Published in: Interna tional Journal of Modern Physics C: Physics and Computers, 4, 883 (1993)

NUMERICAL RELA

TIVITY: EVOL

VING SP

ACETIME

C. Bona and J. Mass� o

Dep artament de F � �sic a. Universitat de les Il les Bale ars.

E-07071 Palma de Mal lor c a, SP AIN

Abstract

The construction of numerical solutions of Einstein’s General Relativity equations is formulated as an

initial-v alue problem. The space-plus-time (3+1) decomp osition of the spacetime metric tensor is used

to discuss the structure of the �eld equations. The resulting evolution system is shown to dep end in a

crucial way of the co ordinate gauge. The mandatory use of singularity avoiding co ordinate conditions

(like maximal slicing or similar gauges) is explained. A brief historical review of Numerical Relativity

is included, showing the enormous e�ort in constructing co des based in these gauges, which lead to

non-hyp erb o lic evolution systems, using \ad ho c" numerical techniques. A new family of �rst order

hyp erb olic evolution systems for the v acuum Einstein �eld equations in the harmonic slicing gauge is

presented. This family dep ends on a symmetric 3 � 3 array of parameters which can b e used to scale the

dynamical v ariables in future numerical applications.

P ACS numb ers: 04.20.Cv

1 In tro duction

In this section, we give a review of basic theoretical framework; we intro duce the concept of Numerical

Relativity

, together with the standard 3 + 1 formalism, and a short discussion of co ordinate conditions

(following Ref. 1). A brief historical review of the �eld can b e found in Section 2. Our work on the harmonic

slicing conditions and hyp erb olic balance laws systems will b e discussed in Section 3.

1.1 What is Numerical Relativity?

As go o d relativists, we must start this review section by writing the b eautiful Einstein Equations a

(for a full

exp osition, see any standard Relativity text

2

):

G

�

= 8� T

�

(1)

As we know, General Relativity can b e interpreted as a theory of the geometry of the spacetime and the

Einstein Equations are the mathematical expression of the fundamental notion that \matter tells spacetime

how to curve and the curv ature of the spacetime tells matter how to move". W e represe nt the spacetime by a

four-dimensional di�erentiable manifold, M, endowed with a metric represe nted by a symmetric tensor g

�

.

At each spacetime \p oint", that is, at each event of the spacetime, the metric tells us the way to determine

distances to nearby events:

ds

2

= g

� dx

�

dx

�

(2)

The information ab out the curv ature of the spacetime is given by the Einstein tensor G

�

, which is a

function of the metric and its �rst and second deriv atives. The stress-ene rgy tensor T

�

describ es the total

non-gravitational energy content of the spacetime and contains additional �elds representing the v arious

sources of energy and matter.

Ok ay , all this is well-known. What happ ens when we try to solve the Einstein Equations? The fact is that

no general analytical techniques are av ailable for obtaining strong-�eld, highly dynamical solutions in the

a

In the following, unless otherwise stated, we use units such that c = G = 1. Greek indices run from 0 to 3 and latin ones

from 1 to 3 absence of spatial symmetries. In such situations, the only recourse is the numerical solution of the Einstein

Equations. In fact, the equations are completely intractable for any but the simplest physical scenarios.

Numerical metho ds provide the only av ailable means to derive detailed information ab out the nature of

the gravitational interaction for many problems of theoretical and astrophysical interest. Then, Numerical

Relativity is simply the �eld which is devoted to study the numerical solution of the Einstein Equations with

the computer.

Many of the most interesting problems in General Relativity involve the generation and propagation

of gravitational radiation from dynamic gravitational con�gurations. Violent astrophysical events,

3,4

such

as binary coalescence , sup ernov ae explosions, stellar collapse or the interaction of black holes are the ideal

candidates for numerical study

. Vigorous exp erimental and theoretical investigation of metho ds for detecting

gravitational waves is under way

, coming from the early sixties. The latest generation of detectors , known

as Laser Interferometer Gravity wave Observ atories (LIGOs) should b e sensitive enough

5

to have a high

probability of detecting gravitational waves. The day that this detection will happ en, mayb e b efore the end

of the century,

6

Numerical Relativity will b e the only to ol to compare the observed waveforms with the

predictions of the General Relativistic theory

, op ening a new window to the universe.

General Relativity has b een slow to incorp orate mo dern computational metho ds develop ed in the last

decade. The lack of a preferre d spacetime co ordinate system makes Numerical Relativity more complicated

and more di�cult to interpret than similar research in Hydro dynamics or Electromagnetism, where �elds

propagate on a �xed background spacetime. Einstein Equations pro duce a larger numb er of dynamical

v ariables than do other partial di�erential equations used in the simulation of physical systems. This places

enormous demands of computer time and memory on even the largest and fastest sup ercomputer s.

1.2 3 + 1 Decomp osition

F or the purp ose of obtaining numerical solutions to the Einstein Equations, is is convenient to break the lack

of distinction b etween time and space. Time is distinguished by the fact that causality is de�ned (lo cally)

with resp e ct to only one of the four co ordinates. W e will recast the system (1) in terms of a space-plus-time

decomp osition of the manifold. In this way

, the dynamic nature of the gravitational �eld equations b ecomes

manifest, and the task of solving the Equations is reformulated as the construction of spacetime from the

evolution of initial data. That is, formulated as an initial-v alue, or Cauchy

, problem. This approach, known

as the 3 + 1 formalism, forms the basis of most of the work in Numerical Relativity and was made p opular by

Arnowitt, Deser and Misner.

