
P
erco
la
tio
n
o
n
S
trin
g
s
a
n
d
th
e
C
ov
er-u
p
o
f
th
e
c

=
1
D
isa
ster

G
eo
�
rey
H
a
rris

D
ep
t.
o
f
P
h
y
sics,

S
y
ra
cu
se
U
n
iv
ersity,

S
y
ra
cu
se,
N
Y
1
3
2
4
4
,
U
S
A

g
h
a
rris@
n
p
a
c.sy
r.ed
u

M
a
rch
1
7
,
1
9
9
4

A
b
str
a
c
t

W
e
stu
d
y
p
erco
la
tio
n
o
n
th
e
w
o
rld
sh
eets
o
f
strin
g
th
eo
ry
fo
r
c
=
0
;1
=
2
;1
a
n
d

2
.
F
o
r
c
<
1
w
e
�
n
d
th
a
t
critica
l
ex
p
o
n
en
ts
m
ea
su
red
fro
m

sim
u
la
tio
n
s
a
g
ree

q
u
ite
w
ell
w
ith
th
e
th
eo
retica
l
v
a
lu
es.
F
o
r
c
=
1
w
e
sh
o
w
h
o
w
lo
g
co
rrectio
n
s

d
eterm
in
ed
fro
m

th
e
ex
a
ct
so
lu
tio
n
reco
n
cile
n
u
m
erica
l
resu
lts
w
ith
th
e
K
P
Z

p
red
ictio
n
s.
W
e
ex
ten
d
th
is
a
n
a
ly
sis
to
th
e
la
rg
e
c
reg
im
e
a
n
d
estim
a
te
h
o
w

�
n
ite-size
e�
ects
w
ill
e�
ectiv
ely
ra
ise
th
e
g
ro
u
n
d
sta
te
en
erg
y,
m
a
sk
in
g
th
e
p
res-

en
ce
o
f
th
e
ta
ch
y
o
n
fo
r
m
o
d
era
te
v
a
lu
es
o
f
c
>
1
.
It
th
u
s
a
p
p
ea
rs
lik
ely
th
a
t

sim
u
la
tio
n
s
fo
r
c
=

2
;3
:::
o
n
n
u
m
erica
lly
a
ccessib
le
la
ttices
w
ill
fa
il
to
ev
en

ca
p
tu
re
th
e
q
u
a
lita
tiv
e
b
eh
a
v
io
r
o
f
th
e
co
n
tin
u
u
m

lim
it.

S
U
-H
E
P
-4
2
4
1
-5
5
5

S
C
C
S
5
9
9

h
e
p
-th
/
9
3
1
0
1
3
7

1

In
tr
o
d
u
c
tio
n

W
ith
in
th
e
la
st
few
y
ea
rs,
th
e
critica
l
b
eh
a
v
io
r
o
f
lo
w
-d
im
en
sio
n
a
l
(c�
1
)
strin
g

th
eo
ries
h
a
s
b
een
u
n
d
ersto
o
d
in
co
n
sid
era
b
le
d
eta
il.
In
p
a
rticu
la
r,
b
o
th
a
n
a
ly
tic

a
n
d
n
u
m
erica
l
w
o
rk
h
a
s
y
ield
ed
a
d
escrip
tio
n
o
f
th
e
in
trin
sic
g
eo
m
etry
o
f
th
e

w
o
rld
sh
eet
o
f
th
ese
m
o
d
els
[1
,
2
,
3
,
4
].
T
h
e
w
o
rld
sh
eet
h
a
s
b
een
sh
o
w
n
to
b
e

v
ery
sp
ik
y
a
n
d
b
ra
n
ch
ed
;
it
ca
n
b
e
ch
a
ra
cterized
b
y
a
sca
lin
g
d
istrib
u
tio
n
o
f

em
b
ry
o
n
ic
u
n
iv
erses
[5
,
6
].
A
s
c
in
crea
ses
to
w
a
rd
s
1
,
em
b
ry
o
n
ic
u
n
iv
erses
o
f
a
ll

sizes
b
u
t
w
ith
n
eck
s
o
f
th
e
o
rd
er
o
f
th
e
cu
to
�
p
ro
lifera
te
a
n
d
p
erh
a
p
s
sa
tu
ra
te

th
e
w
o
rld
sh
eet.

A
d
irect
d
eterm
in
a
tio
n
o
f
p
ro
p
erties
o
f
th
e
in
trin
sic
g
eo
m
etry
o
f
strin
g
th
e-

o
ries
co
n
stru
cted
fro
m

c
>
1
m
a
tter
h
a
s
p
ro
v
en
m
u
ch
m
o
re
d
i�
cu
lt.
T
h
ere
a
re

m
a
n
y
th
eo
retica
l
in
d
ica
tio
n
s
th
a
t
th
e
w
o
rld
sh
eet
d
eg
en
era
tes
in
to
p
o
ly
m
er-lik
e

co
n
�
g
u
ra
tio
n
s
a
b
o
v
e
c
=
1
.
T
h
o
u
g
h
th
e
c
<
1
su
rfa
ces
a
re
q
u
ite
sp
ik
y,
th
ey
still

a
p
p
ea
r
to
reta
in
so
m
e
o
f
th
e
ch
a
ra
cter
o
f
tw
o
d
im
en
sio
n
a
l
su
rfa
ces;
th
is
p
erh
a
p
s

is
n
o
lo
n
g
er
tru
e
fo
r
c
>
1
.
F
o
r
a
t
c
=
1
th
e
d
ressed
id
en
tity
o
p
era
to
r
(co
u
p
led

to
th
e
co
sm
o
lo
g
ica
l
co
n
sta
n
t)
b
eco
m
es
ta
ch
y
o
n
ic.
A
b
o
v
e
c
=

1
,
th
is
o
p
era
to
r

sh
o
u
ld
th
en
sp
a
w
n
sta
tes
w
h
ich
a
re
n
o
n
-lo
ca
l
in
th
e
w
o
rld
sh
eet
m
etric
th
a
t
e�
ec-

tiv
ely
tea
r
th
e
w
o
rld
sh
eet
a
p
a
rt
[7
,
8
].
R
ela
ted
co
m
p
u
ta
tio
n
s
in
L
io
u
v
ille
th
eo
ry

in
d
ica
te
th
a
t
a
so
rt
o
f
K
o
sterlitz
T
h
o
u
less
tra
n
sitio
n
is
a
n
ticip
a
ted
a
t
c
=
1
,
in

w
h
ich
v
o
rtex
co
n
�
g
u
ra
tio
n
s
o
f
th
e
L
io
u
v
ille
�
eld
b
eco
m
e
u
n
b
o
u
n
d
[9
].
U
n
fo
r-

tu
n
a
tely
th
o
u
g
h
,
th
is
p
ictu
re
h
a
s
n
o
t
b
een
v
eri�
ed
v
ia
a
n
ex
a
ct
ca
lcu
la
tio
n
fo
r

1



c
>
1
;
th
e
a
p
p
ro
p
ria
te
m
a
trix
m
o
d
els
h
a
v
e
n
o
t
b
een
a
m
en
a
b
le
to
ex
a
ct
so
lu
tio
n

(th
o
u
g
h
see
[1
0
]
a
n
d
[1
1
])
a
n
d
L
io
u
v
ille
th
eo
ry
y
ield
s
co
m
p
lex
ex
p
o
n
en
ts
in
th
is

reg
im
e.
W
e
w
o
u
ld
th
erefo
re
lik
e
to
d
etect,
th
ro
u
g
h
M
o
n
te
C
a
rlo
sim
u
la
tio
n
s,

so
m
e
ch
a
ra
cteristic
o
f
th
e
g
eo
m
etry
o
f
w
o
rld
sh
eets
th
a
t
d
istin
g
u
ish
es
c�
1
fro
m

c
>
1
a
n
d
sig
n
a
ls
th
e
o
n
set
o
f
th
e
ta
ch
y
o
n
.

In
fa
ct,
n
u
m
erica
l
w
o
rk
h
a
s
n
o
t
p
ro
v
id
ed
a
n
y
ev
id
en
ce
o
f
a
d
ra
m
a
tic
ch
a
n
g
e

in
th
e
in
tern
a
l
g
eo
m
etry
o
f
th
e
w
o
rld
sh
eet
a
s
c
p
a
sses
1
.
S
im
u
la
tio
n
s,
a
lb
eit
o
n

m
o
d
est-sized
la
ttices,
o
n
ly
h
a
v
e
sh
o
w
n
co
n
v
in
cin
g
ev
id
en
ce
o
f
b
ra
n
ch
ed
-p
o
ly
m
er

stru
ctu
re
o
n
th
e
w
o
rld
sh
eet
fo
r
c
>

1
0�
1
2
.
R
ecen
tly,
th
ere
h
a
s
b
een
m
u
ch

w
o
rk
o
n
sim
u
la
tio
n
s
o
f
m
u
ltip
le
P
o
tts
m
o
d
els
co
u
p
led
to
g
ra
v
ity
[1
2
,
1
3
,
1
4
];

th
e
sy
stem
s
stu
d
ied
g
en
era
lly
h
a
v
e
sm
a
ll
v
a
lu
es
o
f
c
b
o
th
g
rea
ter
a
n
d
less
th
a
n

1
.
In
th
ese
stu
d
ies,
th
e
in
tern
a
l
g
eo
m
etry
w
a
s
ch
a
ra
cterized
b
y
m
ea
su
rin
g
th
e

d
istrib
u
tio
n
o
f
d
iscrete
cu
rv
a
tu
re,
o
r
m
o
re
p
recisely,
th
e
d
istrib
u
tio
n
o
f
rin
g

len
g
th
s
o
n
�
3

g
ra
p
h
s
d
u
a
l
to
tria
n
g
u
la
tio
n
s.
T
h
ese
m
ea
su
rem
en
ts
in
d
ica
ted

th
a
t
n
o
d
ra
m
a
tic
ch
a
n
g
e
in
th
ese
cu
rv
a
tu
re
d
istrib
u
tio
n
s
o
ccu
rs
a
s
c
is
in
crea
sed

a
b
o
v
e
1
.
In
terp
retin
g
th
ese
resu
lts
rig
o
ro
u
sly
is
d
i�
cu
lt,
th
o
u
g
h
,
sin
ce
it
is
n
o
t

clea
r
h
o
w
to
id
en
tify
th
ese
cu
rv
a
tu
re
d
istrib
u
tio
n
s
w
ith
co
n
tin
u
u
m

(u
n
iv
ersa
l)

co
rrela
tio
n
fu
n
ctio
n
s.

T
o
sea
rch
fo
r
a
tra
n
sitio
n
to
b
ra
n
ch
ed
p
o
ly
m
ers,
A
m
b
j�
rn
et
a
l.
[1
2
]
a
lso

sim
u
la
ted
Isin
g
m
o
d
els
o
n
ty
p
ica
l
�
x
ed
ra
n
d
o
m
tria
n
g
u
la
tio
n
s
sa
m
p
led
fro
m
th
e

set
o
f
w
o
rld
sh
eets
ch
a
ra
cteristic
o
f
g
ra
v
ity
co
u
p
led
to
m
a
tter
o
f
cen
tra
l
ch
a
rg
e

c.
E
a
ch
tria
n
g
u
la
tio
n
w
a
s
g
en
era
ted
d
u
rin
g
a
sim
u
la
tio
n
o
f
a
m
u
ltip
le
P
o
tts
o
r

G
a
u
ssia
n
m
o
d
els
co
u
p
led
to
g
ra
v
ity
;
th
e
Isin
g
m
o
d
el
w
a
s
th
en
sim
u
la
ted
o
n
ea
ch

o
f
th
ese
p
a
rticu
la
r
tria
n
g
u
la
tio
n
s.
T
h
ese
a
u
th
o
rs
sh
o
w
ed
th
a
t
th
e
Isin
g
m
o
d
el
o
n

a
b
ra
n
ch
ed
p
o
ly
m
er
w
ill
n
o
t
u
n
d
erg
o
a
p
h
a
se
tra
n
sitio
n
.
O
n
ly
w
h
en
c
rea
ch
ed
o
r

ex
ceed
ed
1
2
d
id
th
ey
�
n
d
th
a
t
n
o
�
n
ite-tem
p
era
tu
re
Isin
g
tra
n
sitio
n
w
a
s
ev
id
en
t

o
n
th
e
su
rfa
ces
ex
tra
cted
fro
m
th
eir
sim
u
la
tio
n
s.

F
o
r
fa
irly
lo
w
cen
tra
l
ch
a
rg
e,
th
e
co
u
p
lin
g
b
etw
een
m
a
tter
a
n
d
g
ra
v
ity,
a
s

in
ferred
fro
m
th
e
a
b
o
v
e
n
u
m
erica
l
w
o
rk
,
a
p
p
e
a
r
s
to
b
e
fa
irly
w
ea
k
,
p
erh
a
p
s
to
o

w
ea
k
to
d
riv
e
th
e
w
o
rld
sh
eet
in
to
a
b
ra
n
ch
ed
p
o
ly
m
er
p
h
a
se
[1
2
].
It
h
a
s
th
u
s

b
een
su
g
g
ested
th
a
t
w
o
rld
sh
eets
o
f
g
ra
v
ity
co
u
p
led
to
m
a
tter
w
ith
c
>
1
b
u
t
less

th
a
n
a
b
o
u
t
1
0
m
ig
h
t
lie
in
so
m
e
so
rt
o
f
in
term
ed
ia
te
p
h
a
se
a
n
d
n
o
t
u
n
d
erg
o
a

tra
n
sitio
n
to
b
ra
n
ch
ed
p
o
ly
m
ers
fo
r
c
a
b
o
v
e
1
0
o
r
so
[1
5
,
1
2
].
S
u
ch
a
scen
a
rio
is

q
u
ite
in
trig
u
in
g
,
esp
ecia
lly
sin
ce
th
e
ex
isten
ce
o
f
su
ch
a
p
h
a
se
d
o
es
n
o
t
seem

to

b
e
a
n
ticip
a
ted
b
y
L
io
u
v
ille
th
eo
ry.

T
o
rev
ea
l
th
e
ch
a
ra
cter
o
f
th
e
critica
l
g
eo
m
etry
o
f
strin
g
w
o
rld
sh
eets,
w
e

sh
a
ll
ex
a
m
in
e
site
p
erco
la
tio
n
o
n
d
y
n
a
m
ica
l
tria
n
g
u
la
tio
n
s
co
u
p
led
to
m
a
tter.

T
h
e
d
istrib
u
tio
n
o
f
p
erco
la
tio
n
clu
sters
sh
o
u
ld
serv
e
a
s
a
sen
sitiv
e
p
ro
b
e
o
f
th
e

b
ra
n
ch
ed
stru
ctu
re
o
f
th
e
w
o
rld
sh
eet,
d
istin
g
u
ish
in
g
c�
1
fro
m
a
b
ra
n
ch
ed
p
o
ly
-

m
er
p
h
a
se.
E
ssen
tia
lly,
em
b
ry
o
n
ic
u
n
iv
erses
a
ct
a
s
tra
p
s
th
a
t
p
rev
en
t
p
erco
la
tio
n

clu
sters
fro
m

g
ro
w
in
g
,
w
h
ile
reg
io
n
s
o
f
h
ig
h
co
n
n
ectiv
ity
w
ill
en
h
a
n
ce
th
e
sp
a
n

o
f
p
erco
la
tin
g
clu
sters.
W
e
a
lso
in
d
ica
te
h
o
w
th
e
critica
l
b
eh
a
v
io
r
o
f
p
erco
la
tin
g

clu
sters
o
n
w
o
rld
sh
eets
o
f
c
<
1
m
a
tter
co
u
p
led
to
g
ra
v
ity
ca
n
b
e
d
eterm
in
ed

fro
m

L
io
u
v
ille
th
eo
ry.
T
h
e
q
u
a
lity
o
f
th
e
resu
lts
o
f
n
u
m
erica
l
sim
u
la
tio
n
s
o
f

tw
o
-d
im
en
sio
n
a
l
g
ra
v
ity
h
a
s
o
ften
b
een
ca
lled
in
to
q
u
estio
n
,
w
ith
th
e
su
sp
icio
n

th
a
t
th
e
la
ttices
u
sed
w
ere
o
ften
to
o
sm
a
ll
to
o
ev
en
q
u
a
lita
tiv
ely
re

ect
co
n
tin
-

u
u
m
b
eh
a
v
io
r.
W
e
sh
a
ll
see
h
o
w
ev
er
th
a
t
w
e
ca
n
rep
ro
d
u
ce
o
n
la
ttices
o
f
sev
era
l

th
o
u
sa
n
d
n
o
d
es,
w
ith
q
u
ite
g
o
o
d
p
recisio
n
(o
f
o
rd
er
1
%
),
th
e
th
eo
retica
l
p
red
ic-

tio
n
s
o
f
th
ese
p
erco
la
tio
n
ex
p
o
n
en
ts
fo
r
c
<
1
.
A
t
c
=
1
,
m
a
trix
m
o
d
el
so
lu
tio
n
s

a
n
d
L
io
u
v
ille
th
eo
ry
[1
6
]
p
red
ict
a
m
o
re
co
m
p
lica
ted
lo
g
a
rith
m
ic
d
ep
en
d
en
ce
o
f

co
rrela
tio
n
fu
n
ctio
n
s
o
n
th
e
co
sm
o
lo
g
ica
l
co
n
sta
n
t.
W
e
a
lso
�
n
d
th
a
t
o
u
r
resu
lts

a
re
co
n
sisten
t
w
ith
th
e
fu
n
ctio
n
a
l
d
ep
en
d
en
ce
p
red
icted
b
y
m
a
trix
m
o
d
els
a
lo
n
g

w
ith
th
e
ex
p
o
n
en
ts
o
f
L
io
u
v
ille
th
eo
ry.
O
u
r
d
a
ta
sh
o
w
s
o
n
ly
a
n
a
p
p
a
ren
t
w
ea
k

co
u
p
lin
g
o
f
c
=

1
m
a
tter
to
g
ra
v
ity,
b
u
t
th
is
is
m
islea
d
in
g
.
T
h
e
lo
g
a
rith
m
ic

sca
lin
g
o
f
th
e
m
a
trix
m
o
d
el
im
p
lies
th
a
t
e�
ectiv
ely
c
=

1
m
a
tter
o
n
ly
h
a
s
a

sm
a
ll
e�
ect
o
n
th
e
p
erco
la
tiv
e
stru
ctu
re
o
f
th
e
la
ttice
fo
r
sm
a
ll
la
ttice
sizes.
F
o
r

la
rg
er
la
ttices
h
o
w
ev
er,
th
e
m
a
trix
m
o
d
el
so
lu
tio
n
s
p
red
ict
th
a
t
th
e
in


u
en
ce
o
f

th
e
m
a
tter
co
u
p
lin
g
to
g
ra
v
ity
sh
o
u
ld
g
ra
d
u
a
lly
b
eco
m
e
m
o
re
p
ro
n
o
u
n
ced
.

