normal distribution N(u = Mp,0? = Mp(1 — p)). Let maxry =
maxo<icn X; (Xg represents the number of useful elements in P ), the extra expected
cost dues to load imbalance will be C(M)(F(maxx) — p). If the cost is greater than
the expected cost of load balancing (and possibly remapping), then it will benefit from

the load balancing. Before proceeding further we make this comparison under the

16



for =1 to M*N do
if condition (= TRUE with probability p) then

Ali] = f(A[s = 1], Als], Ale 4+ 1]);

endt f

Figure 5: Simple application

o\/n n(l—p)

assumption that % > n and since, under our assumption A = ===\ < 1,
it follows that

C(M)(E(marx) —p) 22§

= C(M)(E(mazx) — p) > 2[(1 +0.626\)7 + (0.312% 4 0.626 ) )0

It is observed that
C(M)(E(maxx) —p) > 2[(1 4+ 0.626))7 + (0.31)\2 + 0.626) )pp] .

We substitute the expected value of maxx for this case to obtain

C(M)ov2Inn > 2[(1 + 0.626\)7 + (0.31A* 4 0.626 )]

The above analysis has to be modified suitably if the cost of parallel prefix is not
O(1).

For example, for the CM-5 the time required for a scan operation is approximately
10 psec, the value of 7 is approximately 140 psec, and the value of ¢ is approximately
0.5 psec/word (assuming a word size of 4 bytes). Assuming M = 4096, n = 256, and
p = 0.5, we have

p=2048, o =32, and A =0.25.

17



Neglecting the cost of parallel prefix, we have

C(M) x 32 x 3.33 > 2(1.1567 + 360¢)

= C(M) x 106.56 > 2.3127 + 720¢
= C(M) > 0.0227 + 6.756¢
Substituting 7 = 140 x 107 %sec and ¢ = 0.5 x 107 %sec,

= C(M) > 6.458 x 107°

Assuming a peak performance of 5 MFlops (the current CM-5 SPARC micropro-
cessor), above analysis implies that we need approximately 30 instructions at right
hand side. Thus load balancing will be preferable if the above condition is satisfied
(which will be true for a large variety of applications). We should note that the value
(in terms of number of instructions) of load balancing would go up if the processing

speed increases (with the possible addition of vector units in CM-5).

5 Conclusions

In this paper, we present a simple load balancing algorithm and its probabilistic
analysis. We demonstrate that the cost of load balancing is O(A(7 + ¢p)) plus the
cost of a parallel prefix. Our analysis indicate that in most practical cases the number
of packets sent out by each processor is less than or equal to 2 (at most one on each
side), and the size of these packets is almost surely less than or equal to the average
number of elements on every node.

Our algorithms are suitable for most commercial architectures, which in most cases
reduce the data movement to neighbor processors’ shift operations. Our algorithms
also preserve the data locality between data items which is extremely important in
reducing inter-processor communication.

This paper provides load balancing only along one dimension. For many cases
the data is distributed along two or more dimensions. We are currently analyzing a

similar load balancing algorithms for two or more dimensions.
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