
1 Figure Captions

Fig. 1 The edge extri nsi c-curvature speci �c heat C(�) as a functi on of �.

Multi -hi stogram wi th errors are shown f or N = 576 (l ong and short-

dashed l i nes) and N=1; 152 (sol i d l i nes). Four i ndi vi dual data poi nts

are al so shown f or N=2; 304 (sol i d ci rcl es). One sees that the speci �c

heat peak has saturated - i t i s not growi ng wi th the systemsi ze N

above 576.

Fi g. 2 The speci �c heat C(�) of the two-dimensi onal O(3) non- l i near si gma

model as a f uncti on of � f or l atti ce vol umes N=16, 25, 64, 100, 900,

2; 500, 4; 900 and 10; 000. The peak saturates qui ckl y f or N� 100 and

\�c" does not i ncrease wi th the vol ume.
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N F [K] F[ q� 6]

576 5:71� : 08 8: 39� : 04

1152 5: 59� : 05 8: 32� : 03

2304 5: 70� : 10 8: 37� : 06

Tabl e 2: The mean square uctuati ons of the extri nsi c Gaussi an curvature

K and the def ect coordi nati on number q � 6, wi th errors, f or di �erent l atti ce

si zes.

estimate of R, whi chal l ows us to estimate f or the Hausdor� dimensi onat the

pseudo-cri ti cal poi nt �c the val ue dH =4: 35� : 3. Thi s i s an i ntri gui ng resul t,

si nce 4 i s the extri nsi c Hausdor�dimensi onof a cl ass of branchedpol ymers, as

constructed, f or i nstance, i n ref erences [ 39] . Suchcon�gurati ons are expected

to domi nate the stri ng f uncti onal i ntegral f or l arge embeddi ng dimensi onD.

Thi s work has been done wi th NPAC(Northeast Paral l el Archi tectures

Center) and CRPC (Center f or Research i n Paral l el Computi ng) comput-
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Energy Outstandi ng Juni or Investi gator Grant DOEDE-FG02-85ER40231
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code and Tryphon Anagnostopoul os and Al exi s Arvi l i as f or hospi tal i ty at

the Democri tos Nucl ear Center i n Athens, Greece where part of thi s work

was compl eted. LHand MFwere supported by NPACresearch f unds. We

gratef ul l y acknowl edge di scussi ons wi th Jan Ambj�rn, Geo�rey Fox, Davi d

Nel son and Bengt Petersson.
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j�� �cj
��, � i s the anal ogous exponent f or the correl ati on l ength and d i s

the i ntri nsi c Hausdor� dimensi on of the surf ace. In other words there may

be a cusp si ngul ari ty at �c as, f or exampl e, i n the case of the superui d (�)

transi ti on i n He4 [ 30, 31] , f or whi ch � =�0: 0127 � 0: 0026. Si nce we do

not have a measurement of �d, whi ch may even be rather l arge, we have

no rel i abl e i dea of the exponent � i tsel f . General l y speaki ng one �nds that

second order transi ti ons on �xed l atti ces become hi gher order on dynami cal

l atti ces, as f or exampl e i n the case of the 2d- Isi ng model [ 32, 33] . Si nce there

seems to be a 2nd order crumpl i ng transi ti on f or non- sel f -avoi di ng tethered

(�xed- tri angul ati on) surf aces [ 35, 36, 37, 38] , i t woul d be consi stent f or the

transi ti on to be hi gher than 2nd order when the model i s coupl ed to gravi ty.

Al l tol d our work gi ves onl y weak evi dence f or a conti nuumcrumpl i ng

transi ti on. The strongest evi dence i n f avour of such a transi ti on, at present,

i s the scal i ng behavi our of the stri ng tensi on and mass gap reported i n [ 2 ] .

Thi s hi ghl i ghts the need f or more extensi ve measurements on these important

observabl es.

We have al so measured the uctuati ons of the extri nsi c Gaussi an curva-

ture j Kj , de�ned as the average magni tude of the de�ci t angl e at each vertex

as measured i n the embedded space. Li kewi se, we have al so computed the

uctuati ons of the mean def ect coordi nati on number j q �6j , whi ch i s propor-

ti onal to the i ntri nsi c Gaussi an curvature. In ref erence [ 3] we had observed

that uctuati ons of these observabl es were qui te l arge near the coupl i ng � c

but then drop qui te dramati cal l y f or sl i ghtl yhi gher �. We �nd that on l arger

l atti ces the uctuati ons of these observabl es at �c al so do not growwi thN;

thus thei r behavi our does not provi de unequi vocal evi dence of the presence

of a phase transi ti on. In Tabl e 2 we gi ve the mean-square uctuati ons of

both observabl es.