W
e
a
lso
w
ill
d
em
o
n
stra
te
th
a
t
p
erco
la
tio
n
o
n
n
o
n
-in
tera
ctin
g
b
ra
n
ch
ed
p
o
ly
-

m
ers
d
o
es
n
o
t
u
n
d
erg
o
a
tra
n
sitio
n
fo
r
p
<
1
.
W
e
sh
a
ll
th
en
�
n
d
ev
id
en
ce
su
g
-

g
estin
g
th
a
t
fo
r
c
=

2
,
th
e
critica
l
b
eh
a
v
io
r
o
f
p
erco
la
tin
g
clu
sters
(o
r
in
d
eed

p
erh
a
p
s
th
e
la
ck
o
f
critica
lity
)
m
a
y
b
e
q
u
a
lita
tiv
ely
d
i�
eren
t
fro
m
th
a
t
o
f
c
<
1
.

T
h
e
c
=
2
o
b
serv
a
tio
n
s,
w
h
ich
n
eed
to
b
e
in
terp
reted
w
ith
g
rea
t
ca
re,
a
t
�
r
s
t

g
la
n
c
e
a
p
p
ea
r
to
b
e
in
d
ica
tiv
e
o
f
a
b
rea
k
d
o
w
n
o
f
th
e
b
eh
a
v
io
r
th
a
t
ch
a
ra
cterizes

p
erco
la
tio
n
o
n
su
rfa
ces.

In
illu
m
in
a
tin
g
th
e
a
b
o
v
e
resu
lts,
w
e
sh
a
ll
a
rg
u
e
th
a
t
fo
r
c
so
m
ew
h
a
t
g
rea
ter

th
a
n
o
n
e,
th
e
�
n
ite
size
o
f
th
e
la
ttice
w
ill
la
rg
ely
m
a
sk
th
e
th
eo
retica
lly
a
n
-

ticip
a
ted
d
eg
en
era
tio
n
o
f
th
e
w
o
rld
sh
eet.
T
h
e
in
fra
red
cu
to
�
sh
o
u
ld
in
d
u
ce
a

la
rg
e
sh
ift
in
th
e
ta
ch
y
o
n
ic
en
erg
y,
p
rev
en
tin
g
th
e
u
n
restra
in
ed
p
ro
lifera
tio
n
o
f

ta
ch
y
o
n
s
o
n
n
o
t
to
o
la
rg
e
la
ttices.
W
e
ca
n
,
in
fa
ct,
estim
a
te
th
e
m
a
g
n
itu
d
e

o
f
th
is
e�
ect.
W
ith
th
is
in
m
in
d
,
w
e
th
en
a
rg
u
e
th
a
t
fo
r
c
so
m
ew
h
a
t
g
rea
ter

th
a
n
1
,
w
e
a
re
m
o
st
lik
ely
m
ea
su
rin
g
�
n
ite-size
a
rtifa
cts;
y
et
th
e
p
resen
ce
a
n
d

q
u
a
lita
tiv
e
n
a
tu
re
o
f
th
ese
e�
ects
ca
n
b
e
u
n
d
ersto
o
d
in
th
e
co
n
tex
t
o
f
strin
g

th
eo
ry.

A

d
elica
te
a
n
a
ly
sis
o
f
p
erco
la
tio
n
o
n
d
y
n
a
m
ica
lly
tria
n
g
u
la
ted
la
ttices
is

p
o
ssib
le
la
rg
ely
d
u
e
to
a
cu
rio
u
s
b
u
t
elem
en
ta
ry
g
ra
p
h
ica
l
p
ro
p
erty
o
f
tria
n
-

g
u
la
tio
n
s:
th
ey
a
re
self-m
a
tch
in
g
.
T
h
is
co
n
stra
in
s
th
e
v
a
lu
e
o
f
th
e
p
erco
la
tio
n

th
resh
o
ld
to
b
e
1
=
2
,
w
ith
a
few
ca
v
ea
ts.
W
e
sh
a
ll
ex
p
la
in
th
is
fu
rth
er
in
S
ectio
n

3
.

In
a
co
m
p
a
n
io
n
p
a
p
er
[1
7
],
a
n
a
n
a
ly
sis
o
f
th
e
critica
l
p
ro
p
erties
o
f
th
e

2

3



tw
o
-sp
ecies
Isin
g
m
o
d
el
co
u
p
led
to
tw
o
-d
im
en
sio
n
a
l
g
ra
v
ity
a
p
p
ea
rs.
A
s
in
th
is

p
a
p
er,
it
is
essen
tia
l
to
in
co
rp
o
ra
te
lo
g
a
rith
m
ic
co
rrectio
n
s
to
sca
lin
g
to
co
m
p
a
re

n
u
m
erica
l
resu
lts
w
ith
th
eo
ry.
P
erco
la
tio
n
is
a
lso
sim
u
la
ted
o
n
ra
n
d
o
m

la
ttices

co
u
p
led
to
tw
o
Isin
g
sp
ecies,
y
ield
in
g
resu
lts
co
n
sisten
t
w
ith
th
o
se
p
resen
ted

h
ere.T

h
e
p
la
n
o
f
th
is
p
a
p
er
is
a
s
fo
llo
w
s.
W
e
b
eg
in
b
y
rev
iew
in
g
b
a
sic
fa
cts

a
b
o
u
t
p
erco
la
tio
n
a
n
d
d
iscu
ss
h
o
w
th
e
K
P
Z
[1
8
]
eq
u
a
tio
n
p
red
icts
th
e
b
eh
a
v
io
r
o
f

p
erco
la
tin
g
clu
sters
o
n
c
<
1
d
y
n
a
m
ica
l
la
ttices.
W
e
th
en
ex
p
la
in
th
e
th
eo
retica
l

p
red
ictio
n
s
fo
r
c
=
1
a
n
d
a
lso
a
n
a
ly
ze
th
e
b
eh
a
v
io
r
o
f
p
erco
la
tio
n
o
n
b
ra
n
ch
ed

p
o
ly
m
ers.
A
d
iscu
ssio
n
o
f
th
e
co
n
stra
in
t
p
c

=
1
=
2
fo
llo
w
s.
W
e
th
en
d
escrib
e
th
e

n
u
m
erica
l
tech
n
iq
u
es
w
e
h
a
v
e
u
sed
,
in
clu
d
in
g
a
n
a
n
a
ly
sis
o
f
a
u
to
-co
rrela
tio
n
s.

W
e
n
ex
t
p
resen
t
th
e
resu
lts
o
f
o
u
r
sim
u
la
tio
n
s
(fo
r
c
=
0
;1
=
2
;1
a
n
d
2
)
a
n
d
th
en

g
iv
e
o
u
r
co
n
clu
sio
n
s.

2

T
h
e
o
r
e
tic
a
l
P
r
e
d
ic
tio
n
s

W
e
sh
a
ll
p
resen
t
th
e
resu
lts
o
f
site
p
erco
la
tio
n
o
n
ra
n
d
o
m
la
ttices
sa
m
p
led
fro
m

sim
u
la
tio
n
s
o
f
q
u
a
n
tu
m
g
ra
v
ity
co
u
p
led
to
m
a
tter.
S
ite
p
erco
la
tio
n
d
escrib
es
th
e

fo
llo
w
in
g
p
ro
cess:
w
e
ra
n
d
o
m
ly
co
lo
r
sites
`b
la
ck
'
o
n
a
la
ttice
w
ith
p
ro
b
a
b
ility

p
.
A
d
ja
cen
t
b
la
ck
sites
a
re
th
en
co
n
n
ected
to
g
eth
er
to
fo
rm

clu
sters.
W
e
sh
a
ll

g
en
era
lly
b
e
in
terested
in
fea
tu
res
o
f
th
e
d
istrib
u
tio
n
n
(s)
o
f
th
ese
clu
sters
a
s

a
fu
n
ctio
n
o
f
th
e
n
u
m
b
er
o
f
co
n
stitu
en
t
sites
s.
T
y
p
ica
lly,
w
e
w
ill
m
ea
su
re
th
e

m
ea
n
clu
ster
size,
d
en
o
ted
b
y
S
.
If
o
n
e
ra
n
d
o
m
ly
ch
o
o
ses
a
b
la
ck
p
o
in
t
o
n
th
e

la
ttice,
th
en
o
n
a
v
era
g
e
it
w
ill
b
elo
n
g
to
a
clu
ster
o
f
size
S
.
E
x
p
licitly,S
=

hs
2i=hsi,
in
w
h
ich
a
v
era
g
es
a
re
ta
k
en
o
v
er
th
e
d
istrib
u
tio
n
n
(s).
If
a
p
erco
la
tio
n

tra
n
sitio
n
o
ccu
rs
a
t
so
m
e
v
a
lu
e
p
=

p
c ,
th
en
in
th
e
in
�
n
ite
v
o
lu
m
e
lim
it,S

rem
a
in
s
�
n
ite
fo
r
p
<
p
c

b
u
t
d
iv
erg
es
(it
is
p
ro
p
o
rtio
n
a
l
to
th
e
n
u
m
b
er
o
f
la
ttice

sites
N
)
fo
r
p
>
p
c

d
u
e
to
th
e
p
resen
ce
o
f
a
n
in
�
n
ite
clu
ster.
T
h
e
m
ea
n
size
ca
n

a
lso
b
e
w
ritten
a
s
th
e
in
teg
ra
l
o
f
th
e
p
a
ir-co
n
n
ected
n
ess
fu
n
ctio
n

S
N

=

1N

N
Xi

;
j
=
1 h�
C
i
;C
j i;

(1
)

th
e
q
u
a
n
tity
w
ith
in
th
e
b
ra
-k
et
is
1
w
h
en
i
a
n
d
j
lie
in
th
e
sa
m
e
clu
ster
a
n
d
0

o
th
erw
ise.

O
n
e
ca
n
a
lso
co
n
sid
er
b
o
n
d
p
erco
la
tio
n
,
in
w
h
ich
b
o
n
d
s
o
f
th
e
la
ttice
a
re

ra
n
d
o
m
ly
co
lo
red
b
la
ck
w
ith
p
ro
b
a
b
ility
p
a
n
d
clu
sters
a
re
th
en
co
n
stru
cted

fro
m
sites
co
n
n
ected
b
y
b
la
ck
b
o
n
d
s.
B
o
n
d
p
erco
la
tio
n
is
g
en
erica
lly
in
th
e
sa
m
e

u
n
iv
ersa
lity
cla
ss
a
s
site
p
erco
la
tio
n
.
A
b
o
n
d
p
erco
la
tio
n
p
ro
b
lem
o
n
a
la
ttice
L
,

fo
r
in
sta
n
ce,
ca
n
b
e
m
a
p
p
ed
ex
a
ctly
to
site
p
erco
la
tio
n
o
n
th
e
co
v
erin
g
la
ttice

o
f
L
(a
s
d
e�
n
ed
in
referen
ce
([1
9
])).
T
h
e
p
ro
p
erties
o
f
b
o
n
d
p
erco
la
tio
n
clu
sters

ca
n
b
e
d
eriv
ed
b
y
a
p
p
ro
p
ria
te
a
v
era
g
in
g
w
ith
th
e
p
a
rtitio
n
fu
n
ctio
n

Z
=

Xc
o
lo
r
i
n
g
s

p
b(1�
p
)
N

b
�
bq
N

c

(2
)

w
ith
q!
1
;
b
eq
u
a
ls
th
e
n
u
m
b
er
o
f
b
la
ck
b
o
n
d
s
th
a
t
co
n
stitu
te
N
c

clu
sters
in
a

la
ttice
w
ith
N
b

to
ta
l
b
o
n
d
s.
In
fa
ct,
th
e
p
a
rtitio
n
fu
n
ctio
n
o
f
th
e
q
-sta
te
P
o
tts

m
o
d
el
o
n
th
is
la
ttice
ca
n
b
e
reca
st
a
s
(2
);
th
u
s
p
erco
la
tio
n
is
a
n
o
n
-in
tera
ctin
g

lim
it
o
f
th
ese
th
eo
ries.
T
h
e
q
!
1
P
o
tts
m
o
d
el
co
u
p
led
to
g
ra
v
ity
h
a
s
b
een

stu
d
ied
a
n
a
ly
tica
lly
a
s
a
m
a
trix
m
o
d
el
b
y
K
a
za
k
o
v
[2
0
].
T
h
is
m
a
p
p
in
g
p
ro
v
id
es

a
n
in
terp
reta
tio
n
o
f
ty
p
ica
l
p
erco
la
tiv
e
p
ro
p
erties
in
th
e
la
n
g
u
a
g
e
o
f
sp
in
m
o
d
els.

F
o
r
in
sta
n
ce,
th
e
rela
tio
n
(1
)
is
a
n
a
lo
g
o
u
s
to
th
e
eq
u
iv
a
len
ce
o
f
th
e
su
scep
tib
ility

(S
)
a
n
d
th
e
in
teg
ra
l
o
f
th
e
sp
in
-sp
in
co
rrela
tio
n
fu
n
ctio
n
.
T
h
e
sca
lin
g
b
eh
a
v
io
r

o
f
th
is
co
rrela
tio
n
fu
n
ctio
n
ca
n
th
en
b
e
co
m
p
u
ted
ex
a
ctly
in
2
d
im
en
sio
n
s
v
ia
a

m
a
p
p
in
g
o
f
th
e
P
o
tts
m
o
d
el
to
th
e
C
o
u
lo
m
b
g
a
s
[2
1
].
T
h
e
resu
lt
is

h�
C
i
;C
j i�
j~r
i �
~r
j j
�
2
(�
o�

;
q
=

1

+
��
o�

;
q
=

1

);

(3
)

w
ith
�
o�

;q
=
1
=

��
o�

;q
=
1
=
5
=
9
6
1.

T
h
e
ra
n
d
o
m

su
rfa
ces
w
h
ich
w
e
sh
a
ll
ex
a
m
in
e
a
re
tria
n
g
u
la
tio
n
s
o
f
tw
o
-

d
im
en
sio
n
a
l
g
eo
m
etries.
T
h
e
d
iscretiza
tio
n
w
e
u
se
co
n
sists
o
f
a
su
m
o
v
er
a
ll
p
o
s-

sib
le
tria
n
g
u
la
tio
n
s
o
f
N
v
ertices,
ex
clu
d
in
g
d
eg
en
era
te
tria
n
g
les
2,
w
ith
w
eig
h
ts

d
eterm
in
ed
b
y
th
e
p
a
rtitio
n
fu
n
ctio
n

Z
N

= XT
2
T
N

�
(T
)
ex
p
(�H
m

a
t
t
e
r );

(4
)

H
m

a
t
t
e
r

is
th
e
H
a
m
ilto
n
ia
n
fo
r
Isin
g
o
r
G
a
u
ssia
n
�
eld
s
a
n
d
�
(T
)
is
th
e
m
ea
su
re

in
th
e
sp
a
ce
o
f
tria
n
g
u
la
tio
n
sT
N

o
f
N

v
ertices.
M
o
st
o
f
th
e
relev
a
n
t
th
eo
retica
l

ca
lcu
la
tio
n
s
a
re
p
erfo
rm
ed
in
th
e
g
ra
n
d
-ca
n
o
n
ica
l
en
sem
b
le,
w
ith
th
e
p
a
rtitio
n

fu
n
ctio
n

Z
(�
)
=

1
XN

=
1

Z
N

ex
p
(�
�
N
)

(5
)

d
ep
en
d
en
t
o
n
�
,
th
e
co
sm
o
lo
g
ica
l
co
n
sta
n
t.
T
h
e
in
teg
ra
ted
p
a
ir-co
n
n
ected
n
ess

co
rrela
tio
n
fu
n
ctio
n
in
th
e
g
ra
n
d
-ca
n
o
n
ica
l
en
sem
b
le
th
en
sa
tisi�
es

h X
i
;j

�
C
i
;C
j i(�
)Z
(�
)
=

1
XN

=
1

N
S
N

Z
N

ex
p
(�
�
N
):

(6
)

1
T
h
e
w
eig
h
t
�
o�

;
q
=

1

is
n
o
t

id
en
ti�
ed
w
ith
a
lo
ca
l
o
p
era
to
r
in
p
erco
la
tio
n
th
eo
ry
;
it
ju
st

d
eterm
in
es
th
e
sca
lin
g
b
eh
a
v
io
r
o
f
a
certa
in
cla
ss
o
f
co
rrela
tio
n
fu
n
ctio
n
s.

