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A
b
str
a
c
t

T
o
in
v
estig
a
te
th
e
p
ro
p
erties
o
f
c
=

1
m
a
tter
co
u
p
led
to
2
d
{
g
ra
v
ity
w
e
h
a
v
e

p
erfo
rm
ed
la
rg
e-sca
le
sim
u
la
tio
n
s
o
f
tw
o
co
p
ies
o
f
th
e
Isin
g
M
o
d
el
o
n
a
d
y
n
a
m
ica
l

la
ttice.
W
e
m
ea
su
re
sp
in
su
scep
tib
ility
a
n
d
p
erco
la
tio
n
critica
l
ex
p
o
n
en
ts
u
sin
g

�
n
ite-size
sca
lin
g
.
W
e
sh
o
w
ex
p
licitly
h
o
w
lo
g
a
rith
m
ic
co
rrectio
n
s
a
re
n
eed
ed
fo
r

a
p
ro
p
er
co
m
p
a
riso
n
w
ith
th
eo
retica
l
ex
p
o
n
en
ts.
W
e
a
lso
ex
h
ib
it
co
rrela
tio
n
s,

m
ed
ia
ted
b
y
g
ra
v
ity,
b
etw
een
th
e
en
erg
y
a
n
d
m
a
g
n
etic
p
ro
p
erties
o
f
th
e
tw
o
Isin
g

sp
ecies.
T
h
e
p
ro
sp
ects
fo
r
ex
ten
d
in
g
th
is
w
o
rk
b
ey
o
n
d
c
=
1
a
re
a
d
d
ressed
.

S
U
-H
E
P
-9
3
-4
2
4
1
-5
5
6

S
C
C
S
5
4
0

h
e
p
-th
/
y
y
m
m
n
n
n

1

In
tr
o
d
u
c
tio
n

T
h
ere
is
a
t
p
resen
t
co
n
sid
era
b
le
a
n
a
ly
tic
u
n
d
ersta
n
d
in
g
o
f
h
o
w
co
n
fo
rm
a
l
m
a
tter

w
ith
cen
tra
l
ch
a
rg
e
(c)
less
th
a
n
o
r
eq
u
a
l
to
o
n
e
co
u
p
les
to
tw
o
-d
im
en
sio
n
a
l

g
ra
v
ity
[1
].
T
h
ese
c�
1
m
o
d
els
a
re
relev
a
n
t
b
o
th
a
s
n
o
n
-critica
l
strin
g
th
eo
ries

a
n
d
a
s
n
o
v
el
sta
tistica
l
m
ech
a
n
ica
l
sy
stem
s
d
escrib
in
g
m
a
tter
o
n
a
d
y
n
a
m
ica
l

su
b
stra
te
la
ttice.
T
h
e
rela
tio
n
o
f
th
ese
m
o
d
els
to
q
u
a
n
tu
m

L
io
u
v
ille
th
eo
ry
[2
]

a
llo
w
s
o
n
e
to
co
m
p
u
te
th
e
sh
ift
in
th
e
sca
lin
g
d
im
en
sio
n
o
f
p
h
y
sica
l
o
p
era
to
rs

d
u
e
to
th
e
co
u
p
lin
g
to
2
d
-g
ra
v
ity.
T
h
is
sh
ift
is
d
eterm
in
ed
so
lely
b
y
th
e
sca
lin
g

d
im
en
sio
n
o
f
th
e
o
p
era
to
r
in
th
e
a
b
sen
ce
o
f
g
ra
v
ity
(i.e
o
n
a
�
x
ed
la
ttice)
a
n
d

th
e
cen
tra
l
ch
a
rg
e
o
f
th
e
th
eo
ry.
G
iv
en
th
e
d
ressed
sca
lin
g
d
im
en
sio
n
s
o
n
e
ca
n

co
m
p
u
te
critica
l
ex
p
o
n
en
ts
o
f
th
erm
o
d
y
n
a
m
ic
o
b
serv
a
b
les
rela
ted
to
co
rrela
tio
n

fu
n
ctio
n
s.

T
h
ro
u
g
h
th
e
m
a
p
p
in
g
o
f
th
ese
sy
stem
s
o
n
to
m
a
trix
m
o
d
els
it
is

ev
en
p
o
ssib
le
to
in
co
rp
o
ra
te
to
p
o
lo
g
y
ch
a
n
g
e
b
y
p
erfo
rm
in
g
th
e
en
tire
su
m
o
v
er

to
p
o
lo
g
ies
in
th
e
so
-ca
lled
d
o
u
b
le-sca
lin
g
lim
it.

1



T
h
is
b
ea
u
tifu
l
sta
te
o
f
a
�
a
irs
fa
lls
a
p
a
rt
fo
r
cen
tra
l
ch
a
rg
e
ex
ceed
in
g
o
n
e
1.

In
th
is
ca
se
th
e
m
eth
o
d
s
o
f
L
io
u
v
ille
th
eo
ry
a
p
p
ea
r
to
fa
il
-
in
p
a
rticu
la
r
th
ey

p
red
ict
co
m
p
lex
critica
l
ex
p
o
n
en
ts.
T
h
e
v
a
n
ish
in
g
o
f
th
e
m
a
ss
o
f
th
e
d
ressed

id
en
tity
o
p
era
to
r
(th
e
ta
ch
y
o
n
)
a
t
c
=
1
su
g
g
ests
th
e
o
n
set
o
f
a
n
in
sta
b
ility
in

th
e
w
o
rld
sh
eet
g
eo
m
etry.
B
a
sed
o
n
th
is,
it
is
w
id
ely
b
eliev
ed
th
a
t
c
>

1
n
o

lo
n
g
er
d
escrib
es
a
co
n
tin
u
u
m

th
eo
ry
o
f
su
rfa
ces
[4
].
S
in
ce
n
o
m
o
d
els
h
a
v
e
b
een

so
lv
ed
in
th
is
reg
im
e,
it
w
o
u
ld
b
e
v
a
lu
a
b
le
to
a
p
p
ly
n
u
m
erica
l
tech
n
iq
u
es
to
see

if
c
>
1
m
o
d
els
a
p
p
ea
r
to
b
e
q
u
a
lita
tiv
ely
d
i�
eren
t
th
a
n
th
o
se
w
ith
c
<
1
.