Fi nal l y we note the behavi our of the gyrati on radi us at � c (whi ch we

wi l l take as bei ng 1: 425 i n the f ol l owi ng). For l arge � (> 2), the scal i ng of

R(N) � N
2

dH wi th N gi ves a Hausdor� dimensi on cl ose to 2 (as we expect

f or at surf aces). In the crumpl ed regi on the Hausdor� dimensi on rapi dl y

i ncreases wi th dimi ni shi ng �. We had poi nted out i n [ 3 ] that �ni te si ze

e�ects were rel evant i n the sector cl ose to �c and that we coul d not estimate

a rel i abl e number f romthe l atti ce si zes anal yzed. Here the l argest l atti ce

we simul ated (N =2304) does not gi ve usef ul data, si nce the error i n R

i s too l arge, but on the 1152 and 576 node l atti ces we get a f ai rl y preci se
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cl usters updated a vol ume exceedi ng 30 times the vol ume of the l atti ce 3.

For each poi nt of the N =16, 64, 900, 2; 500 and 4; 900 l atti ces we used

20; 000 measurements. We took a measurement every time the Wol �cl usters

updated a vol ume exceedi ng 3 times the vol ume of the l atti ce. It i s very cl ear

that the peak l evel s o� qui ckl y f or N� 100 and that \� c" i s not i ncreasi ng

wi th the si ze of the l atti ce. Measurements of the asymptoti c val ue of C(�)

have been reported i n the past [ 23 , 24] . The authors of [ 25, 26, 27] expl ai n

the peak as the exci tati on of an extra degree of f reedom, the so-cal l ed �-

parti cl e [ 28] . The woul d-be transi ti on occurs when the mass of the �-parti cl e

becomes comparabl e to the i nverse correl ati on l ength of the O(3) model . It

may be that there i s a simi l ar i nterpretati on of the observed peak of C(�).

We are currentl y hi stogrammi ng our data to exami ne as wel l the be-

havi our of the compl ex zeroes of the parti ti on f uncti on when � i s al l owed

to become compl ex. For SU(2) l atti ce gauge theory, whi ch al so exhi bi ts a

speci �c heat peak wi thout an associ ated phase transi ti on, i t has been shown

that there are compl ex zeroes whi ch are near the real axi s but do not con-

verge to i t i n the i n�ni te-vol ume l imi t [ 17, 18] . Hi gh- temperature expansi ons

al so i ndi cate that the O(3) model suscepti bi l i ty has a compl ex si ngul ari ty

near the real axi s [ 29] . Our search has been so f ar i nconcl usi ve. We used

the si ngl e hi stogrammi ng techni que [ 17 , 18] f or N =36, 72, 144, 288, and

572. We checkedour code by reproduci ng the resul ts of [ 18 ] f or N=64. The

modul us of the parti ti on f uncti on becomes qui te smal l near the real axi s and

we were not abl e to see the compl ex zeroes due to stati sti cal uctuati ons.

For N=36 and 144, f or exampl e, the compl ex zeroes have Im � >0: 3 and

0: 1 respecti vel y. Hi gher stati sti cs and an improvement of the method [ 20 ]

woul d hel p to probe deeper i nto the compl ex � pl ane and study the scal i ng

of the compl ex zeroes wi th the vol ume. Usi ng si ngl e hi stogrammi ng and the

simul ati ons of the two dimensi onal O(3) model menti oned i n the previ ous

paragraph, we were not abl e to see the compl ex zeroes of the O(3) parti ti on

f uncti on reported i n [ 29] ei ther.