2
i.e.
th
o
se
w
ith
lo
o
p
s
o
f
len
g
th
1
o
r
2
o
r
v
ertices
w
ith
few
er
th
a
n
3
n
eig
h
b
o
rs

4

5



W
e
w
ill
th
u
s
sim
u
la
te
th
e
ten
so
r
p
ro
d
u
ct
o
f
th
e
q
=
1
P
o
tts
m
o
d
el
w
ith
th
e

m
a
tter
th
eo
ry
co
u
p
led
to
g
ra
v
ity.
O
n
ly,
sin
ce
p
erco
la
tio
n
is
n
o
t
d
y
n
a
m
ica
l,
it

d
o
es
n
o
t
g
en
era
te
a
n
y
b
a
ck
-rea
ctio
n
o
n
th
e
g
ra
v
ity
o
r
th
e
m
a
tter.
U
sin
g
sta
n
d
a
rd

a
rg
u
m
en
ts
3,
([2
2
])
o
n
e
ca
n
ex
p
ress
th
e
sca
lin
g
b
eh
a
v
io
r
o
f
th
e
in
teg
ra
ted
p
a
ir-

co
n
n
ected
n
ess
co
rrela
tio
n
fu
n
ctio
n
o
f
p
erco
la
tio
n
co
u
p
led
to
g
ra
v
ity
v
ia
th
e
K
P
Z

fo
rm
u
la
([1
8
]).
T
h
e
w
eig
h
t
�
o�

:q
=
1

=

��
o�

;
q
=
1

=
5
=
9
6
is
d
ressed
b
y
g
ra
v
ity
in
a

th
eo
ry
o
f
cen
tra
l
ch
a
rg
e
c
=
c
m

a
t
t
e
r �
1
(c
p
e
r
c
o
l
a
t
i
o
n

=
0
)
so
th
a
t

�
�
;
q
=
1 �
59

6
= �
1
+

11
2 p
1�
c( p
1�
c�
p

2
5�
c) �
�
�
;q
=
1
(1�
�
�
;q
=
1
):
(7
)

T
h
is
d
ressed
w
eig
h
t
d
eterm
in
es
th
e
sca
lin
g
o
f
th
e
in
teg
ra
ted
p
a
ir-co
n
n
ectn
ed
n
ess

fu
n
ctio
n
w
ith
�
o
n
su
rfa
ces
o
f
g
en
u
s
h
:

h X
i
;
j

�
C
i
;C
j i(�
)Z
(�
)�
(�
�
�
c )
2
(
�
1
+
�
�
;
q
=

1

)+
(2
�


s
)(1
�
h
)

(8
)

(th
e
�
1
b
efo
re
th
e
d
ressed
w
eig
h
t
a
cco
u
n
ts
fo
r
th
e
in
teg
ra
tio
n
s
o
f
i
a
n
d
j
o
v
er

th
e
su
rfa
ce)
w
ith



s

=

11
2 �
c�
1� p
(2
5�
c)(1�
c) �
:

(9
)

T
h
en
th
e
rela
tio
n
(6
)
a
n
d

Z
N

�
N
�
1
+
(


s
�
2
)(1
�
h
)

(1
0
)

y
ield
th
e
�
n
ite-size
sca
lin
g
rela
tio
n

S
N

�
N
1
�
2
�
�
;
q
=

1;

(1
1
)

th
is
is
th
e
sca
lin
g
la
w
th
a
t
w
e
sh
a
ll
v
erify
n
u
m
erica
lly.
A
s
m
o
re
g
en
era
lly
in

sp
in
m
o
d
els,
th
e
a
b
o
v
e
ex
p
o
n
en
t
is
referred
to
a
s


=
�
d
H

.
T
h
e
m
ea
n
clu
ster
size

sa
tis�
es
S
�
(p�
p
c )
�


,
th
e
co
rrela
tio
n
len
g
th
(g
o
v
ern
ed
b
y
th
e
d
eca
y
o
f
th
e

p
a
ir-co
n
n
ected
n
ess
fu
n
ctio
n
)
�
�
(p�
p
c )
�
�

a
n
d
d
H

is
th
e
in
trin
sic
H
a
u
sd
o
r�

d
im
en
sio
n
o
f
th
e
ra
n
d
o
m

su
rfa
ce
b
ein
g
co
n
sid
ered
.
W
e
a
lso
sh
a
ll
m
ea
su
re
th
e

fra
cta
l
d
im
en
sio
n
o
f
th
e
la
rg
est
clu
ster
a
t
p
c ;
th
e
a
v
era
g
e
m
a
x
im
a
l
size
clu
ster

o
f
ea
ch
co
n
�
g
u
ra
tio
n
M
sca
les
a
sM

�
N

d
f

d
H

:

(1
2
)

S
ta
n
d
a
rd
sca
lin
g
a
rg
u
m
en
ts
[2
4
]
rela
te


=
�
d
H

=
2
d
f
=
d
H

�
1
.

3
a
p
p
lied
to
th
e
in
te
g
ra
te
d
tw
o
p
o
in
t
fu
n
c
tio
n
ra
th
e
r
th
a
n
th
e
o
n
e
p
o
in
t
fu
n
ctio
n
a
s
u
su
a
lly

p
re
se
n
te
d

2
.1

c
=
1

T
h
e
sca
lin
g
rela
tio
n
s
b
eco
m
e
m
o
re
co
m
p
lica
ted
fo
r
c
=
1
.
T
h
e
a
n
a
ly
tic
so
lu
tio
n
s

o
f
th
e
c
=
1
m
a
trix
m
o
d
els
[2
3
]
a
n
d
a
ca
refu
l
a
n
a
ly
sis
o
f
L
io
u
v
ille
th
eo
ry
sh
o
w

th
a
t
co
rrela
tio
n
fu
n
ctio
n
s
n
o
lo
n
g
er
sca
le
sim
p
ly
a
s
p
o
w
ers
o
f
th
e
co
sm
o
lo
g
ica
l

co
n
sta
n
t
�
.
In
stea
d
,
th
e
a
p
p
ro
p
ria
te
sca
lin
g
v
a
ria
b
le
is
�
w
h
ich
sa
tis�
es
4

�
=
�
�
ln
(�
)
+
c
1 �
+
���

(1
3
)

in
th
e
lim
it
o
f
sm
a
ll
�
;
c
1

is
a
co
n
sta
n
t
th
a
t
w
e
d
o
n
o
t
sp
ecify.
T
h
e
a
n
a
ly
tic

so
lu
tio
n
em
p
lo
y
s
a
m
o
d
i�
ed
G
a
u
ssia
n
p
ro
p
a
g
a
to
r
o
n
p
h
i-cu
b
ed
la
ttices
a
n
d
is

th
u
s
n
o
t
b
a
sed
o
n
th
e
sa
m
e
d
iscretiza
tio
n
th
a
t
w
e
u
se
in
o
u
r
sim
u
la
tio
n
s.
W
e

sh
a
ll
a
ssu
m
e
th
a
t
th
e
a
sy
m
p
to
tic
sca
lin
g
rela
tio
n
a
lso
h
o
ld
s
fo
r
th
e
m
o
d
el
w
e

sim
u
la
te;
w
e
w
ill
n
o
t
p
resu
m
e
u
n
iv
ersa
lity
fo
r
th
e
su
b
lea
d
in
g
co
e�
cien
t
c
1 .
W
e

th
erefo
re
co
n
jectu
re
th
a
t
th
e
sca
lin
g
rela
tio
n
(8
)
sh
o
u
ld
b
e
m
o
d
i�
ed
so
th
a
t

h X
i
;j

�
C
i
;C
j i(�
)Z
(�
)�
�
(�
)
2
(
�
1
+
�
�
;
q
=

1

)+
(2
�


s
)(1
�
h
):

(1
4
)

O
u
r
sim
u
la
tio
n
s
w
ill
b
e
d
o
n
e
o
n
w
o
rld
sh
eets
o
f
to
ro
id
a
l
to
p
o
lo
g
y
(h
=

1
)
fo
r

w
h
ich
Z
(�
)
�
ln
(�
)
fo
r
c
=

1
.
T
o
ex
tra
ct
th
e
a
sy
m
p
to
tic
sca
lin
g
b
eh
a
v
io
r

o
fS
N

,
w
e
in
v
ert
th
e
rela
tio
n
b
etw
een
�
a
n
d
�
o
rd
er
b
y
o
rd
er
in
1
=
ln
�
a
n
d

ln
(�
ln
(�
))=
ln
(�
)
to
o
b
ta
in

�
=
�
�

ln
�  
1
+
ln
(�
ln
�
)

ln
�

+ �
ln
(�
ln
�
)

ln
�

�
2�
ln
(�
ln
�
)

(ln
�
)
2

+
��� !
:

(1
5
)

W
e
th
en
ex
p
a
n
d
th
e
in
v
erse
L
a
p
la
ce
tra
n
sfo
rm

o
f
(1
4
)
to
o
b
ta
in

N
S
N

Z
N

�

1

N
(N
ln
N
)
! �
1�
ln
ln
N

ln
N

+
(
ln
ln
N

ln
N

)
2�
ln
ln
N

(ln
N
)
2
+
��� �

!

�

�
1
+
!
	
(�
!
)

ln
N

�
!
	
(�
!
)
ln
ln
N

(ln
N
)
2
+
��� �
;
(1
6
)

!
=
2
(�
1
+
�
�
;q
=
1
)
=
�


=
�
d
H

�
1
a
n
d
	
is
th
e
d
ig
a
m
m
a
fu
n
ctio
n
.
T
h
e
sca
lin
g

b
eh
a
v
io
r
o
f
N
Z
N

is
o
b
ta
in
ed
b
y
in
v
erse
L
a
p
la
ce
tra
n
sfo
rm
in
g
@
Z
(�
(�
))=
@
�
:

Z
N

�
1N

(1
+

1
ln
N

�
ln
ln
N

(ln
N
)
2
+
���):

(1
7
)

In
a
d
d
itio
n
to
th
e
h
ig
h
er
o
rd
er
term
s
th
a
t
w
e
h
a
v
e
d
ro
p
p
ed
fro
m
th
e
in
v
ersio
n
,

th
ere
a
re
a
d
d
itio
n
a
l
co
rrectio
n
s
to
th
e
a
b
o
v
e
fo
rm
u
la
e.
T
h
e
co
rrectio
n
s
to
th
e

4
W
ith
o
u
t
lo
ss
o
f
g
en
era
lity,
w
e
set
�
c

=
0
.

6
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lo
g
a
rith
m
ic
ren
o
rm
a
liza
tio
n
o
f
�
w
h
ich
d
ep
en
d
o
n
c
1

in
(1
3
)
sh
o
u
ld
lea
d
to

co
n
trib
u
tio
n
s
to
(1
6
)
a
n
d
(1
7
)
th
a
t
a
re
co
m
p
etitiv
e
w
ith
th
e
sm
a
llest
co
rrectio
n
s

w
e
h
a
v
e
sh
o
w
n
.
W
e
n
eg
lect
th
e
u
su
a
l
co
rrectio
n
s
to
sca
lin
g
th
a
t
a
re
su
p
p
ressed

b
y
(n
o
n
-in
teg
er)
p
o
w
ers
o
f
1
=N
.
T
o
co
m
p
a
re
th
is
�
n
ite-size
sca
lin
g
fo
rm

w
ith

o
u
r
d
a
ta
,
w
e
sh
a
ll
p
resen
t
a
p
lo
t
o
f
ln
(S
2
N

=S
N

)=
ln
2
co
m
p
u
ted
fro
m

(1
6
)
a
n
d

(1
7
).
T
h
e
lea
d
in
g
lo
g
a
rith
m
ic
co
n
trib
u
tio
n
s
th
a
t
w
e
h
a
v
e
d
eriv
ed
a
b
o
v
e
w
ill
tu
rn

o
u
t
to
b
e
v
ery
sig
n
i�
ca
n
t
5.

2
.2

c
�

1

W
e
a
re
p
a
rticu
la
rly
in
terested
in
u
sin
g
p
erco
la
tio
n
to
u
n
co
v
er
th
e
ch
a
ra
cter
o
f

th
e
in
tern
a
l
g
eo
m
etry
o
f
su
rfa
ces
fo
r
c
>

1
.
In
th
is
reg
a
rd
,
w
e
d
iscu
ss
th
e

b
eh
a
v
io
r
th
a
t
w
e
w
o
u
ld
a
n
ticip
a
te
in
th
e
la
rg
e
c
lim
it.
A
m
b
j�
rn
,
D
u
rh
u
u
s,

F
r�o
h
lich
a
n
d
O
rla
n
d
[2
6
]
h
a
v
e
a
rg
u
ed
th
a
t
in
th
e
la
rg
e
c
(d
)
lim
it,
th
e
strin
g

p
a
th
in
teg
ra
l
(w
ith
a
p
p
ro
p
ria
te
m
ea
su
re)
sh
o
u
ld
b
e
d
o
m
in
a
ted
b
y
su
rfa
ces
th
a
t

fo
rm

a
b
ra
n
ch
ed
-p
o
ly
m
er
lik
e
stru
ctu
re.
T
o
sh
o
w
th
is,
th
ey
essen
tia
lly
p
erfo
rm

a
sa
d
d
le-p
o
in
t
ev
a
lu
a
tio
n
o
f
th
e
strin
g
p
a
th
in
teg
ra
l

Z
= XT

2
~T
n

( Y
i

q
i )
d
=
2
+
� ZYi

;
�

d
X
�i

ex
p 0@
� X

i
;
j

C
i
j

d
X�

=
1 (X

�i

�
X
�j

)
2 1A
;

(1
8
)

w
ith
th
e
in
teg
ra
tio
n
o
v
er
th
e
cen
ter
o
f
m
a
ss
o
f
~X

im
p
licitly
o
m
itted
.
~T
n

rep
-

resen
ts
th
e
sp
a
ce
o
f
tria
n
g
u
la
tio
n
s
th
a
t
d
o
n
o
t
co
n
ta
in
lo
o
p
s
o
f
u
n
it
len
g
th
o
r

v
ertices
o
f
o
rd
er
less
th
a
n
3
.
A
s
u
su
a
l,
C
i
j

is
th
e
a
d
ja
cen
cy
m
a
trix
o
f
th
e
tria
n
g
u
-

la
tio
n
T
.
F
o
r
i6=
j,
it
eq
u
a
ls
th
e
n
u
m
b
er
o
f
lin
k
s
co
n
n
ectin
g
i
a
n
d
j;
C
i
i
=
�
q
i ;

q
i

is
th
e
co
o
rd
in
a
tio
n
n
u
m
b
er
o
f
site
i,
eq
u
a
l
to
th
e
n
u
m
b
er
o
f
lin
k
s
em
a
n
a
t-

in
g
fro
m

i.
W
e
ca
n
in
teg
ra
te
o
u
t
th
e
G
a
u
ssia
n
�
eld
s,
o
b
ta
in
in
g
(d
et
0C

i
j )
�
d
=
2

(w
ith
th
e
zero
-m
o
d
e
o
m
itted
).
It
ca
n
b
e
sh
o
w
n
[2
6
]
th
a
t
th
is
d
eterm
in
a
n
t
is

m
in
im
ized
b
y
su
rfa
ces
co
n
sistin
g
o
f
tetra
h
ed
ra
g
lu
ed
to
g
eth
er
a
lo
n
g
a
co
m
m
o
n

p
a
ir
o
f
v
ertices.
6.
T
o
p
erfo
rm

th
e
g
lu
in
g
,
th
e
lin
k
co
n
n
ectin
g
th
ese
v
ertices

w
ith
in
ea
ch
tetra
h
ed
ro
n
is
slit
in
to
tw
o
ed
g
es;
ea
ch
ed
g
e
is
th
en
g
lu
ed
to
a
slit-

ted
ed
g
e
o
f
th
e
a
d
ja
cen
t
tetra
h
ed
ro
n
.
T
h
is
p
ro
cess
crea
tes
lo
o
p
s
o
f
len
g
th
2

w
h
ich
a
re
a
llo
w
ed
in
~T
n
,
th
ese
a
re
ex
clu
d
ed
fro
m

th
e
set
o
f
tria
n
g
u
la
tio
n
sT
n

th
a
t
w
e
co
n
sid
er
in
o
u
r
sim
u
la
tio
n
s.
It
h
a
s
b
een
sh
o
w
n
th
a
t
in
d
=
0
a
n
d
�
2
,

th
e
critica
l
p
ro
p
erties
a
re
in
d
ep
en
d
en
t
o
f
w
h
eth
er
lo
o
p
s
o
f
len
g
th
2
a
re
in
clu
d
ed
.

L
et
u
s
a
ssu
m
e,
a
s
in
referen
ce
([2
6
])
th
a
t
th
is
is
a
lso
tru
e
in
th
e
la
rg
e
d
lim
it,

sin
ce
th
e
co
n
�
g
u
ra
tio
n
s
th
a
t
d
o
m
in
a
te
th
e
sa
d
d
le
p
o
in
t
in
th
e
sp
a
ceT
n

a
re
q
u
ite

5
T
h
e
e
ssen
tia
l
ro
le
o
f
lo
g
a
rith
m
ic
c
o
rre
c
tio
n
s
in
in
te
rp
re
tin
g
n
u
m
erica
l
m
ea
su
rem
en
ts
o
f


s

a
t
c
=
1
h
a
s
b
e
e
n
p
re
v
io
u
sly
d
isc
u
sse
d
in
re
fe
re
n
c
e
s
[2
5
,
5
].

6
T
h
is
d
o
e
s
n
o
t
ru
le
o
u
t
th
e
p
o
ssib
ility
o
f
o
th
e
r
sa
d
d
le
p
o
in
t
so
lu
tio
n
s,
th
o
u
g
h
.

F
ig
u
re
1
:
A
sa
m
p
le
tria
n
g
u
la
ted
su
rfa
ce
b
u
ilt
fro
m
lin
k
ed
tetra
h
ed
ra
,
w
ith
v
er-

tices
co
lo
red
a
s
in
p
erco
la
tio
n
.
T
h
e
a
rcs
rep
resen
t
slitted
ed
g
es.
T
o
th
e
rig
h
t,

th
e
a
sso
cia
ted
b
ra
n
ch
ed
p
o
ly
m
er
a
p
p
ea
rs;
ea
ch
tetra
h
ed
ro
n
co
rresp
o
n
d
s
to
a

p
o
ly
m
er
lin
k
.

co
m
p
lica
ted
a
n
d
n
o
t
a
m
en
a
b
le
to
th
e
fo
llo
w
in
g
sim
p
le
a
n
a
ly
sis.
W
e
sh
a
ll
th
en

a
n
a
ly
ze
a
cla
ss
o
f
tria
n
g
u
la
tio
n
s
d
iscu
ssed
b
y
A
m
b
j�
rn
et
a
l.
[1
2
]
th
a
t
in
clu
d
es

th
ese
sa
d
d
le
p
o
in
t
so
lu
tio
n
s;
th
is
cla
ss
is
fo
rm
ed
b
y
lin
ea
rly
jo
in
in
g
th
e
lin
k
ed

tetra
h
ed
ra
th
a
t
m
in
im
ize
th
e
d
eterm
in
a
n
t.
A
ty
p
ica
l
tria
n
g
u
la
tio
n
is
d
ep
icted

in
�
g
u
re
1
.