A
sim
p
le
cla
ss
o
f
m
o
d
els
to
test
o
u
r
u
n
d
ersta
n
d
in
g
o
f
th
ese
issu
es
is
p
ro
-

v
id
ed
b
y
m
u
ltip
le
co
p
ies
o
f
th
e
Isin
g
m
o
d
el
o
n
a
d
y
n
a
m
ica
l
la
ttice.
E
a
ch
Isin
g

m
o
d
el
h
a
s
c
=

12
.
A
m
o
d
el
w
ith
n
in
d
iv
id
u
a
l
co
p
ies
th
en
h
a
s
c
=
n
=
2
.
F
o
r
a

sin
g
le
Isin
g
m
o
d
el
(n
=
1
)
o
n
a
d
y
n
a
m
ica
l
la
ttice
th
e
critica
l
ex
p
o
n
en
ts
m
a
y
b
e

co
m
p
u
ted
a
n
a
ly
tica
lly
v
ia
a
m
a
p
p
in
g
o
f
th
e
m
o
d
el
o
n
to
a
p
a
rticu
la
r
2
-m
a
trix

m
o
d
el
(w
ith
o
n
e
m
a
trix
rep
resen
tin
g
sp
in
u
p
a
n
d
th
e
o
th
er
sp
in
d
o
w
n
)
[5
,
6
].

T
h
e
m
o
d
el
h
a
s
a
th
ird
o
rd
er
ra
th
er
th
a
n
a
seco
n
d
o
rd
er
p
h
a
se
tra
n
sitio
n
.
W
ith
-

o
u
t
th
e
co
u
p
lin
g
to
g
ra
v
ity
th
e
p
a
rtitio
n
fu
n
ctio
n
o
f
th
e
n
-Isin
g
m
o
d
el
w
o
u
ld

sim
p
ly
b
e
th
e
n
{
th
p
o
w
er
o
f
th
e
sin
g
le
Isin
g
m
o
d
el
p
a
rtitio
n
fu
n
ctio
n
,
sin
ce
th
e

sp
in
s
o
f
d
i�
eren
t
co
p
ies
a
re
in
d
ep
en
d
en
t.
T
h
e
in
tera
ctio
n
w
ith
g
ra
v
ity,
h
o
w
ev
er,

in
d
u
ces
a
n
e�
ectiv
e
in
tera
ctio
n
b
etw
een
sp
in
s
o
f
d
i�
eren
t
sp
ecies
(co
p
ies).
S
p
in
s

o
f
d
i�
eren
t
sp
ecies
e�
ectiv
ely
in
tera
ct
th
ro
u
g
h
th
e
d
y
n
a
m
ica
l
la
ttice.
B
r�ezin

a
n
d
H
ik
a
m
i
[7
,
8
,
9
]
h
a
v
e
stu
d
ied
a
n
eq
u
iv
a
len
t
2
n
-m
a
trix
m
o
d
el
rea
liza
tio
n

o
f
th
is
sy
stem

in
p
ertu
rb
a
tio
n
th
eo
ry
in
th
e
co
sm
o
lo
g
ica
l
co
n
sta
n
t,
w
ith
o
u
t
a
n
y

a
p
p
a
ren
t
a
n
o
m
a
ly
settin
g
in
a
t
c
=
1
.
S
im
ila
rly
M
o
n
te-C
a
rlo
stu
d
ies
o
f
m
u
ltip
le{

Isin
g
a
n
d
m
u
ltip
le{
P
o
tts
m
o
d
els
o
n
d
y
n
a
m
ica
lly
-tria
n
g
u
la
ted
ra
n
d
o
m

su
rfa
ces

(D
T
R
S
)
d
o
n
o
t
u
n
co
v
er
d
ra
m
a
tic
ch
a
n
g
es
a
s
c
p
a
sses
th
ro
u
g
h
o
n
e
[1
0
,
1
1
,
1
2
].

O
n
th
e
n
u
m
erica
l
sid
e
it
is
im
p
o
rta
n
t
th
a
t
w
e
u
n
d
ersta
n
d
th
e
tra
n
sitio
n

ca
se
c
=

1
b
efo
re
p
lu
n
g
in
g
in
to
th
e
reg
im
e
c
>
1
.
T
h
is
is
th
e
m
o
tiv
a
tio
n
fo
r

th
e
w
o
rk
p
resen
ted
in
th
is
p
a
p
er
o
n
la
rg
e-sca
le
D
T
R
S
sim
u
la
tio
n
s
o
f
th
e
n
=
1

a
n
d
n
=
2
Isin
g
m
o
d
el
co
u
p
led
to
2
d
-g
ra
v
ity.
In
th
e
n
=
2
ca
se
th
e
fo
rm
a
lism

o
f
K
P
Z
a
llo
w
s
a
co
m
p
u
ta
tio
n
o
f
th
e
relev
a
n
t
critica
l
ex
p
o
n
en
ts,
w
h
ich
w
e
ca
n

co
n
seq
u
en
tly
co
m
p
a
re
to
th
e
n
u
m
erica
l
resu
lts
ex
tra
cted
fro
m
�
n
ite-size
sca
lin
g

a
n
d
d
irect
�
ts.
T
h
e
ex
a
ct
so
lu
tio
n
o
f
th
e
sin
g
le-Isin
g
m
o
d
el
a
lso
p
ro
v
id
es
a
d
irect

ch
eck
th
a
t
th
e
d
iscrete
D
T
R
S
a
lg
o
rith
m
is
rep
ro
d
u
cin
g
co
n
tin
u
u
m