It i s sti l l possi bl e that there i s a true conti nuous phase transi ti on, the

crumpl i ng transi ti on, occurri ng at �c. Assumi ng a conti nuous transi ti on, a

standard �ni te- si ze- scal i ng argument onl y tel l s us that ! = �

�d
< 0, where

� i s the exponent governi ng the di vergence of the speci �c heat, C(�) �

3For the N = 16, 64, 900 and 4; 900 latt ices the i ntegrated autocorrel at i on t i mes were

between 1 and 2 ol � updat i ngs of the ent i re l at t i ce
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N C(max) �c
36 3: 484� : 008 1: 425� : 035

72 4: 571� : 015 1: 410� : 015

144 5: 37� : 08 1: 395� : 017

288 5: 55� : 05 1: 410� : 015

576 5: 81� : 06 1: 425� : 010

1152 5: 69� : 04 1: 425� : 010

2304 5: 75� : 10 1: 425� : 010

Tabl e 1: The maximumof the speci �c heat and i ts posi ti on, wi th errors, f or

di �erent l atti ce si zes.

true asymptoti c behavi our. These resul ts al so i nval i date the i nterpretati on

rai sed i n the i ntroducti on [ 4, 3] . Aone- l oop renormal i zati on group cal cu-

l ati on shows that the persi stence l ength grows wi th bendi ng ri gi di ty � as

exp( 3
4�
�). Equati ng wi th the spati al extent of the l atti ce N1=din, where d in

i s the i ntri nsi c Hausdor� dimensi on of the l atti ce, one sees that they become

comparabl e at a coupl i ng � c �
3

4�d in
l n(N). In the conti nuuml imi t N! ,

�c di verges. Si nce, f or reasonabl e val ues of din, we do not see the i ncrease

i n �c wi th N predi cted by the above rel ati onshi p we can state wi th some

con�dence that the ori gi n of the observed speci �c heat peak i s not expl ai ned

by the persi stence l ength becomi ng comparabl e to the extent of the l atti ce.

In [ 3] we al so di scussedother, more subtl e, possi bi l i ti es that coul daccount

f or the observedbehavi our of C(�) wi thout i nvoki ng a phase transi ti on. One

was based on the anal ogy between the present model and the O(3) si gma-

model i n 2d [ 21 ] . Thi s model i s al so asymptoti cal l y f ree and consequentl y

di sordered at al l non-zero temperatures. Yet numeri cal simul ati ons showa

di sti nct peak i n the speci �c heat whi ch grows f or smal l l atti ces and then

saturates, j ust as we �nd i n the model of a ri gi d stri ng treated here. Thi s

may be seen i n Fi g. 2 where we have pl otted the speci �c heat C(�) f or the

two dimensi onal O(3) model . The simul ati ons were done on square l atti ces

of vol ume N=16, 25, 64, 100, 900, 2; 500, 4; 900 and 10; 000 usi ng the Wol �

al gori thm[ 22] . For each poi nt of the N =25; 100 and 10; 000 l atti ces we

used 100; 000 measurements. We took a measurement every time the Wol �

4



a set of 3Ni ps are perf ormed, 3N randoml y sel ectedembedding coordi nates

are updated by randomshi f ts f roma at di stri buti on.

The observabl e of most di rect physi cal i nterest i s the edge extri nsi c-

curvature speci �c heat

C(�) =
�2

N
(<S 2

E
>� <S E >2) : (2)

Thi s exhi bi ts a peak at a coupl i ng � c whi ch depends on the exact di screte

f ormof the acti on chosen [ 11 , 12, 13, 14, 15, 16, 2, 3] . In [ 3] we f ound

that the maximumval ue of the speci �c heat grows wi th the systemsi ze as

Cmax = N !, wi th ! =0: 06 � 0: 05. In our new seri es of simul ati ons on

l atti ces wi th 1152 nodes we ran 54 mi l l i on sweeps at � =1: 425, 21 mi l l i on

sweeps at � =1: 430 and 18 mi l l i on sweeps at � =1: 435 1. On the data f rom

these three poi nts we use mul ti -hi stogramreconstructi on [ 17 , 18, 19] . Thi s

works wel l i n that three di �erent reconstructi ons gi ve coherent resul ts. On

l atti ces of 2304 nodes we have poorer stati sti cs. We ran 17 mi l l i on sweeps

at � =1: 425 pl us approximatel y 5 mi l l i on sweeps at � =1: 40, 1: 42 and 1: 43

as a consi stency check. On the 2304 l atti ce hi stogrammi ng does not work

wel l . Thi s i s to be expected si nce the stati sti cs are not good enough f or such

a l arge l atti ce. Sti l l we have checked that our measurements at � =1: 425

gi ve consi stent resul ts, that the error estimate i s rel i abl e and that we are,

wi th good accuracy, at the peak of the speci �c heat. In al l these simul ati ons

requi red the equi val ent of approximatel y one year of CPUtime on an HP

9000 (720 seri es) workstati on.