W
e
�
rst
sh
o
w
th
a
t
th
e
p
erco
la
tio
n
p
ro
b
lem

o
n
th
is
cla
ss
o
f
tria
n
g
u
la
tio
n
s

ca
n
b
e
m
a
p
p
ed
to
a
p
erco
la
tio
n
p
ro
b
lem

o
n
th
e
m
o
d
el
o
f
b
ra
n
ch
ed
p
o
ly
m
ers

co
n
sid
ered
b
y
A
m
b
j�
rn
et
a
l..
E
a
ch
tetra
h
ed
ro
n
w
ill
co
rresp
o
n
d
to
a
b
o
n
d
in

a
b
ra
n
ch
ed
p
o
ly
m
er.
W
e
id
en
tify
a
n
in
tern
a
l
p
o
ly
m
er
v
ertex
w
ith
a
p
a
ir
o
f

sites
co
n
n
ected
b
y
a
slitted
ed
g
e
o
n
th
e
o
rig
in
a
l
tria
n
g
u
la
tio
n
.
V
ertices
o
n
th
e

b
o
u
n
d
a
ry
o
f
th
e
p
o
ly
m
er
a
re
a
sso
cia
ted
w
ith
p
a
irs
o
f
sites
th
a
t
lie
a
d
ja
cen
t
a
t

d
ea
d
-en
d
s
o
f
th
e
tria
n
g
u
la
tio
n
.
N
o
w
,
if
eith
er
o
f
th
e
tw
o
sites
a
lo
n
g
a
slit
ed
g
e

a
re
co
lo
red
b
la
ck
,
th
en
th
e
p
erco
la
tio
n
clu
ster
to
w
h
ich
th
ey
b
elo
n
g
m
u
st
in
clu
d
e

a
n
y
o
f
th
e
b
la
ck
sites
in
a
d
ja
cen
t
tetra
h
ed
ra
.
If
a
n
in
�
n
ite
p
erco
la
tio
n
clu
ster
is

to
w
in
d
th
ro
u
g
h
th
e
la
ttice,
its
ex
ten
t
d
ep
en
d
s
o
n
ly
o
n
w
h
eth
er
o
r
n
o
t
a
t
lea
st

o
n
e
o
f
tw
o
sites
o
n
th
e
o
rig
in
a
l
tria
n
g
u
la
tio
n
,
a
sso
cia
ted
w
ith
a
p
o
ly
m
er
v
ertex
,

is
b
la
ck
.
T
h
erefo
re,
w
e
id
en
tify
b
la
ck
-b
la
ck
,
b
la
ck
-w
h
ite
a
n
d
w
h
ite-b
la
ck
p
a
irs

o
f
sites
w
ith
a
b
la
ck
p
o
ly
m
er
v
ertex
;
a
w
h
ite-w
h
ite
p
a
ir
is
m
a
p
p
ed
to
a
w
h
ite

p
o
ly
m
er
v
ertex
.
If
w
e
co
lo
r
sites
o
n
th
e
tria
n
g
u
la
tio
n
w
ith
p
ro
b
a
b
ility
p
�,
th
en

a
t
lea
st
o
n
e
o
f
a
p
a
ir
o
f
sites
is
b
la
ck
w
ith
p
ro
b
a
b
ility
p
(p
�)
=

1�
(1�
p
�)
2.

T
h
u
s
if
th
e
p
erco
la
tio
n
th
resh
o
ld
o
n
th
e
o
rig
in
a
l
la
ttice
is
p
�,
th
en
th
e
a
sso
cia
ted

b
ra
n
ch
ed
p
o
ly
m
er
w
ill
u
n
d
erg
o
a
tra
n
sitio
n
a
t
p
(p
�).

8
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W
e
n
o
w
sh
o
w
th
a
t
th
ese
b
ra
n
ch
ed
p
o
ly
m
ers
(in
th
eir
critica
l
lim
it)
d
o
n
o
t

a
d
m
it
a
p
erco
la
tio
n
tra
n
sitio
n
fo
r
p
<
1
.
T
h
ey
a
re
d
escrib
ed
b
y
th
e
p
a
rtitio
n

fu
n
ctio
n
[2
6
]

Z
= X

N Xt
2
t
N

( Y
i w
(q
i ))
ex
p
(�
�
N
);

(1
9
)

in
w
h
ich
t
N

rep
resen
ts
th
e
set
o
f
trees
(g
ra
p
h
s
w
ith
n
o
lo
o
p
s)
o
f
N

v
ertices

a
n
d
ea
ch
v
ertex
w
ith
co
o
rd
in
a
tio
n
n
u
m
b
er
q
i

is
g
iv
en
a
w
eig
h
t
w
(q
i )
= Q
i (q
i )
�

(sin
ce
th
e
d
eterm
in
a
n
t
o
f
th
e
a
d
ja
cen
cy
m
a
trix
o
n
th
ese
su
rfa
ces
ju
st
e�
ectiv
ely

sh
ifts
th
e
ex
p
o
n
en
t
in
th
e
m
ea
su
re).

T
h
e
a
n
a
ly
sis
o
f
p
erco
la
tio
n
o
n
th
ese
p
o
ly
m
ers
p
ro
ceed
s
a
s
in
th
e
ca
se
o
f
th
e

B
eth
e
la
ttice
[2
4
].
F
irst,
w
e
ra
n
d
o
m
ly
select
a
site
i
o
n
th
e
la
ttice
a
n
d
a
b
ra
n
ch

th
a
t
em
a
n
a
tes
fro
m

it.
L
et
T
d
en
o
te
th
e
m
ea
n
n
u
m
b
er
o
f
sites
in
th
is
b
ra
n
ch

th
a
t
b
elo
n
g
to
th
e
sa
m
e
clu
ster
a
s
i.
If
th
e
n
eig
h
b
o
r
j
to
site
i
in
th
is
b
ra
n
ch

h
a
s
co
o
rd
in
a
tio
n
n
u
m
b
er
q
j

th
en

T
=
p
+
phq
j �
1iT
;

(2
0
)

th
e
�
rst
co
n
trib
u
tio
n
p
is
th
e
p
ro
b
a
b
ility
th
a
t
site
i
is
b
la
ck
a
n
d
in
a
clu
ster;
if

site
j
is
b
la
ck
(w
ith
p
ro
b
a
b
ility
p
)
th
en
ea
ch
o
f
its
q
j �
1
su
b
b
ra
n
ch
es
co
n
trib
u
tes

o
n
a
v
era
g
e
T
sites.
T
h
erefo
re,
T
=
p
=
(1�
hq�
1ip
).
If
w
e
th
en
ra
n
d
o
m
ly
select
a

b
la
ck
site
o
n
th
e
b
ra
n
ch
ed
p
o
ly
m
er,
w
e
see
th
a
t
o
n
a
v
era
g
e
it
is
p
a
rt
o
f
a
clu
ster

o
f
size

S
=
1
+
hqiT
=
1
+

hqip

(1�
hq�
1ip
)
;

(2
1
)

w
h
ere
S
is
th
e
m
ea
n
clu
ster
size.
H
en
ce
p
erco
la
tio
n
w
ill
o
ccu
r
o
n
th
ese
trees
a
s

lo
n
g
a
s
th
e
d
en
sity
o
f
d
ea
d
en
d
s
(q
=
1
v
ertices)
is
n
o
t
la
rg
e
en
o
u
g
h
to
red
u
ce

hqi
b
elo
w
2
a
n
d
tra
p
a
ll
p
erco
la
tin
g
clu
sters.
Ifhqi
>
2
,
th
en
th
e
m
ea
n
clu
ster

size
b
eh
a
v
es
a
s
if
w
e
w
ere
ju
st
co
n
sid
erin
g
a
B
eth
e
la
ttice.

N
o
w
w
e
sh
a
ll
co
m
p
u
te
th
e
m
ea
n
co
o
rd
in
a
tio
n
n
u
m
b
er
in
th
e
critica
l
lim
it

fo
r
th
is
m
o
d
el
o
f
n
o
n
-in
tera
ctin
g
b
ra
n
ch
ed
p
o
ly
m
ers.
F
irst,
n
o
te
th
a
t
a
p
o
ly
m
er

v
ertex
o
f
co
o
rd
in
a
tio
n
n
u
m
b
er
q
is
a
sso
cia
ted
w
ith
tw
o
sites
o
f
th
e
o
rig
in
a
l
tri-

a
n
g
u
la
ted
su
rfa
ce
w
ith
co
o
rd
in
a
tio
n
n
u
m
b
er
3
q
.
If
th
is
su
rfa
ce
is
o
f
in
�
n
ite
size

a
n
d
o
f
�
n
ite
g
en
u
s,
th
en
sim
p
ly
h3
qi
=
6
.
O
n
e
ca
n
a
lso
sh
o
w
in
a
slig
h
tly
m
o
re

p
a
in
sta
k
in
g
fa
sh
io
n
th
a
t
th
is
co
n
d
itio
n
h
o
ld
s
in
th
e
g
ra
n
d
-ca
n
o
n
ica
l
en
sem
b
le

b
y
a
n
a
ly
zin
g
th
e
so
lu
tio
n
o
f
th
e
S
ch
w
in
g
er-D
y
so
n
eq
u
a
tio
n
s
fo
r
Z
a
n
a
ly
zed
b
y

A
m
b
j�
rn
et
a
l.
[1
2
].
T
h
e
eq
u
a
tio
n
s
a
re
w
ritten
d
o
w
n
fo
r
`ro
o
ted
'
b
ra
n
ch
p
o
ly
-

m
ers,
w
h
ich
em
a
n
a
te
fro
m
a
m
a
rk
ed
p
o
in
t
w
ith
co
o
rd
in
a
tio
n
n
u
m
b
er
1
,
th
ey
a
re

rep
resen
ted
g
ra
p
h
ica
lly
in
�
g
u
re
2
.
Z
o
b
ey
s

Z
=
ex
p
(�
�
)
(1
+
f
(Z
))
;

f
(Z
)
=

1
Xi=

2
w
(i)Z
i
�
1:

(2
2
)

F
ig
u
re
2
:
T
h
e
S
ch
w
in
g
er-D
y
so
n
eq
u
a
tio
n
s
fo
r
th
e
p
a
rtitio
n
fu
n
ctio
n
o
f
a
ro
o
ted

b
ra
n
ch
ed
p
o
ly
m
er.

C
ritica
lity
o
ccu
rs
a
t
�
=

�
c

su
ch
th
a
t
@
Z
=
@
�j
�
c

!
1
p
ro
v
id
in
g
th
a
t
f
is

co
n
v
erg
en
t
in
[0
;Z
(�
c )�
Z
c ];
th
is
criterio
n
is
sa
tis�
ed
fo
r
th
e
m
ea
su
res
th
a
t
w
e

w
ill
co
n
sid
er.
Z
(�
)
w
ill
th
en
h
a
v
e
a
lea
d
in
g
sin
g
u
la
rity
o
f
th
e
fo
rm
�
(��
�
c )
1
=
2.

T
h
e
m
ea
n
co
o
rd
in
a
tio
n
n
u
m
b
er
(m
in
u
s
1
)
eq
u
a
ls

hq�
1i
= P

1i
>

1 (i�
1
)w
(i)@
Z
=
@
w
(i)

�
@
Z
=
@
�

:

(2
3
)

B
y
d
i�
eren
tia
tin
g
th
e
S
ch
w
in
g
er-D
y
so
n
eq
u
a
tio
n
w
ith
resp
ect
to
w
(i)
a
n
d
�
a
n
d

su
b
stitu
tin
g
in
a
b
o
v
e,
w
e
�
n
d
th
a
t
sim
p
lyhq�
1i
=
f
0(Z
)
ex
p
(�
�
)
w
h
ich
eq
u
a
ls

1�
1
=hAi.
hAi
is
th
e
m
ea
n
su
rfa
ce
a
rea
w
h
ich
d
iv
erg
es
a
t
�
=
�
c .
T
h
erefo
re

S
(�
)
(2
1
)
is
n
o
n
-sin
g
u
la
r
fo
r
�
�
�
c

a
n
d
p
<

1
.
T
h
u
s
critica
lity
d
riv
es
th
e

p
erco
la
tio
n
th
resh
o
ld
p
c

to
1
.
T
h
e
p
a
rtitio
n
fu
n
ctio
n
fo
r
th
e
q
-sta
te
P
o
tts
m
o
d
el

o
n
a
b
ra
n
ch
ed
p
o
ly
m
er
ca
n
a
lso
b
e
a
n
a
ly
zed
in
th
e
lim
it
q
!
1
(th
is
w
a
s
d
o
n
e

fo
r
th
e
Isin
g
m
o
d
el
in
([1
2
])).
F
ro
m
th
is
o
n
e
ca
n
o
b
ta
in
a
n
ex
a
ct
fo
rm
u
la
fo
r
th
e

n
u
m
b
er
o
f
clu
sters
p
er
u
n
it
a
rea
,
w
h
ich
tu
rn
s
o
u
t
to
ju
st
d
ep
en
d
lin
ea
rly
o
n
p
.

W
e
clo
se
th
is
sectio
n
b
y
reitera
tin
g
th
a
t
th
e
eq
u
iv
a
len
ce
o
f
th
e
b
eh
a
v
io
r

o
f
p
erco
la
tio
n
clu
sters
o
n
b
ra
n
ch
ed
p
o
ly
m
ers
(w
h
ich
w
e
h
a
v
e
a
n
a
ly
zed
)
a
n
d
o
n

w
o
rld
sh
eets
in
th
e
la
rg
e
d
lim
it
relies
o
n
u
n
p
ro
v
en
a
ssu
m
p
tio
n
s.
It
is
n
o
t
p
erh
a
p
s

so
o
b
v
io
u
s
th
a
t
p
erco
la
tio
n
o
n
th
e
sa
d
d
le
p
o
in
ts
in
th
e
sp
a
ceT
n

w
ill
b
eh
a
v
e
a
s
o
n

th
e
sa
d
d
le
p
o
in
ts
o
f
~T
n
,
w
h
ich
w
e
m
a
y
n
o
t
ev
en
h
a
v
e
co
m
p
letely
ch
a
ra
cterized
.

T
h
u
s,
th
ese
la
rg
e
d
resu
lts
sh
o
u
ld
b
e
in
terp
reted
w
ith
a
p
p
ro
p
ria
te
ca
u
tio
n
.
T
h
e

p
reced
in
g
a
rg
u
m
en
ts
d
o
,
in
a
n
y
ca
se,
illu
stra
te
th
e
b
eh
a
v
io
r
o
f
p
erco
la
tio
n
o
n
a

cla
ss
o
f
tria
n
g
u
la
tio
n
s
w
h
ich
fo
rm
tree-lik
e
stru
ctu
res.

3

p
c
=

:
5

W
e
n
o
w
tu
rn
to
a
n
ex
a
m
in
a
tio
n
o
f
h
o
w
th
e
g
eo
m
etry
o
f
th
e
la
ttice
co
n
stra
in
s

th
e
v
a
lu
e
o
f
th
e
p
erco
la
tio
n
th
resh
o
ld
.
C
o
n
sid
er
th
e
fu
n
ctio
n
K
(p
)
=
N
c =N
,
th
e

n
u
m
b
er
o
f
clu
sters
p
er
u
n
it
a
rea
o
f
th
e
la
ttice.
S
y
k
es
a
n
d
E
ssa
m

d
em
o
n
stra
ted

1
0

1
1



[2
7
]
th
a
t
o
n
a
n
y
p
la
n
a
r
tria
n
g
u
la
ted
m
u
ltip
ly
-co
n
n
ected
la
ttice,

K
(p
)
=
K
(1�
p
)
+
2
p
(p�
12

)(p�
1
):

(2
4
)

T
h
is
rela
tio
n
is
ex
a
ct
fo
r
�
n
ite
N
fo
r
p
la
n
a
r
la
ttices;
fo
r
la
ttices
w
ith
th
e
to
p
o
lo
g
y

o
f
th
e
to
ru
s,
it
is
o
b
ey
ed
u
p
to
co
rrectio
n
s
o
f
o
rd
er
1
=N
.
T
h
e
d
eriv
a
tio
n
o
f
(2
4
)

is
b
a
sed
o
n
a
n
a
p
p
lica
tio
n
o
f
E
u
ler's
th
eo
rem

to
th
e
tw
o
su
b
g
ra
p
h
s
co
n
sistin
g

o
f
th
e
set
o
f
a
ll
b
la
ck
(w
h
ite)
clu
sters.
T
h
e
1
=N

co
rrectio
n
s
ju
st
a
rise
fro
m
th
e

g
en
u
s
term

in
E
u
ler's
eq
u
a
tio
n
fo
r
su
b
g
ra
p
h
s
em
b
ed
d
ed
o
n
su
rfa
ces
o
f
h
ig
h
er

to
p
o
lo
g
y.
T
h
e
k
ey
elem
en
t
o
f
th
e
p
ro
o
f
o
f
(2
4
)
is
th
e
fo
llo
w
in
g
sim
p
le
fa
ct:
o
n

a
n
y
tria
n
g
u
la
tio
n
,
ea
ch
fa
ce
co
n
sists
o
f
v
ertices
w
h
ich
a
re
a
l
l
co
n
n
ected
to
ea
ch

o
th
er.T

h
e
id
en
tity
(2
4
)
is
a
n
a
lo
g
o
u
s
to
th
e
d
u
a
lity
rela
tio
n
fo
r
th
e
free
en
erg
y
o
f

th
e
2�
d
Isin
g
m
o
d
el,
th
o
u
g
h
in
th
is
ca
se
th
e
g
eo
m
etrica
l
n
o
tio
n
o
f
la
ttice
d
u
a
lity

is
q
u
ite
d
i�
eren
t.
W
e
b
rie

y
d
ig
ress
to
d
iscu
ss
th
is
n
o
w
.
C
o
n
sid
er
a
la
ttice
^L

a
n
d
select
a
set
o
f
fa
cesF
.
W
e
th
en
clo
se-p
a
ck
a
ll
fa
cesF
;
clo
se-p
a
ck
in
g
co
n
sists

o
f
lin
k
in
g
a
ll
v
ertices
o
n
a
fa
ce
to
g
eth
er.
T
h
is
y
ield
s
a
n
ew
g
ra
p
h
L
.
L
etL
�

th
en
b
e
th
e
la
ttice
co
n
stru
cted
b
y
clo
se-p
a
ck
in
g
a
ll
fa
ces
in
^L
th
a
t
a
re
n
o
t
in
F
.