b
eh
a
v
io
r
fo
r

th
e
la
ttice
sizes
sim
u
la
ted
a
n
d
th
a
t
th
e
n
u
m
erica
l
a
n
a
ly
sis
m
eth
o
d
s
em
p
lo
y
ed

a
re
a
d
eq
u
a
te.
T
h
e
n
=
2
(c
=
1
)
ca
se
is
co
n
sid
era
b
ly
m
o
re
co
m
p
lica
ted
th
a
n
th
e

n
=
1
ca
se
b
eca
u
se
o
f
lo
g
a
rith
m
ic
v
io
la
tio
n
s
o
f
sca
lin
g
.
H
ere
th
e
ex
ten
siv
e
w
o
rk

o
n
c
=
1
m
a
trix
m
o
d
els
p
ro
v
id
es
a
n
essen
tia
l
clu
e
[1
3
].
It
a
llo
w
s
u
s
to
id
en
tify
th
e

a
p
p
ro
p
ria
te
sca
lin
g
v
a
ria
b
le
th
a
t
rep
la
ces
th
e
co
sm
o
lo
g
ica
l
co
n
sta
n
t.
W
ith
th
is

in
h
a
n
d
w
e
a
re
a
b
le
to
co
m
p
a
re
th
e
resu
lts
o
f
o
u
r
la
rg
e-sca
le
D
T
R
S
M
o
n
te-C
a
rlo

1
M
o
re
p
recisely
w
h
en
th
e
q
u
a
n
tity
c
�

2
4
�
>

1
,
w
h
ere
�

is
th
e
co
n
fo
rm
a
l
w
eig
h
t
o
f
th
e

lo
w
est-w
eig
h
t
sta
te
in
th
e
th
eo
ry
[3].

sim
u
la
tio
n
s
w
ith
th
e
p
red
ictio
n
s
o
f
K
P
Z
.

S
im
ila
r
issu
es
a
re
a
lso
a
d
d
ressed
in
a
co
m
p
a
n
io
n
p
a
p
er
[1
4
]
in
w
h
ich
p
er-

co
la
tio
n
co
u
p
led
to
g
ra
v
ity
w
ith
c
=
0
;1
=
2
;1
a
n
d
c
>
1
m
a
tter
is
ex
a
m
in
ed
in

m
u
ch
d
eta
il.
T
h
e
n
a
tu
re
o
f
�
n
ite
size
e�
ects
in
sim
u
la
tio
n
s
o
f
tw
o
d
im
en
sio
n
a
l

g
ra
v
ity
p
la
y
s
a
cen
tra
l
ro
le
in
th
a
t
p
a
p
er,
a
s
it
d
o
es
h
ere.
W
e
sh
a
ll
sh
o
w
h
o
w
th
e

p
erco
la
tio
n
resu
lts
fo
r
G
a
u
ssia
n
m
a
tter
in
[1
4
]
a
re
co
n
sisten
t
w
ith
th
o
se
o
b
ta
in
ed

in
th
e
tw
o
sp
ecies
Isin
g
m
o
d
el
d
iscu
ssed
h
ere.

T
h
e
o
u
tlin
e
o
f
th
e
rest
o
f
th
e
p
a
p
er
is
a
s
fo
llo
w
s.
In
sectio
n
2
w
e
g
iv
e
a

th
eo
retica
l
d
iscu
ssio
n
o
f
c
=
1
co
n
fo
rm
a
l
m
a
tter
co
u
p
led
to
2
d
-g
ra
v
ity,
w
ith
a

d
eriv
a
tio
n
o
f
th
e
critica
l
ex
p
o
n
en
ts
w
e
w
ill
b
e
co
m
p
a
rin
g
w
ith
o
u
r
n
u
m
erica
l

sim
u
la
tio
n
s
a
n
d
a
d
iscu
ssio
n
o
f
lo
g
a
rith
m
ic
v
io
la
tio
n
s
o
f
sca
lin
g
.

In
sectio
n

3
w
e
p
resen
t
o
u
r
n
u
m
erica
l
m
eth
o
d
s
a
n
d
resu
lts
in
clu
d
in
g
a
co
m
p
a
riso
n
w
ith

th
eo
retica
l
ex
p
ecta
tio
n
s.
F
in
a
lly,
in
sectio
n
4
,
w
e
co
n
clu
d
e
w
ith
a
d
iscu
ssio
n
o
f

th
e
o
rig
in
o
f
lo
g
a
rith
m
ic
co
rrectio
n
s
to
sca
lin
g
a
n
d
th
e
p
ro
sp
ects
fo
r
ex
ten
d
in
g

th
is
w
o
rk
to
th
e
reg
im
e
c
>
1
th
a
t
th
is
im
p
lies.

2

T
h
e
o
r
e
tic
a
l
P
r
e
d
ic
tio
n
s

W
e
sh
a
ll
co
n
sid
er
a
m
o
d
el
in
w
h
ich
Isin
g
sp
in
s
a
re
a
tta
ch
ed
to
th
e
v
ertices
o
f

tria
n
g
u
la
tio
n
s.
T
h
e
tria
n
g
u
la
tio
n
s
a
re
ch
a
ra
cterized
b
y
th
eir
a
d
ja
cen
cy
m
a
trix