The speci �c heat peak f or N =576, 1152 and 2304 i s shown i n Fi g. 1.

In Tabl e 1 we gi ve our resul ts f or the maximumof the speci �c heat and the

associ ated coupl i ng �c as a f uncti on of N
2.

Cl earl y the maximumof the speci �c heat curve C max i s e�ecti vel y con-

stant f or surf aces wi th 576 or more nodes. The (pseudo)-cri ti cal coupl i ng � c

i s al so constant f or N=576 and above. Wi th the present data we can de�-

ni tel y excl ude the presence of a di vergence i n the speci �c heat. The growthof

the speci �c heat peak observed on smal l l atti ces [ 11 , 12, 13] does not reect

1Si nce the autocorrel at i on t i me � i s of order 400; 000 sweeps on the 1152 l att i ce these

runs have at l east 45� measurements .
2 e have reanal yzed the data presented i n ref erence ([3]), us i ng a di �erent method of

wei ght i ng rel at i ve er rors when combi ni ng hi s tograms. hus , some of the er rors quoted

here are smal l er than the respect i ve uncertai nt i es i n ref erence ( [ 3] ) .
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The theory of 2d ui d randomsurf aces embedded i n R 3, wi th an ex-

tri nsi c curvature term(bendi ng ri gi di ty) i n the acti on, has recei ved consi d-

erabl e anal yti cal and numeri cal attenti on i n the l ast decade [ 1, 2, 3] . In

[ 3] we presented the resul ts of a l arge- scal e Monte Carl o simul ati on of a

dynami cal l y- tri angul ated torus i n R3 wi th up to 576 nodes, correspondi ng

to 1152 tri angl es. Al though we observed a rapi d crossover f roma crumpled

regime f or � <� c to a smooth regime f or � >� c, where � i s the extri nsi c

curvature coupl i ng constant and � c � 1: 425, i t was not at al l cl ear whether a

true conti nuous thermodynami c phase transi ti on separated the two regimes.

In f act several al ternati ve i nterpretati ons of the data were di scussed i n [ 3] .

Perhaps the simpl est possi bi l i ty, advocated i n [ 4] , i s that the persi stence

l ength descri bi ng the exponenti al decay of the normal -normal two-poi nt

f uncti on i n the crumpl ed (di sordered) regime simpl y reaches the �ni te si ze

of the systemat � c. In thi s case the observed smooth regime woul d be a

�ni te- si ze arti f act wi th the true conti nuumtheory real l y bei ng crumpl ed f or

al l coupl i ngs �, i n accordance wi th perturbati ve anal yti cal resul ts [ 5, 6, 7, 8] .

Si nce grows exponenti al l y wi th �, accordi ng to the one- l oop beta- f uncti on,

thi s i nterpretati on woul d imply that � c di verges l ogari thmi cal l y wi th system

si ze N. To resol ve thi s i ssue and to gai n f urther i nsi ght i nto the model i t

was cl earl y desi rabl e to extend the numeri cal simul ati ons to l arger l atti ce

si zes and to cl ari f y the i nuence of �ni te- si ze e�ects. In thi s short l etter we

present an extensi on of our previ ous work to i ncl ude toroi dal l atti ces 1152

and 2304 nodes.

As i n [ 3] we study the theory de�ned by the acti on

S =S Gauss �SE =
i;j; �

Cij(
�

i �
�

j )
2 �

k̂l̂

(1� n
�

k̂
� n

�

l̂
) ; (1)

where C ij i s the adj acency matri x, �

i i s the posi ti on i n R3 of node i

(i =1; : : ; N) and n
�

k̂
i s the normal vector to a tri angl e ^ i n the cel l ul ar

decomposi ti on of a l atti ce di screti zati on of a torus. The di screti zati onSE of

a conti nuumextri nsi c curvature termtakes support on the edges (l i nks) of

the l atti ce and i s known as the (di screte) edge extri nsi c- curvature. The sim-

ul ati on consi sts of a standard Metropol i s al gori thmfor the updati ng of the

nodes �

i and a DTRS-al gori thm[ 9 , 10] to sweep through the space of tri an-

gul ati ons. The basi c i p move i s attempted on randoml y chosen l i nks. Af ter
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