T
h
en
(2
4
)
is
a
sp
ecia
l
ca
se
o
f
th
e
id
en
tity

K
L
(p
)
=
K
L
�

(1�
p
)
+
�
(p
)

(2
5
)

w
h
ere
�
is
referred
to
a
s
th
e
m
a
tch
in
g
p
o
ly
n
o
m
ia
l.
L
a
n
d
L
�

a
re
m
a
tch
in
g

la
ttices;
a
n
y
tria
n
g
u
la
ted
la
ttice
is
self-m
a
tch
in
g
.

T
h
e
a
n
a
lo
g
y
w
ith
Isin
g
d
u
a
lity
h
a
s
a
b
it
m
o
re
co
n
ten
t,
sin
ce
if
th
ere
is
a

tra
n
sitio
n
a
t
p
=
p
c ,
K
(p
)�
(p�
p
c )
2
�
�
.
In
th
e
m
a
p
p
in
g
o
f
p
erco
la
tio
n
to
th
e

q
-sta
te
P
o
tts
m
o
d
el,
�
is
th
e
ex
p
o
n
en
t
th
a
t
d
escrib
es
th
e
sin
g
u
la
r
b
eh
a
v
io
r
o
f

th
e
free
en
erg
y
(w
h
ich
o
b
ey
s
th
e
Isin
g
d
u
a
lity
rela
tio
n
)
a
n
d
th
e
sp
eci�
c
h
ea
t.

T
h
u
s,
w
e
ca
n
co
m
p
u
te
�
fo
r
p
erco
la
tio
n
co
u
p
led
to
c�
1
g
ra
v
ity
w
ith
th
e
K
P
Z

fo
rm
u
la
a
s
in
(7
),
su
b
stitu
tin
g
th
e
w
eig
h
t
o
f
th
e
en
erg
y
o
p
era
to
r
(�
o"

=
5
=
8
)
in

th
e
q!
1
lim
it
o
f
th
e
P
o
tts
m
o
d
el
fo
r
th
e
sp
in
o
p
era
to
r
w
eig
h
t
o
f
5
=
9
6
.
T
h
en

a
ssu
m
in
g
th
e
sta
n
d
a
rd
h
y
p
ersca
lin
g
rela
tio
n
,
o
n
e
�
n
d
s
th
a
t
th
e
d
ressed
w
eig
h
t
o
f

th
e
en
erg
y
o
p
era
to
r
�
"

eq
u
a
ls
(1�
�
)=
(2�
�
).
F
o
r
p
erco
la
tio
n
w
ith
n
o
m
a
tter

(c
=

0
),
th
e
fo
rm

o
f
K
(p
)
h
a
s
b
een
co
m
p
u
ted
b
y
K
a
za
k
o
v
[2
0
]
b
y
a
n
a
ly
zin
g

m
a
trix
m
o
d
el
sa
d
d
le
p
o
in
t
eq
u
a
tio
n
s;
�
=

�
2
a
n
d
K
(p
)
a
lso
h
a
s
lo
g
a
rith
m
ic

co
n
trib
u
tio
n
s
to
sca
lin
g
.
F
ro
m

th
e
K
P
Z
fo
rm
u
la
,
w
e
see
th
a
t
th
e
ex
p
o
n
en
t
�

th
en
d
ecrea
ses
w
ith
c,
rea
ch
in
g
a
n
irra
tio
n
a
l
v
a
lu
e
o
f�
(2 p
1
0
+
2
)=
3�
�
2
:7
7
a
t

c
=
1
.T

h
u
s
fo
r
0
�
c�
1
,
K
(p
)
is
a
lw
a
y
s
n
o
n
-a
n
a
ly
tic
a
t
its
critica
l
p
o
in
t,
a
n
d

p
erfo
rce
b
y
(2
4
),
p
c

=

1
=
2
.
If
th
e
su
rfa
ces
a
d
m
it
a
p
erco
la
tio
n
tra
n
sitio
n
fo
r

c
>
1
w
ith
a
v
a
lu
e
o
f
�
th
a
t
v
a
ries
co
n
tin
u
o
u
sly
w
ith
c,
th
en
p
c

m
u
st
still
eq
u
a
l

1
=
2
.
If
w
e
d
isco
v
er
th
a
t
a
tra
n
sitio
n
n
o
lo
n
g
er
o
ccu
rs
n
ea
r
p
c

=
1
=
2
,
th
en
w
e
ca
n

co
n
clu
d
e
th
a
t
eith
er
th
a
t
th
ere
is
n
o
p
erco
la
tio
n
tra
n
sitio
n
fo
r
0
<
p
<
1
(a
s
fo
r

b
ra
n
ch
ed
p
o
ly
m
ers)
o
r
p
o
ssib
ly
th
a
t
a
so
rt
o
f
m
ea
n
-�
eld
p
erco
la
tio
n
tra
n
sitio
n

o
ccu
rs.
In
th
e
fo
rm
er
ca
se,
tw
o
ty
p
es
o
f
la
ttice
b
eh
a
v
io
r
co
u
ld
o
ccu
r.
T
h
e
�
rst

p
o
ssib
ility
w
o
u
ld
b
e
a
co
lla
p
sed
la
ttice
in
w
h
ich
v
irtu
a
lly
a
ll
v
ertices
a
re
co
n
-

n
ected
to
ea
ch
o
th
er;
su
ch
a
la
ttice
w
o
u
ld
h
a
v
e
a
�
n
ite
p
ro
b
a
b
ility
o
f
co
n
ta
in
in
g
,

a
n
in
�
n
ite
clu
ster
fo
r
a
ll
p
>
0
.
O
n
th
e
o
th
er
h
a
n
d
,
if
th
e
a
v
era
g
e
co
n
n
ectiv
ity

w
ere
su
�
cien
tly
lo
w
(a
s
fo
r
th
e
�
n
ite-g
en
u
s
su
rfa
ces
co
n
stru
cted
fro
m

g
lu
in
g

tetra
h
ed
ra
,
d
iscu
ssed
in
th
e
p
rev
io
u
s
sectio
n
),
th
en
n
o
in
�
n
ite
clu
sters
w
o
u
ld

o
ccu
r
fo
r
a
ll
p
<
1
7.
A
`m
ea
n
-�
eld
'
tra
n
sitio
n
ex
p
licitly
refers
a
tra
n
sitio
n
in

w
h
ich
�
is
co
n
sta
n
t
a
n
d
in
teg
ra
l
o
v
er
a
ra
n
g
e
o
f
cen
tra
l
ch
a
rg
e.
F
o
r
in
sta
n
ce,
in



a
t
sp
a
ce,
th
e
m
ea
n
�
eld
so
lu
tio
n
fo
r
p
erco
la
tio
n
(a
b
o
v
e
d
=
6
)
y
ield
s
�
=
�
1
;

su
ch
a
so
lu
tio
n
w
o
u
ld
d
escrib
e
trees
w
ith
su
�
cien
tly
h
ig
h
m
ea
n
co
n
n
ectiv
ity

8.
It
is
n
o
t
so
clea
r
th
a
t
o
n
e
ca
n
co
n
stru
ct
a
�
n
ite
g
en
u
s
su
rfa
ce
su
rfa
ce
in

th
e
u
n
iv
ersa
lity
cla
ss
o
f
th
e
B
eth
e
la
ttice
w
ith
p
<
1
;
p
erh
a
p
s
th
e
m
ea
n
-�
eld

scen
a
rio
is
a
lso
n
o
t
a
llo
w
ed
fo
r
1
=
2
<
p
<
1
.
In
a
n
y
ca
se,
b
o
th
th
e
m
ea
n
-�
eld

a
n
d
n
o
-tra
n
sitio
n
scen
a
rio
s
d
o
seem

to
b
e
ch
a
ra
cteristic
o
f
p
erco
la
tio
n
o
n
trees

ra
th
er
th
a
n
su
rfa
ces;
th
ey
sh
o
u
ld
sig
n
ify
a
q
u
a
lita
tiv
e
ch
a
n
g
e
in
th
e
g
eo
m
etry
o
f

th
e
w
o
rld
sh
eet.

W
ith
th
is
b
a
ck
g
ro
u
n
d
,
w
e
n
o
w

su
m
m
a
rize
o
u
r
p
la
n
o
f
a
tta
ck
.

W
e
w
ill

sim
u
la
te
p
erco
la
tio
n
o
n
c�
1
w
o
rld
sh
eets,
ch
eck
in
g
th
a
t
in
d
eed
p
c

=
1
=
2
a
n
d

v
erify
in
g
th
eo
retica
l
p
red
ictio
n
s
fo
r
critica
l
b
eh
a
v
io
r.
A
ssu
m
in
g
p
c

=
1
=
2
w
ill

a
llo
w
u
s
to
m
ea
su
re
th
e
ex
p
o
n
en
ts
m
u
ch
m
o
re
p
recisely
th
a
n
w
o
u
ld
u
su
a
lly
b
e

th
e
ca
se.
F
o
r
g
en
erica
lly
a
slig
h
t
m
ism
ea
su
rem
en
t
in
th
e
critica
l
tem
p
era
tu
re

w
ill
in
d
u
ce
a
sig
n
i�
ca
n
t
erro
r
in
th
e
�
n
ite-size
sca
lin
g
d
eterm
in
a
tio
n
o
f
critica
l

ex
p
o
n
en
ts.
T
h
en
to
lo
o
k
fo
r
a
d
eg
en
era
tio
n
o
f
th
e
w
o
rld
sh
eet,
w
e
w
ill
a
ttem
p
t

to
d
eterm
in
e
if
p
c

is
n
o
lo
n
g
er
n
ea
r
1
=
2
fo
r
c
>
1
.

4

T
h
e
S
im
u
la
tio
n

W
e
n
o
w
p
ro
v
id
e
a
d
iscu
ssio
n
o
f
d
eta
ils
o
f
o
u
r
sim
u
la
tio
n
a
n
d
a
n
a
ly
sis.
O
u
r
sim
-

u
la
tio
n
s
w
ere
p
erfo
rm
ed
o
n
d
y
n
a
m
ica
lly
tria
n
g
u
la
ted
ra
n
d
o
m
su
rfa
ces
(D
T
R
S
),

u
sin
g
th
e
sta
n
d
a
rd


ip
a
lg
o
rith
m
[2
9
]
to
u
p
d
a
te
th
e
a
d
ja
cen
cy
m
a
trix
C
i
j .
T
h
e



ip
a
lg
o
rith
m
rejected
u
p
d
a
tes
th
a
t
led
to
tria
n
g
u
la
tio
n
s
w
ith
lo
o
p
s
o
f
len
g
th
1

o
r
2
o
r
v
ertices
w
ith
co
o
rd
in
a
tio
n
n
u
m
b
er
less
th
a
n
3
.
W
e
ex
a
m
in
ed
D
T
R
S
w
ith

7
A
n
ex
a
m
p
le
o
f
a
n
ex
trem
ely
b
ra
n
ch
ed
tria
n
g
u
la
ted
la
ttice
w
ith
p
c

=

1
a
lso
is
g
iv
en
in

referen
ce
[2
8
].

8
A
so
m
ew
h
a
t
p
a
th
o
lo
g
ica
l
ex
a
m
p
le
o
f
a
tria
n
g
u
la
ted
su
rfa
ce
in
th
is
u
n
iv
ersa
lity
cla
ss
w
ith

p
c

<

1
co
n
sists
o
f
a
la
ttice
o
f
co
n
n
ected
tetra
h
ed
ra
w
ith
in
�
n
ite
g
en
u
s
(w
ith
h
qi
>

6
a
n
d

p
c

=
3
=
(h
qi
�
3
))
d
escrib
ed
b
y
th
e
co
n
stru
ctio
n
in
th
e
p
rev
io
u
s
sectio
n
.
T
h
e
id
en
tity
(2
4
)
is

n
o
lo
n
g
er
tru
e
fo
r
in
�
n
ite
g
en
u
s
su
rfa
ces,
h
o
w
ev
er.

1
2

1
3



n
o
em
b
ed
d
in
g
co
o
rd
in
a
tes
a
s
w
ell
a
s
w
ith
Isin
g
sp
in
s
o
r
G
a
u
ssia
n
�
eld
s
a
tta
ch
ed

to
th
e
v
ertices
(w
ith
in
tera
ctio
n
s
a
lo
n
g
th
e
lin
k
s).

O
u
r
a
ctio
n
fo
r
th
e
Isin
g
m
o
d
el
w
a
s
S
=
�
c P
(
i
j
)
�
i �
j .
W
e
ch
o
se
a
m
ea
su
re

in
d
ep
en
d
en
t
o
f
q
i ,
a
s
in
th
e
m
a
trix
m
o
d
el
fo
rm
u
la
tio
n
.
T
h
e
Isin
g
sp
in
s
w
ere

u
p
d
a
ted
u
sin
g
th
e
S
w
en
d
sen
-W
a
n
g
clu
ster
a
lg
o
rith
m
[3
0
].
E
a
ch
u
p
d
a
te
co
n
sisted

o
f
3
N

a
ttem
p
ted


ip
s
o
f
ra
n
d
o
m
ly
ch
o
sen
lin
k
s
fo
llo
w
ed
b
y
a
S
w
en
d
sen
-W
a
n
g

u
p
d
a
te
o
f
th
e
en
tire
la
ttice.
T
h
e
critica
l
tem
p
era
tu
re
fo
r
Isin
g
sp
in
s
o
n
la
ttices

d
u
a
l
to
o
u
r
tria
n
g
u
la
tio
n
s
w
a
s
co
m
p
u
ted
a
n
a
ly
tica
lly
in
[3
1
],
so
b
y
th
e
sta
n
d
a
rd

Isin
g
d
u
a
lity
w
e
ca
n
d
eterm
in
e
th
a
t
�
c

=

(1
=
2
)
ln
(1
3
1
=
8
5
)
�
:2
1
6
2
7
3
.
T
h
is

p
a
rticu
la
r
d
iscretiza
tio
n
o
f
th
e
Isin
g
m
o
d
el
h
a
s
b
een
stu
d
ied
in
[3
2
,
1
7
].

F
o
r
c
=

1
a
n
d
2
w
e
u
sed
a
sta
n
d
a
rd
M
etro
p
o
lis
a
lg
o
rith
m
,
in
w
h
ich
th
e

G
a
u
ssia
n
�
eld
s
w
ere
u
p
d
a
ted
v
ia
ra
n
d
o
m

sh
ifts
fro
m

a


a
t
d
istrib
u
tio
n
.
In
th
e

G
a
u
ssia
n
ca
se,
3
N
ra
n
d
o
m
ly
ch
o
sen


ip
s
w
ere
p
erfo
rm
ed
a
n
d
th
en
3
N
ra
n
d
o
m
ly

ch
o
sen
X
co
o
rd
in
a
tes
w
ere
u
p
d
a
ted
.
W
e
u
sed
th
e
sta
n
d
a
rd
G
a
u
ssia
n
a
ctio
n
w
ith

th
e
co
n
fo
rm
a
l
m
ea
su
re,
w
h
ich
co
rresp
o
n
d
s
to
th
e
ch
o
ice
�
=
0
in
(1
8
).
W
e
a
lso

sim
u
la
ted
th
e
d
=
1
G
a
u
ssia
n
m
o
d
el
w
ith
th
e
ch
o
ice
�
=
�
1
=
2
a
n
d
fo
u
n
d
th
a
t

th
e
critica
l
b
eh
a
v
io
r
(a
s
d
eterm
in
ed
fro
m

th
e
ca
lcu
la
tio
n
o
f
�
n
ite-size
sca
lin
g

ex
p
o
n
en
ts)
w
a
s
id
en
tica
l,
w
ith
in
o
u
r
sta
tistics,
to
th
a
t
m
ea
su
red
fo
r
�
=
0
.