C
i
j

w
h
ich
eq
u
a
ls
1
if
i
a
n
d
j
a
re
n
eig
h
b
o
rs
a
n
d
v
a
n
ish
es
o
th
erw
ise.
C
i
j

is
th
e

d
iscrete
a
n
a
lo
g
u
e
o
f
th
e
w
o
rld
sh
eet
m
etric
g
i
j .
W
e
sh
a
ll
restrict
o
u
rselv
es
to
th
e

set
o
f
tria
n
g
u
la
tio
n
s
w
ith
N

v
ertices
T
N

co
n
ta
in
in
g
o
n
ly
lo
o
p
s
o
f
len
g
th
3
o
r

g
rea
ter
a
n
d
v
ertices
o
f
co
o
rd
in
a
tio
n
n
u
m
b
er
o
f
a
t
lea
st
3
.
W
e
sim
u
la
te
a
th
eo
ry

d
eterm
in
ed
b
y
th
e
p
a
rtitio
n
fu
n
ctio
n

Z
N

= XT
2
T
N X�
i
=
�

1
ex
p
(�
�

n
s

X�
=
1

N
Xi

;j
=
1

C
i
j (T
)�
�i
�
�j
);

(1
)

�
la
b
els
th
e
sp
in
sp
ecies.
In
th
is
p
a
p
er,
w
e
a
d
d
ress
th
e
ca
ses
n
s

=
1
a
n
d
2
.
M
o
st

o
f
th
e
relev
a
n
t
th
eo
retica
l
ca
lcu
la
tio
n
s
a
re
p
erfo
rm
ed
in
th
e
g
ra
n
d
-ca
n
o
n
ica
l

en
sem
b
le,
w
ith
th
e
p
a
rtitio
n
fu
n
ctio
n

Z
(�
)
=

1
XN

=
1

Z
N

ex
p
(�
�
N
)

(2
)

d
ep
en
d
en
t
o
n
�
,
th
e
co
sm
o
lo
g
ica
l
co
n
sta
n
t.

O
u
r
p
rim
a
ry
o
b
serv
a
b
le
w
ill
b
e
th
e
sp
in
{
su
scep
tib
ility,
w
h
ich
w
e
ex
p
ress
a
s

2

3



th
e
in
teg
ra
ted
sp
in
{
sp
in
co
rrela
tio
n
fu
n
ctio
n

�
N

=

1
n
s

N

h
n
s

X�
=
1 X
i
;
j

�
�i
�
�j i:

(3
)

T
h
e
in
teg
ra
ted
sp
in
{
sp
in
co
rrela
tio
n
fu
n
ctio
n
in
th
e
g
ra
n
d
{
ca
n
o
n
ica
l
en
sem
b
le

th
en
sa
tis�
esh

n
s

X�
=
1 X
i
;
j

�
�i
�
�j i(�
)Z
(�
)
=

1
XN

=
1

n
s N
�
N

Z
N

ex
p
(�
�
N
):

(4
)

U
sin
g
sta
n
d
a
rd
a
rg
u
m
en
ts
[1
5
]
o
n
e
ca
n
d
eterm
in
e
h
o
w
th
e
sca
lin
g
b
eh
a
v
-

io
r
o
f
th
e
in
teg
ra
ted
sp
in
{
sp
in
co
rrela
tio
n
fu
n
ctio
n
ch
a
n
g
es
u
n
d
er
co
u
p
lin
g
to

g
ra
v
ity.
In


a
t
sp
a
ce,
th
e
sp
in
{
sp
in
co
rrela
tio
n
fu
n
ctio
n
s
sca
les
a
s

h�
�i
�
�j i�
j~r
i �
~r
j j
�

2
(�
o�
+
��
o�
):

(5
)

T
h
e
w
eig
h
t
�
o�

=

��
o�

=
1
=
1
6
is
d
ressed
b
y
g
ra
v
ity
in
a
th
eo
ry
o
f
cen
tra
l
ch
a
rg
e

c
a
cco
rd
in
g
to
th
e
K
P
Z
fo
rm
u
la
[2
]

(�
� �
�
o�
)
= �
1
+

11
2 � p
1�
c�
p

2
5�
c � p
1�
c �
�
�
(1�
�
�
):

(6
)

T
h
is
d
ressed
w
eig
h
t
d
eterm
in
es
th
e
sca
lin
g
o
f
th
e
in
teg
ra
ted
sp
in
{
sp
in
co
rrela
tio
n

fu
n
ctio
n
w
ith
�
o
n
su
rfa
ces
o
f
g
en
u
s
h
:

h X
� X
i
;
j

�
�i
�
�j i(�
)Z
(�
)�
(�
�
�
c )
2
(
�

1
+
�
�
)+
(2
�



s
)(1
�

h
)

(7
)

(th
e
�
1
b
efo
re
th
e
d
ressed
w
eig
h
t
a
cco
u
n
ts
fo
r
th
e
in
teg
ra
tio
n
s
o
f
i
a
n
d
j
o
v
er

th
e
su
rfa
ce)
w
ith



s

=

11
2 �
c�
1� p
(2
5�
c)(1�
c) �
:

(8
)

T
h
e
a
b
o
v
e
rela
tio
n
s
(4
)
a
n
d

Z
N

�
N
�

1
+
(


s
�

2
)(1
�

h
)

(9
)

y
ield
th
e
�
n
ite-size
sca
lin
g
rela
tio
n

�
N

�
N


=
�
d
H

;

(1
0
)

w
ith



=
�
d
H

=
1�
2
�
�
:

(1
1
)

T
h
is
is
th
e
sca
lin
g
la
w
th
a
t
w
e
sh
a
ll
v
erify
n
u
m
erica
lly.
T
h
e
su
scep
tib
ility
sca
les

a
s
�
�
(�
�
�
c )
�



,
th
e
co
rrela
tio
n
len
g
th
(g
o
v
ern
ed
b
y
th
e
d
eca
y
o
f
th
e
sp
in
{

sp
in
co
rrela
tio
n
fu
n
ctio
n
)
o
b
ey
s
��
(��
�
c )
�

�

a
n
d
d
H

is
th
e
in
trin
sic
H
a
u
sd
o
r�

d
im
en
sio
n
o
f
th
e
ra
n
d
o
m
su
rfa
ce
b
ein
g
co
n
sid
ered
.

A
ssu
m
in
g
th
e
sta
n
d
a
rd
sca
lin
g
h
y
p
ersca
lin
g
rela
tio
n
�
=
2�
�
d
H

,
w
e
ca
n

a
lso
p
red
ict
th
e
v
a
lu
e
o
f


.
T
h
e
sp
eci�
c
h
ea
t
sca
les
a
s
N
�
=
�
d
H

.
T
h
en
b
y
a
p
p
ly
in
g

th
e
rea
so
n
in
g
u
sed
to
a
rriv
e
a
t
(1
1
)
to
th
e
tw
o
-p
o
in
t
fu
n
ctio
n
o
f
th
e
en
erg
y

o
p
era
to
r
",
o
n
e
�
n
d
s
�
=
�
d
H

eq
u
a
ls
1�
2
�
" ,
w
h
ere
�
"

is
th
e
d
ressed
w
eig
h
t
o
f

th
e
en
erg
y
o
p
era
to
r.
It
th
en
fo
llo
w
s
th
a
t



=

(1�
2
�
�
)

(1�
�
" )
:

(1
2
)

O
n
e
o
b
ta
in
s
�
"

th
ro
u
g
h
th
e
K
P
Z
fo
rm
u
la
(6
),
su
b
stitu
tin
g
th
e
b
a
re
en
erg
y

w
eig
h
t
�
o"

=
1
=
2
fo
r
�
o�
.

W
e
sh
a
ll
a
lso
m
ea
su
re
sca
lin
g
p
ro
p
erties
o
f
th
e
F
o
rtu
in
-K
a
steley
n
(F
K
)

clu
sters
[1
6
]
w
h
ich
w
e
co
n
stru
ct
to
u
p
d
a
te
th
e
sp
in
d
eg
rees
o
f
freed
o
m
.
T
h
e
F
K

clu
sters
a
p
p
ea
r
in
th
e
refo
rm
u
la
tio
n
o
f
th
e
Isin
g
m
o
d
el
a
s
a
co
rrela
ted
sp
in
{
b
o
n
d

p
erco
la
tio
n
m
o
d
el
w
ith
p
a
rtitio
n
fu
n
ctio
n
[1
7
]

Z
=

X�
i
=
�

1

Xc
o
lo
r
i
n
g
s

p
b(1�
p
)
N

b
�

b:

(1
3
)

C
o
lo
rin
g
s
co
n
sist
o
f
a
set
o
f
`b
la
ck
'
b
o
n
d
s
d
ra
w
n
b
etw
een
a
d
ja
cen
t
p
o
in
ts

w
ith
id
en
tica
l
sp
in
v
a
lu
es;
ea
ch
b
la
ck
b
o
n
d
is
d
ra
w
n
w
ith
p
ro
b
a
b
ility
p
=

1�
ex
p
(�
2
�
).
In
(1
3
)
b
b
o
n
d
s
o
u
t
o
f
a
p
o
ssib
le
N
b

b
o
n
d
s
o
f
th
e
la
ttice
a
re

co
lo
red
b
la
ck
.
F
K
clu
sters
co
m
p
rise
sets
o
f
sites
lin
k
ed
to
g
eth
er
b
y
b
la
ck
b
o
n
d
s.

T
h
erefo
re
ea
ch
clu
ster
is
a
ssig
n
ed
a
sin
g
le
sp
in
v
a
lu
e.
In
th
e
m
u
lti-g
en
era
tio
n

ca
se,
w
e
b
u
ild
a
set
o
f
co
lo
red
b
o
n
d
s
a
n
d
F
K
clu
sters
sep
a
ra
tely
fo
r
ea
ch
sp
ecies

o
f
sp
in
.
O
n
e
ca
n
sh
o
w
th
a
t
th
e
sp
in
{
sp
in
co
rrela
tio
n
fu
n
ctio
n
o
f
th
e
sp
in
sh�
�i
�
�j i

eq
u
a
ls
th
e
p
a
ir-co
n
n
ected
n
ess
fu
n
ctio
n
h�
C
�i

;C
�j i
o
f
th
e
co
rresp
o
n
d
in
g
F
K
clu
sters;

�
is
1
w
h
en
i
a
n
d
j
lie
in
th
e
sa
m
e
clu
sterC
�

a
n
d
0
o
th
erw
ise
[1
8
].
F
ro
m
th
is,
it

fo
llo
w
s
th
a
t
th
e
sp
in
{
su
scep
tib
ility
eq
u
a
ls
th
e
m
ea
n
clu
ster
sizeS
=
hs
2i=hsi,
in

w
h
ich
a
v
era
g
es
a
re
ta
k
en
o
v
er
th
e
d
istrib
u
tio
n
n
(s),
th
e
m
ea
n
n
u
m
b
er
o
f
clu
sters

p
er
co
n
�
g
u
ra
tio
n
co
n
ta
in
in
g
s
sites.
W
e
th
u
s
sh
a
ll
d
eterm
in
e
th
e
sca
lin
g
o
f
th
e

m
ea
n
-clu
ster
size
a
n
d
in
a
d
d
itio
n
,
th
e
fra
cta
l
d
im
en
sio
n
d
f

o
f
th
e
la
rg
est
clu
ster.

T
h
e
a
v
era
g
e
m
a
x
im
a
l
size
clu
sterM
o
f
ea
ch
co
n
�
g
u
ra
tio
n
sca
les
a
s

M
�
N

d
f

d
H

:

(1
4
)

S
ta
n
d
a
rd
sca
lin
g
a
rg
u
m
en
ts
[1
9
]
rela
te


=
�
d
H

=
2
d
f
=
d
H

�
1
.
O
n
e
ca
n
d
eriv
e

th
is,
fo
r
in
sta
n
ce,
b
y
co
n
sid
erin
g
th
e
a
sy
m
p
to
tic
fo
rm

o
f
n
(s)
�
N
s
�

�
.
T
h
e

4

5



sta
n
d
a
rd
h
y
p
ersca
lin
g
rela
tio
n
�
d
H

=
2�
�
is
th
en
n
eed
ed
.
T
h
e
sin
g
u
la
rity
o
f

th
e
clu
ster
n
u
m
b
er
d
en
sity,
th
e
zero
th
m
o
m
en
t
o
f
n
(s),
a
s
a
fu
n
ctio
n
o
f
p�
p
c ,

is
g
iv
en
b
y
th
e
ex
p
o
n
en
t
(2�
�
).
S
im
ila
rly
th
e
seco
n
d
m
o
m
en
t
o
f
n
(s)
sca
les
a
s

(p�
p
c )
�



.
T
h
u
s
th
e
u
su
a
l
sca
lin
g
a
ssu
m
p
tio
n
s
im
p
ly


=
�
d
H

=
(��
3
)=
(1�
�
).