A
p
erco
la
tio
n
m
ea
su
rem
en
t
b
eg
a
n
w
ith
a
co
lo
rin
g
o
f
th
e
la
ttice
w
ith
ra
n
-

d
o
m

n
u
m
b
ers,
p
ro
d
u
ced
b
y
a
F
ib
o
n
a
cci
g
en
era
to
r.
A
ll
clu
sters
o
n
th
e
la
ttice

w
ere
th
en
co
n
stru
cted
(b
etw
een
a
d
ja
cen
t
sites
w
ith
ra
n
d
o
m
n
u
m
b
ers
v
a
lu
ed
less

th
a
n
p
)
u
sin
g
th
e
m
eth
o
d
o
f
H
o
sh
en
a
n
d
K
o
p
elm
a
n
[3
3
].
F
o
r
sm
a
ller
la
ttices
a
n
d

sm
a
ller
v
a
lu
es
o
f
th
e
cen
tra
l
ch
a
rg
e,
p
erco
la
tio
n
clu
sters
w
ere
b
u
ilt
a
fter
ea
ch

u
p
d
a
te
o
f
th
e
la
ttice
a
n
d
m
a
tter.
F
o
r
c�
1
w
e
fo
u
n
d
th
a
t
it
w
a
s
m
o
re
e�
cien
t

to
co
n
stru
ct
clu
sters
a
fter
ev
ery
5
-1
0
u
p
d
a
tes
o
f
th
e
la
ttice.
F
o
r
c
<
1
,
clu
sters

w
ere
fo
rm
ed
u
sin
g
sev
era
l
d
i�
eren
t
v
a
lu
es
o
f
p
fo
r
ea
ch
la
ttice.
F
o
r
sm
a
ller
la
t-

tices,
th
e
v
a
lu
es
o
f
th
ese
o
b
serv
a
b
les
co
u
ld
b
e
ex
tra
p
o
la
ted
to
n
ea
rb
y
v
a
lu
es
o
f
p

u
sin
g
h
isto
g
ra
m
m
in
g
tech
n
iq
u
es
[3
4
].
T
h
u
s,
fo
r
c
<
1
,
th
ere
a
re
stro
n
g
co
rrela
-

tio
n
s
b
etw
een
th
e
v
a
lu
es
o
f
o
b
serv
a
b
les
a
t
d
i�
eren
t
v
a
lu
es
o
f
p
.
H
isto
g
ra
m
m
in
g

p
ro
v
ed
to
b
e
less
relia
b
le
fo
r
la
rg
er
la
ttices
a
n
d
fo
r
c�
1
.
F
o
r
c�
1
,
o
u
r
sta
tis-

tics
w
ere
n
o
t
q
u
ite
so
g
o
o
d
a
n
d
w
e
w
ere
th
u
s
m
o
re
w
a
ry
o
f
sta
tistica
l
a
rtifa
cts

in


u
en
cin
g
o
u
r
in
terp
reta
tio
n
o
f
th
e
d
a
ta
.
W
e
th
erefo
re
p
erfo
rm
ed
en
tirely
in
-

d
ep
en
d
en
t
sim
u
la
tio
n
s
fo
r
ea
ch
v
a
lu
e
o
f
p
,
so
d
a
ta
p
o
in
ts
a
t
d
i�
eren
t
p
w
o
u
ld
b
e

u
n
co
rrela
ted
.

O
u
r
erro
rs
w
ere
co
m
p
u
ted
u
sin
g
th
e
ja
ck
n
ife
tech
n
iq
u
e.
W
e
�
rst
u
sed
th
e

ja
ck
n
ife
erro
r
to
estim
a
te
th
e
a
u
to
-co
rrela
tio
n
tim
e,
�
�
1
=
2
(�
j
a
c
k =
�
n
a
i
v
e )
2;

�
n
a
i
v
e

is
ju
st
th
e
sta
n
d
a
rd
erro
r,
a
ssu
m
in
g
n
o
co
rrela
tio
n
s.
A
d
d
itio
n
a
lly,
w
e

m
ea
su
red
th
e
a
u
to
-co
rrela
tio
n
fu
n
ctio
n
,
a
n
d
u
sin
g
sta
n
d
a
rd
m
eth
o
d
s
[3
5
]
a
n
d

a
p
p
ro
p
ria
te
�
ts,
d
eterm
in
ed
th
e
in
teg
ra
ted
a
u
to
co
rrela
tio
n
tim
es
(w
ith
erro
rs

o
n
th
ese
tim
es
o
b
ta
in
ed
v
ia
ja
ck
n
ife).
G
en
era
lly,
th
ese
tw
o
tech
n
iq
u
es
y
ield
ed

co
n
sisten
t
resu
lts.
F
o
r
so
m
e
o
f
th
e
la
rg
est
la
ttices,
th
e
�
ts
to
th
e
a
u
to
-co
rrela
tio
n

fu
n
ctio
n
w
ere
m
o
re
relia
b
le,
sin
ce
th
e
ja
ck
n
ife
erro
r
d
id
n
o
t
p
la
tea
u
co
n
v
in
cin
g
ly

a
s
a
fu
n
ctio
n
o
f
in
crea
sin
g
b
in
-size.
T
h
u
s,
so
m
e
o
f
th
e
estim
a
tes
o
f
th
e
erro
r

b
a
rs
fo
r
d
a
ta
o
n
th
e
la
rg
est
la
ttice
(N
=
1
6
3
8
4
)
m
ig
h
t
b
e
a
b
it
o
�
.

T
o
o
b
ta
in
th
e
d
esired
p
recisio
n
fo
r
o
u
r
o
b
serv
a
b
les,
w
e
sa
m
p
led
a
la
rg
e

n
u
m
b
er
o
f
la
ttices
{
b
etw
een
3�
1
0
4
a
n
d
2
:5�
1
0
5
in
d
ep
en
d
en
t
sa
m
p
les,
req
u
irin
g

u
p
to
2
�
1
0
6

sw
eep
s
p
er
d
a
ta
p
o
in
t.
W
e
p
erfo
rm
ed
th
e
sim
u
la
tio
n
s
o
n
H
P

9
0
0
0
,
IB
M

R
S
6
0
0
0
a
n
d
D
E
C
M
IP
S
w
o
rk
sta
tio
n
s;
in
to
ta
l
w
e
u
sed
ro
u
g
h
ly
th
e

eq
u
iv
a
len
t
o
f
5
m
o
n
th
s
o
f
tim
e
o
n
a
H
P
w
o
rk
sta
tio
n
to
g
a
th
er
o
u
r
d
a
ta
.
O
u
r

la
ttices
w
ere
o
f
to
ro
id
a
l
to
p
o
lo
g
y.
F
o
r
c
=
0
,
w
e
u
sed
la
ttices
o
f
size
5
1
2
th
ro
u
g
h

1
6
3
8
4
;
fo
r
c
=

1
=
2
o
u
r
la
ttices
ra
n
g
ed
in
size
fro
m

N

=

2
0
4
8
to
1
6
3
8
4
.
T
h
e

co
rrela
tio
n
tim
es
w
ere
m
u
ch
lo
n
g
er
fo
r
c
=
1
a
n
d
2
;
th
u
s
th
e
c
=
1
ru
n
s
w
ere

p
erfo
rm
ed
fo
r
N
=
1
0
2
4
th
ro
u
g
h
8
1
9
2
a
t
p
c

=
1
=
2
a
n
d
1
0
2
4
a
n
d
2
0
4
8
fo
r
o
th
er

p
.
c
=

2
ru
n
s
w
ere
o
n
ly
d
o
n
e
o
n
la
ttices
o
f
size
1
0
2
4
a
n
d
2
0
4
8
a
n
d
a
lso
a
t

p
=
1
=
2
u
sin
g
N
=
4
0
9
6
.

O
u
r
b
a
sic
set
o
f
o
b
serv
a
b
les
co
n
sisted
o
f
:
th
e
n
u
m
b
er
o
f
clu
sters
p
er
u
n
it

v
o
lu
m
e
K
(p
),
th
e
m
a
x
im
u
m
clu
ster
size
p
er
co
n
�
g
u
ra
tio
n
M
(p
)
a
n
d
th
e
m
ea
n

clu
ster
sizeS
(p
).

O
u
r
o
th
er
m
a
in
ta
sk
w
a
s
to
d
eterm
in
e
th
e
critica
l
tem
p
era
tu
re,
to
v
erify

th
a
t
p
c

=
1
=
2
fo
r
c�
1
a
n
d
th
en
to
lo
o
k
fo
r
p
c

fo
r
c
>
1
.
F
in
d
in
g
a
n
a
p
p
ro
p
ria
te

tech
n
iq
u
e
to
d
o
th
is
w
a
s
n
o
t
so
stra
ig
h
tfo
rw
a
rd
.
T
o
illu
stra
te
th
is
d
i�
cu
lty,

w
e
�
rst
reca
ll
th
a
t
th
e
w
id
th
o
f
th
e
tra
n
sitio
n
reg
io
n
is
o
f
m
a
g
n
itu
d
e
N
1
=
�
d
H

.

T
h
is
w
id
th
sh
o
u
ld
b
e,
fo
r
in
sta
n
ce,
ro
u
g
h
ly
co
m
p
a
ra
b
le
to
th
e
b
rea
d
th
o
f
th
e

su
scep
tib
ility
p
ea
k
(th
e
m
ea
n
clu
ster
size
w
ith
th
e
in
�
n
ite,
i.e.
la
rg
est,
clu
ster

ex
clu
d
ed
)
a
n
d
its
a
sy
m
p
to
tic
sh
ift
fro
m

p
c (N

=

1
).
F
o
r
c
�
1
,
�
d
H

ra
n
g
es

fro
m

4
to
a
b
o
u
t
4
:7
,
in
d
ica
tin
g
th
a
t
th
e
tra
n
sitio
n
w
ill
b
e
ex
trem
ely
b
ro
a
d
;
fo
r

la
ttices
o
f
sev
era
l
th
o
u
sa
n
d
n
o
d
es,
�p
�
:1
to
:2
.
In
co
n
tra
st,
�
d
=

2
fo
r
th
e

2
d
(

a
t
sp
a
ce)
Isin
g
m
o
d
el,
w
h
ich
w
ill
ex
h
ib
it
a
tra
n
sitio
n
th
a
t
is
a
n
o
rd
er
o
f

m
a
g
n
itu
d
e
sh
a
rp
er
o
n
la
ttices
o
f
co
m
p
a
ra
b
le
size.

In
fa
ct,
sig
n
i�
ca
n
t
e�
o
rt
h
a
s
b
een
d
ev
o
ted
to
d
ev
elo
p
in
g
m
eth
o
d
s
to
d
eter-

m
in
e
p
erco
la
tio
n
th
resh
o
ld
s
p
recisely.
U
n
fo
rtu
n
a
tely,
n
ea
rly
a
ll
o
f
th
e
sta
n
d
a
rd

tech
n
iq
u
es
a
re
in
a
p
p
lica
b
le
in
o
u
r
ca
se.
T
h
ey
in
v
o
lv
e
d
eterm
in
in
g
th
e
fra
ctio
n
o
f

sp
a
n
n
in
g
clu
sters
(see
e.g
.
[3
6
])
o
r
co
m
p
a
rin
g
th
e
o
u
tsid
e
a
n
d
in
sid
e
p
erim
eters

o
f
clu
sters
[3
7
].
T
h
ese
m
eth
o
d
s
rely
o
n
th
e
id
en
ti�
ca
tio
n
o
f
a
la
ttice
b
o
u
n
d
a
ry,

w
h
ich
w
e
ca
n
n
o
t
d
o
ea
sily
o
n
ra
n
d
o
m

la
ttices.
O
th
er
tech
n
iq
u
es
a
lso
ex
p
lo
it

ex
a
ct
a
n
a
ly
tic
resu
lts
fo
r
sm
a
ll
clu
ster
sizes
[3
8
],
w
h
ich
a
re
n
o
t
a
v
a
ila
b
le
to
u
s

in
th
is
ca
se.
W
e
th
erefo
re
en
d
ed
u
p
a
d
o
p
tin
g
a
v
a
ria
n
t
o
f
a
sta
n
d
a
rd
tech
n
iq
u
e

u
sed
in
sp
in
m
o
d
els,
w
h
ich
relies
o
n
a
d
eterm
in
a
tio
n
o
f
in
tersectio
n
s
o
f
B
in
d
er's

cu
m
u
la
n
ts.

1
4

1
5



E
x
p
licitly,
w
e
sh
a
ll
co
n
sid
er
th
e
q
u
a
n
tities

u
S

=
1�
hS
2i

3
(hSi)
2

(2
6
)

a
n
d

u
M

=
1�
hM
2i

3
(hM
i)
2
:

(2
7
)

T
h
ese
q
u
a
n
tities
sh
o
u
ld
o
b
ey
(fo
r
c
<
1
a
t
lea
st)
a
�
n
ite-size
sca
lin
g
fo
rm

u
S
;M

(N
;p
)�
f
S
;M

(z
);
z
=
(p�
p
c )N
1
=
�
d
H

:

(2
8
)

f
is
th
e
u
n
iv
ersa
l
�
n
ite-size
sca
lin
g
fu
n
ctio
n
a
n
d
z
is
th
e
a
p
p
ro
p
ria
te
sca
lin
g

v
a
ria
b
le.
T
h
e
d
ev
ia
tio
n
o
f
th
ese
cu
m
u
la
n
ts
fro
m
2
=
3
ju
st
ch
a
ra
cterizes
th
e
m
a
g
-

n
itu
d
e
o
f


u
ctu
a
tio
n
s
o
f
th
e
m
ea
n
a
n
d
m
a
x
im
u
m
sizes.
F
o
r
p
!
1
,
f
!
2
=
3
,

sin
ce
in
th
is
p
h
a
se,
th
e
in
�
n
ite
clu
ster
sa
tu
ra
tes
th
e
sy
stem

a
n
d


u
ctu
a
tio
n
s

d
im
in
ish
.
A
sy
m
p
to
tica
lly,
th
e
cu
m
u
la
n
ts
fo
r
d
i�
eren
t
v
a
lu
es
o
f
N

w
ill
in
tersect

a
t
p
=
p
c

(w
h
ich
is
m
u
ch
b
etter
th
a
n
p�
p
c �
N
1
=
�
d
H

)
w
h
ere
th
ey
w
ill
b
e
lin
ea
r

a
n
d
h
a
v
e
slo
p
e
f
0(0
)N
1
=
�
d
H

.
T
h
erefo
re,
th
e
slo
p
es
w
ill
n
o
t
b
e
p
a
rticu
la
rly
la
rg
e,

a
n
d
th
ey
w
ill
g
ro
w
slo
w
ly
;
d
eterm
in
in
g
th
e
p
o
in
ts
o
f
in
tersectio
n
w
ill
req
u
ire

v
ery
g
o
o
d
sta
tistics.

W
e
b
rie

y
d
ig
ress
to
p
o
in
t
o
u
t
h
o
w
th
e
cu
m
u
la
n
t
u
S

is
rela
ted
to
th
e
sta
n
-

d
a
rd
B
in
d
er's
cu
m
u
la
n
t
in
sp
in
m
o
d
els,
u
=

1
�
hM
4i=
3
(hM
2i)
2;
M

is
th
e

m
a
g
n
etiza
tio
n
.
A
lth
o
u
g
h
it
is
tru
e
th
a
thSi
=
hM
2i,
in
g
en
era
l
u
6=
u
S
.
In
th
e

Isin
g
m
o
d
el
(a
n
d
th
is
sh
o
u
ld
p
resu
m
a
b
ly
g
en
era
lize
to
a
ll
q
-sta
te
P
o
tts
m
o
d
els),

o
n
e
ca
n
ea
sily
d
eriv
e
th
e
rela
tio
n
:

hM
4i
=
3hS
2i�
2N
h Z
n
(s)s
4= Z
n
(s)si;

(2
9
)

n
(s)
is
a
g
a
in
th
e
clu
ster
d
istrib
u
tio
n
fu
n
ctio
n
a
n
d
th
e
la
tter
term
is
p
ro
p
o
rtio
n
a
l

to
th
e
p
ro
b
a
b
ility
th
a
t
4
b
la
ck
p
o
in
ts
in
th
e
la
ttice
lie
to
g
eth
er
in
th
e
sa
m
e

clu
ster.
T
h
e
su
m
o
f
th
e
term
s,
w
h
ich
b
o
th
sca
le
th
e
sa
m
e
w
a
y
in
N
,
is
th
u
s
ju
st

th
e
in
teg
ra
ted
4
-p
o
in
t
fu
n
ctio
n
o
f
th
e
sp
in
-o
p
era
to
r,
w
ith
a
v
a
lu
e
th
a
t
sh
o
u
ld
in

p
rin
cip
le
b
e
ca
lcu
la
b
le
a
n
a
ly
tica
lly.
S
o
o
u
r
cu
m
u
la
n
t
ju
st
m
ea
su
res
o
n
e
(n
o
n
-

n
eg
lig
ib
le)
p
iece
o
f
th
is
4
-p
o
in
t
fu
n
ctio
n
.

5

N
u
m
e
r
ic
a
l
R
e
su
lts

5
.1

C
o
r
r
e
la
t
io
n
T
im
e
s

W
e
n
o
w
tu
rn
to
th
e
resu
lts
o
f
o
u
r
sim
u
la
tio
n
s.
F
irst,
w
e
rem
a
rk
th
a
t
w
e
o
b
serv
ed

co
n
sid
era
b
le
critica
l
slo
w
in
g
d
o
w
n
fo
r
M
(p
)
a
n
d
S
(p
)
fo
r
a
ll
v
a
lu
es
o
f
c.
W
e

c
=
0

c
=
1
/
2

c
=
1

c
=
2

z
M

=
d
H

.6
9
(2
)

.7
5
(6
)

1
.5
(2
)

1
.4
(2
)

z
S
=
d
H

.7
0
(2
)

.7
4
(6
)

1
.4
(2
)

1
.4
(2
)

T
a
b
le
1
:
A
su
m
m
a
ry
o
f
th
e
critica
l
slo
w
in
g
d
o
w
n
ex
p
o
n
en
t
z
=
d
H

fo
r
o
u
r
ru
n
s

fo
u
n
d
th
a
t
th
e
v
a
lu
es
o
f
th
e
a
u
to
-co
rrela
tio
n
ex
p
o
n
en
t
z
=
d
H

:

�
�
N
z
=
d
H

w
ere
id
en
tica
l,
w
ith
in
o
u
r
sta
tistics,
fo
rS
a
n
d
M
.
In
th
e
fo
llo
w
in
g
ta
b
le
w
e

su
m
m
a
rize
th
e
v
a
lu
es
o
f
th
ese
ex
p
o
n
en
ts.