M
a
sy
m
p
to
tica
lly
o
b
ey
s

N Z
N

M

s
�

��
1

(1
5
)

(th
a
t
is,
th
e
m
ea
n
n
u
m
b
er
o
f
clu
sters
p
er
co
n
�
g
u
ra
tio
n
o
f
size
g
rea
ter
th
a
n
M

is
o
f
o
rd
er
u
n
ity
)
a
n
d
h
en
ce
d
f
=
d
H

=
1
=
(�
�
1
).
E
lim
in
a
tin
g
�
th
en
g
iv
es
th
e

a
b
o
v
e
rela
tio
n
b
etw
een
d
f
=
d
H

a
n
d


=
�
d
H

.

W
e
ca
n
a
lso
o
b
ta
in
a
d
d
itio
n
a
l
in
fo
rm
a
tio
n
a
b
o
u
t
th
e
critica
l
g
eo
m
etry
o
f

th
ese
th
eo
ries
b
y
ex
a
m
in
in
g
th
e
p
ro
p
erties
o
f
p
u
re
p
erco
la
tio
n
clu
sters.
C
o
n
sid
er

th
e
b
o
n
d
-p
erco
la
tio
n
m
o
d
el

Z
=

Xc
o
lo
r
i
n
g
s

p
b(1�
p
)
N

b
�

bq
N

c;

(1
6
)

w
h
ich
fo
r
q
=
2
is
y
et
a
n
o
th
er
fo
rm
u
la
tio
n
o
f
th
e
Isin
g
p
a
rtitio
n
fu
n
ctio
n
a
n
d

m
o
re
g
en
era
lly
is
th
e
p
a
rtitio
n
fu
n
ctio
n
o
f
th
e
q
-sta
te
P
o
tts
m
o
d
el.
T
h
e
p
a
ir-

co
n
n
ected
n
ess
fu
n
ctio
n
th
en
ex
h
ib
its
th
e
sca
lin
g
b
eh
a
v
io
r
a
t
critica
lity
o
f
(5
)

w
ith
w
eig
h
ts
[2
0
]

�
o�

;q

=

��
o�

;
q

=

(1�
y
2)

8
(2�
y
)
;
co
s(
�
y2

)
=
12 p

q:

(1
7
)

T
h
e
q!
1
lim
it
co
rresp
o
n
d
s
to
p
u
re
p
erco
la
tio
n
,
w
h
ich
h
a
s
n
o
d
y
n
a
m
ics
(a
n
d

v
a
n
ish
in
g
cen
tra
l
ch
a
rg
e)
a
n
d
th
u
s
d
o
es
n
o
t
in
d
u
ce
a
n
y
b
a
ck
-rea
ctio
n
w
h
en
it
is

co
u
p
led
to
a
th
eo
ry
o
f
g
ra
v
ity
a
n
d
m
a
tter
o
f
cen
tra
l
ch
a
rg
e
c.
�
o�

;q
=
1
=
5
=
9
6
;
th
e

d
ressed
sca
lin
g
o
f
th
is
w
eig
h
t
is
a
g
a
in
g
o
v
ern
ed
b
y
th
e
K
P
Z
fo
rm
u
la
(6
).
W
ith

th
is
n
ew
d
ressed
w
eig
h
t,
w
e
ca
n
th
en
p
red
ict
th
e
sca
lin
g
b
eh
a
v
io
r
o
f
th
e
m
ea
n

(a
n
d
m
a
x
im
a
l)
clu
ster
sizesS
N

;
q
=
1
(a
n
d
M
N

;
q
=
1 )
u
sin
g
(1
0
)
w
ith
S
su
b
stitu
ted

fo
r
�
.In

o
u
r
sim
u
la
tio
n
s,
w
e
sh
a
ll
co
n
sid
er
site
p
erco
la
tio
n
,
in
w
h
ich
sites
(ra
th
er

th
a
n
b
o
n
d
s)
a
re
co
lo
red
b
la
ck
w
ith
p
ro
b
a
b
ility
p
a
n
d
clu
sters
a
re
b
u
ilt
b
y
co
n
-

n
ectin
g
a
d
ja
cen
t
co
lo
red
sites.
It
is
w
ell
k
n
o
w
n
th
a
t
b
o
n
d
a
n
d
site
p
erco
la
tio
n

a
re
in
th
e
sa
m
e
u
n
iv
ersa
lity
cla
ss,
so
th
a
t
th
e
sca
lin
g
p
red
ictio
n
s
d
escrib
ed
a
b
o
v
e

sh
o
u
ld
still
h
o
ld
in
th
e
ca
se
o
f
p
u
re
site
p
erco
la
tio
n
.
It
is
a
d
v
a
n
ta
g
eo
u
s
to
co
n
-

sid
er
site
p
erco
la
tio
n
b
eca
u
se
th
e
critica
l
v
a
lu
e
o
f
p
,
p
c ,
is
co
n
stra
in
ed
to
eq
u
a
l

1
=
2
fo
r
site-p
erco
la
tio
n
o
n
tria
n
g
u
la
tio
n
s
[2
1
] 2.

2
T
h
ere
a
re
so
m
e
p
o
ssib
le
ex
cep
tio
n
s
to
th
is
co
n
stra
in
t,
w
h
ich
d
e�
n
itely
d
o
n
o
t
a
p
p
ly
in
th
e

ca
ses
w
e
sh
a
ll
co
n
sid
er
h
ere.
T
h
is
issu
e
is
d
iscu
ssed
ex
ten
siv
ely
in
[1
4].

2
.1

c

=
1

T
h
e
sca
lin
g
rela
tio
n
s
b
eco
m
e
m
o
re
co
m
p
lica
ted
fo
r
c
=

1
.
A
n
a
ly
tic
so
lu
tio
n
s

o
f
th
e
c
=

1
m
a
trix
m
o
d
els
(a
n
d
a
ca
refu
l
a
n
a
ly
sis
o
f
L
io
u
v
ille
th
eo
ry
)
sh
o
w

th
a
t
co
rrela
tio
n
fu
n
ctio
n
s
n
o
lo
n
g
er
sca
le
sim
p
ly
a
s
p
o
w
ers
o
f
th
e
co
sm
o
lo
g
ica
l

co
n
sta
n
t
�
.
In
stea
d
,
th
e
a
p
p
ro
p
ria
te
sca
lin
g
v
a
ria
b
le
is
�
w
h
ich
sa
tis�
es
3

�
=
�
�
ln
(�
)
+
c
1 �
+
���

(1
8
)

in
th
e
lim
it
o
f
sm
a
ll
�
;
c
1

is
a
co
n
sta
n
t
th
a
t
w
e
d
o
n
o
t
sp
ecify
a
n
d
sh
a
ll
n
o
t

a
ssu
m
e
to
b
e
u
n
iv
ersa
l.
T
h
is
sca
lin
g
rela
tio
n
h
a
s
b
een
d
eriv
ed
fo
r
th
e
G
a
u
ssia
n

th
eo
ry
(o
f
�
n
ite
a
n
d
in
�
n
ite
ra
d
iu
s)
co
u
p
led
to
g
ra
v
ity.
T
h
e
p
ro
d
u
ct
o
f
Isin
g

m
o
d
els
lies
o
n
th
e
G
a
u
ssia
n
c
=
1
o
rb
ifo
ld
lin
e
[2
2
];
co
u
p
led
to
g
ra
v
ity,
it
is
n
o
t

eq
u
iv
a
len
t
to
th
e
so
lv
ed
m
a
trix
m
o
d
els.
W
e
sh
a
ll
a
ssu
m
e
th
a
t
th
e
a
sy
m
p
to
tic

lo
g
a
rith
m
ic
sca
lin
g
v
io
la
tio
n
is
ch
a
ra
cteristic
o
f
c
=
1
a
n
d
th
u
s
h
o
ld
s
in
th
e
tw
o
-

sp
ecies
ca
se.
T
h
en
w
e
co
n
jectu
re
th
a
t
th
e
sca
lin
g
rela
tio
n
(7
)
sh
o
u
ld
b
e
m
o
d
i�
ed

so
th
a
t
4

h X
i
;
j

�
�i
�
�j i(�
)Z
(�
)�
�
(�
)
2
(
�

1
+
�
�
)+
(2
�



s
)(1
�

h
):

(1
9
)

In
th
e
ca
se
o
f
p
u
re
p
erco
la
tio
n
,
th
e
p
a
ir-co
n
n
ected
n
ess
fu
n
ctio
n
sh
o
u
ld
b
e
su
b
-

stitu
ted
fo
r
th
e
sp
in
{
sp
in
co
rrela
tio
n
fu
n
ctio
n
,
a
n
d
th
e
d
ressed
Isin
g
w
eig
h
t

�
�

=
1
=
4
sh
o
u
ld
b
e
rep
la
ced
b
y
�
�
;q
=
1
= p
5
=
9
6
.
In
th
e
fo
llo
w
in
g
fo
rm
u
la
e,
�

a
n
d
th
e
m
ea
n
clu
ster
size
S
a
re
in
terch
a
n
g
ea
b
le.

O
u
r
sim
u
la
tio
n
s
w
ill
b
e
d
o
n
e
o
n
w
o
rld
sh
eets
o
f
to
ro
id
a
l
to
p
o
lo
g
y
(h
=
1
)

fo
r
w
h
ich
Z
(�
)
�
ln
(�
)
fo
r
c
=

1
(fo
r
th
o
se
m
o
d
els
th
a
t
h
a
v
e
b
een
so
lv
ed

a
n
a
ly
tica
lly,
so
a
g
a
in
w
e
a
re
m
a
k
in
g
a
n
a
ssu
m
p
tio
n
a
b
o
u
t
u
n
iv
ersa
lity
).
T
o

ex
tra
ct
th
e
a
sy
m
p
to
tic
sca
lin
g
b
eh
a
v
io
r
o
f
�
N

,
w
e
in
v
ert
th
e
rela
tio
n
b
etw
een
�

a
n
d
�
o
rd
er
b
y
o
rd
er
in
1
=
ln
�
a
n
d
ln
(�
ln
(�
))=
ln
(�
)
to
o
b
ta
in

�
=
�
�

ln
�  
1
+
ln
(�
ln
�
)

ln
�

+ �
ln
(�
ln
�
)

ln
�

�
2�
ln
(�
ln
�
)

(ln
�
)
2

+
��� !
:

(2
0
)

W
e
th
en
ex
p
a
n
d
th
e
in
v
erse
L
a
p
la
ce
tra
n
sfo
rm

o
f
(1
9
)
to
o
b
ta
in

N
�
N

Z
N

�

1

N
(N
ln
N
)
!  
1�
ln
ln
N

ln
N
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w
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.
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b
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d
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w
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u
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itio
n
,
th
ere
sh
o
u
ld
b
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b
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eo
retica
lly
p
red
icted
sca
lin
g
b
eh
a
v
io
r
o
f
p
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=
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=