F
o
r
c
=
0
,
th
e
d
y
n
a
m
ics
co
n
sists
so
lely
o
f
th
e
lo
c
a
l
lin
k


ip
u
p
d
a
tes.
S
in
ce

o
u
r
clu
ster
o
b
serv
a
b
les
ex
h
ib
it
co
n
sid
era
b
le
slo
w
in
g
d
o
w
n
,
th
ey
re

ect
la
rg
e-

sca
le
co
rrela
tio
n
s
in
th
e
g
eo
m
etry
o
f
th
e
w
o
rld
sh
eet.
In
co
n
tra
st,
m
ea
su
rem
en
ts

o
f
th
e
d
istrib
u
tio
n
o
f
cu
rv
a
tu
re
(e.g
.
o
f P
i jq
i �
6j
)
d
o
n
o
t
ex
h
ib
it
m
ea
su
ra
b
le

critica
l
slo
w
in
g
d
o
w
n
.
d
H

h
a
s
b
een
estim
a
ted
to
b
e
a
b
o
u
t
2
:8
7
fo
r
c
=
0
[4
0
,
3
];

th
is
lea
d
s
to
a
v
a
lu
e
o
f
z
o
f
2
:0
.
T
h
e
v
a
lu
e
z
=
d
H

�
:7
is
n
o
t
th
e
la
rg
est
v
a
lu
e

th
a
t
o
n
e
m
ig
h
t
a
n
ticip
a
te.
F
o
r,
o
n
e
w
o
u
ld
n
a
iv
ely
g
u
ess
th
a
t
th
e
d
eco
rrela
tio
n

o
f
th
e
slo
w
est
critica
l
m
o
d
es
o
f
th
e
su
rfa
ce
g
eo
m
etry
w
o
u
ld
b
e
d
eterm
in
ed
b
y

th
e
sp
ectra
l
d
im
en
sio
n
,
d
s

=

2
[3
],
w
h
ich
ch
a
ra
cterizes
th
e
p
ro
b
a
b
ility
th
a
t

a
ra
n
d
o
m

w
a
lk
er
retu
rn
s
to
its
o
rig
in
a
l
site
a
fter
tim
e
t,
P
(t)�
t
�
d
s
=
2.
T
h
u
s

e�
ectiv
ely
a
ra
n
d
o
m
u
p
d
a
te
w
o
u
ld
ta
k
e
a
tim
e
p
ro
p
o
rtio
n
a
l
to
N
(co
rresp
o
n
d
in
g

to
z
=
d
H

=
1
)
to
d
i�
u
se
a
cro
ss
th
e
su
rfa
ce.

C
ritica
l
slo
w
in
g
d
o
w
n
b
eco
m
es
m
o
re
sev
ere
w
ith
in
crea
sin
g
c.
T
h
is
co
u
ld
b
e

p
a
rtia
lly
d
u
e
to
ch
a
n
g
es
in
th
e
fra
cta
l
p
ro
p
erties
o
f
th
e
g
eo
m
etry
;
p
resu
m
a
b
ly

th
e
u
p
d
a
tes
o
f
th
e
m
a
tter
in
d
u
ce
a
d
d
itio
n
a
l
slo
w
in
g
d
o
w
n
a
lso
.
S
in
ce
th
e
ch
a
n
g
e

in
z
=
d
H

fro
m

c
=
0
to
c
=
1
=
2
is
ra
th
er
sm
a
ll,
it
a
p
p
ea
rs
th
a
t
th
e
S
w
en
d
sen
-

W
a
n
g
a
lg
o
rith
m

is
q
u
ite
e�
cien
t
fo
r
o
u
r
m
ea
su
rem
en
ts.
F
u
rth
er
d
iscu
ssio
n
o
f

th
e
e�
cien
cy
o
f
sp
in
a
lg
o
rith
m
s
o
n
ra
n
d
o
m

la
ttices
w
ill
a
p
p
ea
r
in
[4
1
].
O
u
r

a
u
to
-co
rrela
tio
n
tim
es
ra
n
g
e
fro
m
a
b
o
u
t
�
i
n
t

=
1
(fo
r
c
=
0
;N
=
5
1
2
)
to
5
0
(fo
r

c
=
2
;N
=
2
0
4
8
).
A
lth
o
u
g
h
z
=
d
H

is
v
irtu
a
lly
id
en
tica
l
fo
r
c
=
1
a
n
d
c
=
2
,
th
e

co
rrela
tio
n
tim
es
fo
r
c
=
2
a
re
co
n
sisten
tly
a
b
o
u
t
a
fa
cto
r
o
f
3
h
ig
h
er
th
a
n
th
e

co
rresp
o
n
d
in
g
c
=

1
tim
es.
P
ro
b
a
b
ly,
clu
ster
m
eth
o
d
s
w
o
u
ld
h
a
v
e
b
een
m
o
re

e�
cien
t
in
u
p
d
a
tin
g
th
e
G
a
u
ssia
n
�
eld
s
[4
2
].

W
e
o
b
serv
ed
o
n
e
o
th
er
cu
rio
u
s
d
i�
eren
ce
b
etw
een
a
u
to
-co
rrela
tio
n
fu
n
ctio
n
s

fo
r
c
=
0
a
n
d
c
>
1
.
F
o
r
c
=
0
,
th
e
�
ts
o
f
th
e
a
u
to
-co
rrela
tio
n
fu
n
ctio
n
(a
s
a

fu
n
ctio
n
o
f
tim
e
T
)
to
th
e
fo
rm

ex
p
(�
T
=
�
)
w
ere
ex
cellen
t
fo
r
T
>
3
�
a
n
d
a
ll

v
a
lu
es
o
f
N
.
F
o
r
c
>
1
,
th
is
w
a
s
n
o
lo
n
g
er
tru
e.
T
h
e
a
u
to
-co
rrela
tio
n
fu
n
ctio
n
s

fo
r
c
=
2
w
ere
q
u
ite
d
i�
cu
lt
to
�
t
to
;
ev
en
fo
r
tim
es
co
n
sid
era
b
ly
la
rg
er
th
a
n

�
,
th
ey
ex
h
ib
ited
v
ery
stro
n
g
tra
n
sien
ts.
W
e
sh
a
ll
a
rg
u
e
in
su
b
seq
u
en
t
sectio
n
s

1
6

1
7



th
a
t
fo
r
c
>
1
th
a
t
w
e
d
o
n
o
t
o
b
serv
e
g
o
o
d
sca
lin
g
b
eh
a
v
io
r;
th
e
b
eh
a
v
io
r
o
f
th
e

a
u
to
-co
rrela
tio
n
fu
n
ctio
n
s
co
u
ld
p
erh
a
p
s
b
e
in
terp
reted
a
s
a
�
rst
h
in
t
th
a
t
th
is

m
ig
h
t
b
e
so
.

5
.2

C
r
it
ic
a
l
E
x
p
o
n
e
n
t
s
a
n
d
K
P
Z

W
e
n
o
w

p
resen
t
ta
b
les
o
f
th
e
e�
ectiv
e
critica
l
ex
p
o
n
en
ts
(d
f
=
d
H

)
e
f
f

�

ln
(M
2
N

=M
N

)=
ln
2

fo
llo
w
ed

b
y

(

=
�
d
H

)
e
f
f

�
ln
(S
2
N

=S
N

)=
ln
2

o
b
ta
in
ed

th
ro
u
g
h
�
n
ite-size
sca
lin
g
a
t
p
=
1
=
2
,
a
s
d
e�
n
ed
in
sectio
n
4
.

T
h
e
ex
a
ct
v
a
lu
es
fo
r


=
�
d
H

,
o
b
ta
in
ed
fro
m

(7
)
a
n
d
(1
1
)
a
re
3
=
4
;(4
�

p
7
=
2
)=
3
a
n
d
1
� p
5
=
2
4
fo
r
c
=

0
;1
=
2
a
n
d
1
resp
ectiv
ely.

W
e
h
a
v
e
a
g
a
in

u
sed
d
f
=
d
H

=
1
=
2
(1
+


=
�
d
H

).
F
irst,
w
e
rem
a
rk
th
a
t
th
e
a
g
reem
en
t
b
etw
een

th
e
th
eo
retica
l
v
a
lu
es
a
n
d
o
u
r
m
ea
su
rem
en
ts
fo
r
c
<
1
is
su
rp
risin
g
ly
g
o
o
d
,
g
iv
en

th
a
t
o
u
r
ru
n
s
a
re
o
n
m
ed
iu
m
-sized
la
ttices.
T
h
e
ex
p
o
n
en
ts
g
en
era
lly
d
ecrea
se

a
s
a
fu
n
ctio
n
o
f
in
crea
sin
g
la
ttice
size
a
n
d
cen
tra
l
ch
a
rg
e
c.
T
h
is
seem
s
rea
so
n
-

a
b
le,
sin
ce
em
b
ry
o
n
ic
u
n
iv
erses
w
ith
n
eck
s
o
f
th
e
size
o
f
th
e
cu
to
�
b
eco
m
e
m
o
re

d
o
m
in
a
n
t
a
s
c
in
crea
ses;
w
e
ca
n
see
fro
m

th
e
th
eo
retica
l
ca
lcu
la
tio
n
s
th
a
t
th
is

co
rresp
o
n
d
s
to
a
red
u
ctio
n
in
th
e
critica
l
ex
p
o
n
en
ts.
F
o
r
N

n
o
t
so
m
u
ch
la
rg
er

th
a
n
th
e
cu
to
�
,
th
e
e�
ect
o
f
th
ese
b
o
ttlen
eck
s
sh
o
u
ld
b
e
n
o
t
so
a
p
p
a
ren
t
a
n
d

th
en
p
resu
m
a
b
ly
th
e
critica
l
ex
p
o
n
en
ts
w
o
u
ld
b
e
o
v
er-estim
a
ted
.
F
o
r
c
=
0
o
n

th
e
la
rg
er
la
ttices,
th
e
ex
p
o
n
en
ts
h
a
v
e
m
o
re
o
r
less
a
lrea
d
y
lev
eled
o
�
,
w
ith
in

o
u
r
sta
tistics,
to
th
eir
a
sy
m
p
to
tic
v
a
lu
es.

F
o
r
c
=
1
,
if
w
e
sim
p
ly
a
ssu
m
ed
th
a
tS
a
n
d
M
sca
led
a
s
p
o
w
ers
o
f
N
,
th
en

o
u
r
estim
a
tes
o
f
th
e
critica
l
ex
p
o
n
en
ts
w
ill
b
e
v
ery
fa
r
o
�
.
In
fa
ct,
th
e
m
ea
su
red

v
a
lu
es
o
f
th
e
e�
ectiv
e
c
=

1
ex
p
o
n
en
ts
a
g
ree
q
u
ite
w
ell
w
ith
th
e
th
eo
retica
l

p
red
ictio
n
s
fo
r
c
=

1
=
2
.
T
h
e
lo
g
a
rith
m
ic
co
rrectio
n
s,
th
o
u
g
h
,
w
ill
sh
ift
th
e

e�
ectiv
e
ex
p
o
n
en
ts
fa
r
a
w
a
y
fro
m

th
eir
a
sy
m
p
to
tic
v
a
lu
es.
U
sin
g
th
e
rela
tio
n
s

c
=
0

c
=
1
/
2

c
=
1

c
=
2

N
=
5
1
2

.8
7
9
(2
)

.8
6
0
(5
)

N
=
1
0
2
4

.8
8
0
(3
)

.8
6
1
(5
)

.8
1
(1
)

N
=
2
0
4
8

.8
8
0
(3
)

.8
6
6
(5
)

.8
5
9
(7
)

.8
3
(2
)

N
=
4
0
9
6

.8
7
1
(4
)

.8
6
6
(6
)

.8
4
1
(8
)

N
=
8
1
9
2

.8
7
5
(5
)

.8
5
2
(8
)

th
eo
ry

.8
7
5

.8
5
5

.7
7
2

T
a
b
le
2
:
M
ea
su
rem
en
ts
o
f
(d
f
=
d
H

)
e
f
f

co
m
p
a
red
w
ith
th
eo
retica
l
p
red
ictio
n
s
o
f

th
e
N
!
1
lim
it

c
=
0

c
=
1
/
2

c
=
1

c
=
2

N
=
5
1
2

.7
7
4
(2
)

.7
4
4
(6
)

N
=
1
0
2
4

.7
7
2
(4
)

.7
3
9
(7
)

.6
8
(2
)

N
=
2
0
4
8

.7
6
8
(5
)

.7
4
7
(6
)

.7
3
2
(7
)

.6
7
(3
)

N
=
4
0
9
6

.7
5
3
(5
)

.7
4
1
(7
)

.7
0
0
(1
0
)

N
=
8
1
9
2

.7
5
5
(7
)

.7
2
2
(1
0
)

th
eo
ry

.7
5

.7
1
0

.5
4
4

T
a
b
le
3
:
M
ea
su
rem
en
ts
o
f
(

=
�
d
H

)
e
f
f

co
m
p
a
red
w
ith
th
eo
retica
l
p
red
ictio
n
s
o
f

th
e
N
!
1
lim
it

(1
6
)
a
n
d
(1
7
)
w
e
see
th
a
t
th
e
�
rst
su
b
lea
d
in
g
co
n
trib
u
tio
n
y
ield
s

(

=
�
d
H

)
e
f
f

=


=
�
d
H

+
1
+


=
�
d
H

ln
N

+
���:

(3
0
)

In
th
e
fo
llo
w
in
g
p
lo
t,
w
e
co
m
p
a
re
o
u
r
d
a
ta
fo
r
(

=
�
d
H

)
e
f
f

a
t
c
=

1
w
ith
th
e

th
eo
retica
l
p
red
ictio
n
,
d
eriv
ed
fro
m

(1
6
)
a
n
d
(1
7
).
W
e
p
lo
t
(3
0
)
w
ith
th
e
d
o
t-

ted
cu
rv
e.
T
h
e
so
lid
cu
rv
e
ta
k
es
in
to
a
cco
u
n
t
a
ll
co
rrectio
n
s
in
(1
6
)
a
n
d
(1
7
);

th
e
sm
a
llest
co
rrectio
n
in
th
e
ex
p
a
n
sio
n
w
e
u
sed
to
g
en
era
te
th
is
th
eo
retica
l

p
red
ictio
n
w
a
s
o
f
o
rd
er
:0
0
2
fo
r
N

>
1
0
0
0
.
A
t
th
is
o
rd
er
fu
rth
er
co
rrectio
n
s

a
risin
g
fro
m
th
e
lo
g
a
rith
m
ic
ren
o
rm
a
liza
tio
n
o
f
�
,
w
h
ich
w
e
d
id
n
o
t
co
m
p
u
te
o
r

co
n
jectu
re
to
b
e
u
n
iv
ersa
l,
sh
o
u
ld
a
p
p
ea
r.
W
e
th
erefo
re
w
o
u
ld
g
u
ess
(w
ith
o
u
t

a
n
y
rig
o
ro
u
s
ju
sti�
ca
tio
n
)
th
a
t
th
ese
a
d
d
itio
n
a
l
co
rrectio
n
s
sh
o
u
ld
p
ro
b
a
b
ly
sh
ift

th
e
cu
rv
e
b
y
less
th
a
n
th
e
sta
tistica
l
a
ccu
ra
cy
o
f
o
u
r
d
a
ta
,
w
h
ich
is
ro
u
g
h
ly
:0
1
.

F
o
r
c
<
1
w
e
o
b
serv
ed
sm
a
ll
sy
stem
a
tic
d
iscrep
a
n
cies
fro
m

a
sy
m
p
to
tic
sca
lin
g
,

p
resu
m
a
b
ly
fro
m

p
o
w
er
la
w
co
rrectio
n
s.
S
in
ce
p
o
w
er
la
w
co
rrectio
n
s
h
a
v
e
a
lso

n
o
t
b
een
ta
k
en
in
to
a
cco
u
n
t
a
t
c
=
1
,
w
e
co
n
sid
er
th
e
a
g
reem
en
t
b
etw
een
o
u
r

m
ea
su
rem
en
ts
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 for N
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 extrapolation

(γ  /ν dH)eff  for KPZ with log scaling (c= 1)
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elo
w

fo
r
c
=
2
.
W
e
sa
w
th
a
t
th
e
in
tersectio
n
o
f
th
e
cu
m
u
la
n
ts
w
a
s
sh
ifted
b
eca
u
se

o
f
�
n
ite-size
e�
ects
a
t
c
=

1
.
P
resu
m
a
b
ly
�
n
ite-size
e�
ects
co
u
ld
a
lso
p
la
y
a

la
rg
e
ro
le
a
t
c
=
2
,
so
p
erh
a
p
s
th
e
la
rg
e
(a
t
lea
st
1
5
%

o
f
p
!)
sh
ift
w
e
see
in
th
e

cu
m
u
la
n
ts
is
ju
st
a
�
n
ite
la
ttice
a
rtifa
ct.
W
e
sh
a
ll
a
rg
u
e
in
th
e
fo
llo
w
in
g
sectio
n

th
a
t
th
is
is
in
d
eed
p
ro
b
a
b
ly
tru
e
a
n
d
th
a
t
in
fa
ct
a
n
y
m
ea
su
rem
en
ts
fo
r
c
so
m
e-

w
h
a
t
g
rea
ter
th
a
n
1
w
ill
p
rim
a
rily
b
e
m
a
n
ifesta
tio
n
s
o
f
la
ttice
a
rtifa
cts.
L
et
u
s

rem
a
rk
th
a
t
a
t
lea
st
w
e
h
a
v
e
o
b
serv
ed
,
v
ia
th
ese
cu
m
u
la
n
ts,
th
a
t
th
e
b
eh
a
v
io
r
o
f

c
<
1
a
n
d
c
=
2
is
q
u
a
lita
tiv
ely
d
i�
eren
t.
T
h
e
p
resen
ce
o
f
n
o
n
-a
n
a
ly
tic
b
eh
a
v
io
r

o
f
K
(p
)
a
t
p
=
p
c

a
lo
n
g
w
ith
g
o
o
d
sca
lin
g
b
eh
a
v
io
r
o
n
th
e
la
ttices
w
e
co
n
sid
er

m
a
n
d
a
tes
th
a
t
th
e
cu
m
u
la
n
ts
in
tersect
n
ea
r
p
=
1
=
2
,
a
s
o
b
serv
ed
fo
r
c
<
1
.
T
h
is

2
6

2
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Probability p

Intersection of Mean-Size Cumulants for c=2

0.5
0.55

0.6
0.65

0.59

0.61

0.63

0.65

F
ig
u
re
9
:
T
h
e
cu
m
u
la
n
ts
u
S
(p
)
fo
r
g
ra
v
ity
co
u
p
led
to
tw
o
G
a
u
ssia
n
�
eld
s.
P
o
in
ts

a
n
d
lin
es
a
re
la
b
eled
a
s
in
th
e
p
reced
in
g
�
g
u
re.

clea
rly
is
n
o
t
th
e
ca
se
fo
r
c
=
2
.

6

D
isc
u
ssio
n

T
o
u
n
d
ersta
n
d
w
h
a
t
w
e
a
re
seein
g
a
t
c
=

2
,
w
e
retu
rn
to
a
d
iscu
ssio
n
o
f
th
e

sca
lin
g
co
rrectio
n
s
fo
r
c
=
1
.
A
sim
p
le
p
h
y
sica
l
d
escrip
tio
n
o
f
th
e
o
rig
in
o
f
th
ese

co
rrectio
n
s
ca
n
b
e
fo
u
n
d
in
K
leb
a
n
o
v
's
rev
iew
[1
6
].
W
e
b
eg
in
b
y
co
n
sid
erin
g
th
e

c
=
1
ta
ch
y
o
n
ic
o
p
era
to
r
o
f
m
o
m
en
tu
m
p
:

T
(p
)� Zp
j^gjex
p
(ip
X
+
(jpj�
2
)�
);

(3
2
)

�
is
th
e
L
io
u
v
ille
�
eld
a
n
d
^g
is
th
e
referen
ce
m
etric
(g
=

^g
ex
p
(�
�
)).

T
h
e

G
a
u
ssia
n
�
eld
o
b
ey
s
[4
3
]

hX
X
i�
(ln
N
)
2:

(3
3
)

T
h
u
s,
th
e
�
n
ite
la
ttice
size
e�
ectiv
ely
im
p
o
ses
a
n
in
fra
red
cu
to
�
o
n
sp
a
cetim
e

m
o
m
en
ta
o
f
o
rd
er
1
=
ln
N
.
T
h
e
ta
ch
y
o
n
ic
en
erg
y
sa
tis�
es

E
2
=
p
2
+
1�
c

1
2

:

(3
4
)

T
h
erefo
re,
th
e
m
in
im
u
m
g
ro
u
n
d
sta
te
en
erg
y
a
ccessib
le
a
t
c
=
1
o
n
a
la
ttice
o
f

size
N

sh
o
u
ld
b
e
ro
u
g
h
ly

E
2m

i
n

�
(
C

ln
N
)
2;

(3
5
)

fo
r
so
m
e
co
n
sta
n
t
o
f
o
rd
er
u
n
ity
C
.
T
h
is
co
rrectio
n
ca
n
b
e
q
u
ite
la
rg
e;
it
co
n
-

trib
u
tes
to
th
e
lo
g
a
rith
m
ic
d
ressin
g
o
f
co
rrela
tio
n
fu
n
ctio
n
s
a
n
d
th
u
s
th
e
lo
g
a
rith
-

m
ic
co
rrectio
n
s
w
e
h
a
v
e
m
ea
su
red
th
a
t
m
a
sk
th
e
d
eg
en
era
tio
n
o
f
th
e
w
o
rld
sh
eet.

F
u
rth
erm
o
re,
o
n
e
w
o
u
ld
a
n
ticip
a
te
th
a
t
fo
r
�
n
ite
N
,
th
e
G
a
u
ssia
n
m
o
d
el

co
u
p
led
to
g
ra
v
ity
sh
o
u
ld
q
u
a
lita
tiv
ely
resem
b
le
a
ra
n
g
e
o
f
c
<
1
m
o
d
els.
F
o
r

th
e
c
<
1
co
n
fo
rm
a
l
�
eld
th
eo
ries
ca
n
b
e
ex
p
ressed
a
s
co
n
tin
u
u
m
lim
its
o
f
la
ttice

m
o
d
els
in
w
h
ich
th
e
w
o
rld
sh
eet
is
em
b
ed
d
ed
o
n
D
y
n
k
in
d
ia
g
ra
m
s
[4
4
].
c
=
0

co
rresp
o
n
d
s
to
a
n
em
b
ed
d
in
g
in
to
A
2 ,
c
=

1
=
2
to
A
3

a
n
d
c
!
1
is
id
en
ti�
ed

w
ith
th
e
n
!
1
lim
it
o
fA
n
.
F
o
r
fa
irly
la
rg
e
n
,
th
e
�
n
ite
w
o
rld
sh
eet
la
ttice
size

im
p
o
ses
a
n
e�
ectiv
e
cu
to
�
o
n
th
ese
d
ia
g
ra
m
s
a
n
d
screen
s
o
u
t
th
e
p
resen
ce
o
f
a
ll

b
u
t
a
few
D
y
n
k
in
v
ertices,
p
ro
d
u
cin
g
b
eh
a
v
io
r
ch
a
ra
cteristic
o
f
lo
w
er
c.

T
h
e
sa
m
e
m
ech
a
n
ism
sh
o
u
ld
b
e
in
fo
rce
fo
r
c
>
1
.
T
h
e
ex
trin
sic
H
a
u
sd
o
r�

d
im
en
sio
n
,
D
H

,
m
a
y
n
o
lo
n
g
er
b
e
in
�
n
ite
b
u
t
it
p
resu
m
a
b
ly
is
la
rg
e.
If
b
ra
n
ch
ed

p
o
ly
m
ers
d
o
d
o
m
in
a
te
in
th
e
la
rg
e
c
lim
it,
th
en
D
H

(c
=
1
)
=
1
a
n
d
D
H

(c�

2
8

2
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1
)
=
4
[2
,
2
6
]
9.
N
u
m
erica
l
w
o
rk
h
a
s
in
d
ica
ted
th
a
t
fo
r
c
o
f
a
b
o
u
t
2
o
r
3
,
th
a
t

D
H

is
ro
u
g
h
ly
8�
1
0
[4
5
,
4
6
],
th
o
u
g
h
th
ese
v
a
lu
es
a
re
p
ro
b
a
b
ly
n
o
t
relia
b
le

1
0.
F
o
r
c
>
1
,
o
n
e
w
o
u
ld
th
en
ex
p
ect
th
a
t
th
e
m
in
im
u
m
g
ro
u
n
d
sta
te
en
erg
y

a
ccessib
le
o
n
a
la
ttice
o
f
size
N

w
o
u
ld
b
e
ro
u
g
h
ly

E
2m

i
n

�
(

C

N
1
=
D

H

(
N

;
c
)
)
2
+
1�
c

1
2

;

(3
6
)

w
h
ere
a
g
a
in
C
is
a
co
n
sta
n
t
o
f
o
rd
er
u
n
ity,
p
erh
a
p
s
w
ith
a
fa
cto
r
o
f
2
�
th
ro
w
n

in
.
F
o
r
�
x
ed
N
,
o
n
e
w
o
u
ld
o
n
ly
ex
p
ect
to
o
b
serv
e
a
g
ra
d
u
a
l
in
crea
se
in
th
e

d
en
sity
o
f
b
o
ttlen
eck
s
th
a
t
p
in
ch
o
�
la
rg
e
b
a
b
y
u
n
iv
erses
a
s
c
in
crea
ses
a
n
d

E
m

i
n

e�
ectiv
ely
d
ecrea
ses.
A

d
eg
en
era
tio
n
o
f
th
e
w
o
rld
sh
eet
in
to
a
p
o
ly
m
er-

lik
e
stru
ctu
re
w
o
u
ld
o
n
ly
b
eco
m
e
clea
rly
a
p
p
a
ren
t
w
h
en
c
rea
ch
es
a
v
a
lu
e
su
ch

th
a
t
(3
6
)
is
a
p
p
ro
x
im
a
tely
zero
.
N
u
m
erica
lly,
it
h
a
s
b
een
o
b
serv
ed
th
a
t
th
is

d
eg
en
era
tio
n
is
ev
id
en
t
ro
u
g
h
ly
w
h
en
c
is
a
b
o
u
t
1
0
-1
2
fo
r
la
ttices
o
f
o
rd
er
N
=

1
0
3.
If
w
e
a
ssu
m
e
th
a
t
a
t
th
is
p
o
in
t
D
H

=

4
[4
6
],
th
en
th
is
d
eterm
in
es
th
e

co
n
sta
n
t
C
to
b
e
a
b
o
u
t
6
�
2
�
,
a
n
en
tirely
rea
so
n
a
b
le
v
a
lu
e.
O
f
co
u
rse,
th
ese

sh
o
u
ld
b
e
o
n
ly
in
terp
reted
a
s
b
a
ck
o
f
th
e
en
v
elo
p
e
estim
a
tes,
d
esig
n
ed
to
sh
o
w

th
a
t
th
is
scen
a
rio
is
q
u
a
lita
tiv
ely
co
n
sisten
t
w
ith
n
u
m
erica
l
o
b
serv
a
tio
n
s.

A
t
c
=
2
,
E
m

i
n

rea
ch
es
0
w
h
en
N
�
C
D

H

(
c
=
2
)1
2
D

H

(
c
=
2
)
=
2.
T
h
u
s,
if
eith
er
C

is
so
m
ew
h
a
t
g
rea
ter
th
a
n
1
(e.g
.
6
a
s
in
th
e
p
rev
io
u
s
p
a
ra
g
ra
p
h
)
o
r
if
D
H

(c
=
2
)

is
ra
th
er
la
rg
e,
o
n
e
w
o
u
ld
n
eed
ex
tra
o
rd
in
a
rily
la
rg
e
la
ttices
to
d
irectly
see
th
e

d
eg
en
era
tio
n
o
f
th
e
w
o
rld
sh
eet.
F
o
r
in
sta
n
ce,
C
=
6
a
n
d
D
H

(c
=
2
)
=
1
0
im
p
ly

th
a
t
N

�
1
0
1
3;
C
=
1
a
n
d
D
H

(c
=
2
)
=
1
0
y
ield
N

�
2
:5�
1
0
5.
If
C
is
n
o
t

la
rg
er
th
a
n
1
a
n
d
D
H

(c
=
2
)
is
sm
a
ller
(n
ea
r
4
,
fo
r
ex
a
m
p
le)
th
en
th
e
ta
ch
y
o
n
ic

d
eg
en
era
tio
n
sh
o
u
ld
b
e
o
b
serv
a
b
le
o
n
th
e
la
ttices
w
e
co
n
sid
er
a
n
d
�
n
ite-size

e�
ects
sh
o
u
ld
n
o
t
b
e
so
d
o
m
in
a
n
t.
T
h
ese
v
a
lu
es,
h
o
w
ev
er,
w
o
u
ld
th
en
n
o
t
b
e

co
n
sisten
t
w
ith
p
rev
io
u
s
m
u
ch
la
rg
er
m
ea
su
rem
en
ts
o
f
D
H

(c
=

2
).
A
g
a
in
,
w
e

d
o
n
o
t
a
d
v
o
ca
te
ta
k
in
g
p
a
rticu
la
r
n
u
m
b
ers
to
o
serio
u
sly.
It
is
a
p
p
a
ren
t,
th
o
u
g
h
,

th
a
t
th
e
tru
e
co
n
tin
u
u
m

b
eh
a
v
io
r
a
t
c
=
2
m
ig
h
t
o
n
ly
b
eco
m
e
ev
id
en
t
a
t
sca
les

o
rd
ers
o
f
m
a
g
n
itu
d
e
la
rg
er
th
a
n
th
o
se
th
a
t
a
re
a
m
en
a
b
le
to
sim
u
la
tio
n
.

O
n
e
w
o
u
ld
th
en
ex
p
ect
a
lso
th
a
t
th
e
p
erco
la
tio
n
co
rrela
tio
n
len
g
th
a
t
p
=
:5

(w
h
ere
a
tra
n
sitio
n
w
o
u
ld
o
ccu
r
fo
r
su
rfa
ces)
sh
o
u
ld
b
e
co
m
p
a
ra
b
le
to
th
e
len
g
th

sca
le
a
t
w
h
ich
th
e
su
rfa
ce
d
eg
en
era
tes
in
to
a
b
ra
n
ch
ed
p
o
ly
m
er.
If
w
e
a
ccep
t

th
e
p
o
ssib
ility
th
a
t
th
is
len
g
th
sca
le
is
v
ery
la
rg
e,
th
en
fo
r
c
=

2
,
w
e
sh
o
u
ld

n
o
t
b
e
a
b
le
to
d
etect
th
e
p
resen
ce
o
f
th
is
co
rrela
tio
n
len
g
th
o
n
su
rfa
ces
o
f
a
few

th
o
u
sa
n
d
n
o
d
es.
F
ro
m
th
e
rela
tio
n
(3
6
)
it
fo
llo
w
s
th
a
t
w
e
sh
o
u
ld
o
b
serv
e
sig
n
if-

ica
n
t
d
ev
ia
tio
n
s
fro
m

sca
lin
g
,
sin
ce
th
e
sh
ift
in
th
e
e�
ectiv
e
g
ro
u
n
d
sta
te
m
a
ss

9
T
h
is
is
th
e
H
a
u
sd
o
r�
d
im
e
n
sio
n
fo
r
n
o
n
-in
te
ra
c
tin
g
b
ra
n
ch
e
d
p
o
ly
m
ers;
fo
r
lo
w
c,
if
th
e

w
o
rld
sh
e
e
t
is
in
a
b
ra
n
ch
e
d
p
o
ly
m
e
r
p
h
a
se
,
in
te
ra
c
tio
n
s
sh
o
u
ld
still
b
e
relev
a
n
t
a
n
d
th
ere

w
o
u
ld
b
e
n
o
c
o
m
p
e
llin
g
re
a
so
n
to
b
e
lie
v
e
th
a
t
D

H

=
4
.

1
0
W
e
c
a
n
n
o
t
a

p
r
i
o
r
i
p
re
c
lu
d
e
th
e
p
o
ssib
ility
th
a
t
D

H

re
m
a
in
s
in
�
n
ite
fo
r
c
>

1
.

is
d
etecta
b
le
a
s
a
fu
n
ctio
n
o
f
N

(a
s
a
t
c
=
1
).
In
fa
ct,
1
=
ln
(1
0
3)
<
1
=
(1
0
3
=
D

)

fo
r
D
>
4
,
so
fo
r
th
e
ra
n
g
e
o
f
N

th
a
t
w
e
sim
u
la
te,
th
e
sh
ifts
in
�
n
ite-size
co
r-

rectio
n
s
co
u
ld
b
e
la
rg
er
fo
r
c
=
2
th
a
n
fo
r
c
=
1
.
T
h
erefo
re,
th
e
la
rg
e
sh
ift
in

th
e
cu
m
u
la
n
t
in
tersectio
n
s
a
t
c
=
2
is
m
o
st
lik
ely
ju
st
a
m
a
n
ifesta
tio
n
o
f
a
la
ck

o
f
g
o
o
d
sca
lin
g
b
eh
a
v
io
r.
A
ll
o
th
er
p
o
ssib
ilities
d
o
n
o
t
�
t
v
ery
w
ell
w
ith
a
t
lea
st

so
m
e
p
o
rtio
n
o
f
th
e
p
rev
a
ilin
g
n
u
m
erica
l
ev
id
en
ce.
If
a
t
c
=
2
th
e
w
o
rld
sh
eet

h
a
d
d
eg
en
era
ted
in
to
a
tree-lik
e
stru
ctu
re,
a
n
d
o
u
r
m
ea
su
rem
en
ts
w
ere
in
d
eed

sa
tisfa
cto
rily
m
ea
su
rin
g
a
sy
m
p
to
tic
sca
lin
g
b
eh
a
v
io
r,
th
en
so
m
e
ev
id
en
ce
o
f
th
e

ta
ch
y
o
n
ic
d
eg
en
era
tio
n
sh
o
u
ld
h
a
v
e
b
een
ea
sily
a
p
p
a
ren
t
in
p
rev
io
u
s
sim
u
la
tio
n
s.

If
o
n
th
e
o
th
er
h
a
n
d
,
n
o
su
ch
su
rfa
ce
d
eg
en
era
tio
n
h
a
d
o
ccu
rred
a
n
d
o
u
r
m
ea
-

su
rem
en
ts
w
ere
w
ith
in
th
e
sca
lin
g
reg
im
e,
th
en
w
e
w
o
u
ld
h
a
v
e
n
o
t
a
n
ticip
a
ted

a
la
rg
e
sh
ift
in
th
e
cu
m
u
la
n
t
in
tersectio
n
fro
m
p
=
:5
.

T
h
is
lea
d
s
u
s
to
a
ra
th
er
d
isa
p
p
o
in
tin
g
co
n
clu
sio
n
.
T
h
e
a
b
o
v
e
a
rg
u
m
en
ts

su
g
g
est
th
e
lik
elih
o
o
d
th
a
t
g
en
erica
lly
n
u
m
erica
l
sim
u
la
tio
n
s
fo
r
c
so
m
ew
h
a
t

g
rea
ter
th
a
n
o
n
e
w
ill
ju
st
m
ea
su
re
la
ttice
a
rtifa
cts.
T
h
is
h
a
s
a
lso
b
een
b
o
rn
e

o
u
t
b
y
p
rev
io
u
s
a
ttem
p
ts
to
m
ea
su
re


s ,
w
h
ich
in
d
ica
ted
th
a
t
co
rrectio
n
s
to

sca
lin
g
w
ere
p
red
o
m
in
a
n
t
fo
r
c�
1
[2
5
].
O
n
la
ttices
o
f
a
ccessib
le
size,
th
e
o
n
set

o
f
th
e
ta
ch
y
o
n
co
u
ld
b
e
h
id
d
en
b
y
�
n
ite-size
e�
ects,
a
n
d
w
e
w
o
u
ld
fa
il
ev
en
to

ca
p
tu
re
th
e
q
u
a
lita
tiv
e
n
a
tu
re
o
f
th
ese
m
o
d
els
in
th
e
co
n
tin
u
u
m

lim
it.
S
ca
lin
g

ex
p
o
n
en
ts
a
n
d
critica
l
p
ro
p
erties
o
f
th
e
g
eo
m
etry
(th
e
H
a
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