1
=
2
,
illu
stra
tes
th
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p
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b
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b
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b
etw
een
d
i�
eren
t
sp
ecies'
o
b
serv
a
b
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b
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b
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b
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b
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p
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ra
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a
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ra
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b
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b
y
lo
ca
tin
g
th
e
p
ea
k
in
th
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p
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w
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N 1024 2048 4096 8192 theory

(
=�dH)eff from � .74 (3) .76 (3) .73 (2) .76 (4) 2/3

(
=�dH)eff from SFK .748 (14) .741 (8) 2/3

(df=dH)eff .877 (15) .869 (6) 5/6

(
=�d)eff;q=1 .750 (10) .739 (8) .710

(df=dH)eff;q=1 .871 (7) .867 (5) .855

Table 2: Summary of exponents extracted from �nite-size scaling using the

numerically determined value of �c for one Ising species.

In the two species case we do not, however, know �c. To use the single

species model as a control, therefore, we estimate the critical exponents using

�nite-size scaling at an estimated value of �c = :2180(7). We present these

estimates in table 2. The values quoted from the scaling of � characterize the

range of exponents in the window � 2 [:2173; :2187]; this determination relies on

histogramming. The exponents extracted from cluster data are taken from data

at � = :218 (within this window), since histogramming was not reliable for this

data. We see that the shift in temperature away from the exact �c induces a

large change in the Ising exponents. In particular, (
=�dH)eff , which previously

came within 2% of the asymptotic value on the largest lattice, now is 10{15%

higher. The percolation exponents fare much better; they are quite insensitive

to the value of � and agree with the values taken at �c = :216273.

We also attempted to perform a direct �t of � to (���c)
�
 . We found that

a power law �t only seemed to work in the region � = :19� :195, where �nite

size e�ects were not severe. Only two of our data points (corresponding to the

lowest values of � at which we ran) were then used in this �t, yielding 
 = 1:8(1),

which is not so far from the theoretical value of 
 = 2 that follows from (12).

Given the sparsity of our data in this regime and thus the di�culty in verifying

that we are seeing asymptotic scaling, these results should be interpreted with

caution.

We now turn to a treatment of the two species results. First, we present

plots of �=N (hM2i � hjM ji2) and the intersections of Binder's cumulants.

Note that these observables look qualitatively very similar to their one

species counterparts. The position of the susceptibility peak is � = :2185+35
�20.

The Binder's cumulants (taken from the largest lattices where we have su�cient

data to determine intersections) give �c = :217(1). As in the one-species case

we adopt the Binder's estimate, which seems to be more precise. Based on the

logarithmic corrections to scaling discussed in section 2, we would estimate that

on the lattice sizes simulated we are further from the asymptotic scaling regime

than in the one species case. It is therefore likely that our estimate of �c here is
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Figure 4: A plot of the `lattice susceptibility' for the two species case with

N = 2048; 4096; 8192 and 16384. Error bars are only shown when they are

larger than the symbols.
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logarithmic corrections to the exponents (
=�dH)eff and (
=�dH)
eff

q=1. One can

easily see that these are considerable by including the leading correction, which

gives

(
=�dH)eff = 
=�dH +
1 + 
=�dH

lnN

+ � � � ; (27)

this formula of course holds for q = 1. In Fig. 6 we compare the measured

(
=�dH)eff with the corresponding theoretical predictions including both the

leading correction (27) and all of the logarithmic corrections that follow from

equations (21) and (22). The data does not agree particularly well with any of

the predictions, but that is to be expected, since our estimate of �c most likely

induces a large error. Note that the theoretical curve including logs lies very

close to the c = 1=2 asymptotic value of 
=�dH = 2=3 for the lattice sizes we

simulate. The measured values of this exponent for c = 1 and c = 1=2 (when we

use the numerically estimated values of �c) are essentially identical, so that the

discrepancy between the theoretical predictions (incorporating logs in the c = 1

case) and the data are thus roughly the same for c = 1 and c = 1=2.

In Fig. 7 a similar comparison is shown for the exponent (
=�dH)
eff

q=1. We

see that the data and theoretical predictions match quite well. Presumably,

as in the c = 1=2 case, the comparison works because this exponent no longer

depends sensitively on our determination of �c. The agreement with theory is

about as successful as in the Gaussian case [14]. This suggests the likelihood

that at least the leading logarithmic corrections to scaling (27) are correct and

universal for c = 1. We should note here that although the data can be �t by

including the above logarithmic corrections it would not be possible to extract

these corrections from the data itself without theoretical guidance.

As in the one species case, we also �tted our lowest � data points to � �

(� � �c)
�
 . The �t yielded 
 = 2:03(4) which does not match the theoretical

value of 
 = 1 + 1=
p

2 � 1:71. It is not clear that this �t is reliable; probably

the exact relation between � and � should also include logarithmic corrections.

We �nally turn to an examination of correlations (de�ned in (24) and (23))

between the di�erent spin species. Fig. 8 exhibits de�nite, though moderately

small, correlations between the spins of di�erent species. As evident in Fig. 9, the

correlations between the average species' energies, as measured by e�, are much

smaller. The magnetization (and more directly, the susceptibility) is strongly

correlated with the distribution of FK cluster sizes, which in turn should be

sensitive to the bottlenecks which characterize the worldsheet geometry. Since

the correlations between species are mediated by 
uctuations in the geometry, it

is not surprising that they are stronger in the magnetic sector than in the energy

sector. In both cases the correlations are not so strong, indicating that the Ising

spins are only weakly coupling to gravity for the lattice sizes we consider.
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Figure 6: A comparison of the theoretical prediction of the �nite{size c = 1

magnetic susceptibility scaling with our data. The dotted line includes the

leading logarithmic correction and the solid line takes into account all subleading
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without logarithmic corrections.
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