7

They reinterpret ed within a Hamiltonian formalism the previous work from

Lichnerowicz

8

and Cho quet-Bruhat.

9

Other approaches are based in a 2 + 2 decomp osition

10,11

and also in

the (2 + 1) + 1 formalism.

12

In the 3 + 1 approach, the manifold M is to b e pictured as an in�nite foliation of 3-dimensional space-

like hyp ersurface s f�g. Each hyp ersurface � is itself a di�erentiable manifold with an intrinsic geometric

structure induced by the emb edding spacetime. Then, the view of the 4-geometry as the time development

of the 3-geometry naturally arises.

Intro ducing co ordinates x

�

� fx

0

; x i

g = ft; x i

g on the manifold, such that t is constant on any hyp ersur-

face, the spacetime displacement b etween events � and �

0

having co ordinates x

�

and x

�

+ dx

�

resp ec tively ,

may b e written as:

ds

2

= g

� dx

�

dx

�

= �

2

dt

2

+ g

ij

(dx i

+ � i

dt)(dx j

+ � j

dt) (3)

where we have intro duced four kinematic al quantities group ed as a scalar function, �, and a 3-vector, � i

.

If we are observers moving in a direction normal to the hyp ersurface (Eulerian observers) , then we will

measure an elapsed prop er time:

d� = �dt (4)

so � is called the lapse function. If we were generic, non-Eulerian, observers we would �nd that, when

reaching the nearby hyp ersurface, we must shift our p osition by � i

dt to arrive at an event which has the

same spatial co ordinates as the event from which we departed. Thus, � i

is called the shift vector. Given an slice with some co ordinate system, a prescription for sp ecifying the lapse function and the shift vector on

that and all the other slices will determine the co ordinate lab elling of the spacetime. The arbitrariness in

the choice of the lapse and the shift, as well as the choice of the initial slice and its internal co ordinates, is

the 3 + 1 expression of the co ordinate freedom in General Relativity .

1.3 Structure of the Einstein Equations

A closer lo ok to the Einstein �eld equations (1) shows that the higher order time deriv atives o ccurring in

the Einstein tensor G

�

are the second order time deriv atives of the space metric comp onents g

ij and the

�rst order time deriv atives of the remaining comp onents g

0�

. These higher order terms app ear linearly in

the six space comp onents of the Einstein tensor, but do not o ccur in the four remaining comp onents G

0�

.

The corresp onding equations

G

0�

= 8� T

0�

(5)

are known as the ener gy and momentum c onstr aints (for � = 0; i, resp ec tively).

Let us note, however, that the stress-e nergy tensor conserv ation:

r

�

T

�

= 0 (6)

ensures that the constraints (5) are actually �rst integrals of the remaining Einstein Equations. Any space-

time obtained from an initial data set which satis�es the constraint equations will automatically satisfy the

constraint equations forever.

The problem is that when we actually implement the evolution equations numerically

, we are interested

in knowing if they are satis�ed to the same numerical order of approximation as the one of the numerical

scheme used in the discretization of the evolution equations, given that the constraints are PDEs themselves.

F ree evolution schemes (see, for instance, Refs. 13{15) imp ose the constraints only on the initial data

and then forget ab out them or check their \drifting" as the evolution pro ceeds . Other algorithms imp ose

the constraints at regular interv als or abandon an evolution equation to derive one of the v ariables in terms

of the others through the constraints (see, for instance, Refs. 16{19)

Some authors

20,21

suggest that free evolution schemes su�er from an inconsistency with resp ec t to the

constraint equations and these are satis�ed to a lower order than the numerical scheme. Recently

, Choptuik

22

has put forward an argument that would imply that there should b e no inconsistencies for convergent

di�erence schemes. Nevertheless , empirically

, schemes that imp ose the constraints tend to b e less prone to

numerical instabilities than free evolution ones. So, this remains an op en question.

Now, we can summarize the two basic stages for the construction of the spacetime as an initial v alue

problem:

1. Construct Initial data on a given hyp ersurface .

2. Then, evolve these data.

In the following subsections we will review b oth stages.

1.4 The Initial Data Problem

The �rst stage, the initial data pr oblem, involves deciding what top ology the initial surface is to have, the

intro duction of a spatial co ordinate system and a sp eci�cation of an initial data set which satis�es Eqs.(5).

Because constraints must b e solved this part of the pro cedure is, in general, far from trivial.

An elegant and general treatment of this problem, largely due to O’Murchadha and Y ork

23

and Y ork,

24,25

has provided considerable insight into the theoretical nature of the initial data problem, as well as the basis

for most of the rece nt work involving the construction of initial data sets (for a review, see Co ok

26

). W e

will not discuss this pro cedure here. Let us simply say that it involves the use of a background metric ^ g

conformally related by a factor

4

to the 3-dimensional metric:

g

ij

=

4

^ g

ij

(7) and this is worked explicitly in terms of the transverse traceless part of the conformally related extrinsic

curv ature. Then, careful scaling of the conformal factor makes p ossible to determine the general solution for

many matter distributions and, sp ecially

, for any con�guration of black holes.

27,26

1.5 Evolving spacetime

W e will brie y discuss the pro cess of constructing numerical space-time mo dels. In order to avoid complica-

tions related with the b ehaviour of matter �elds, we shall limit ourselves in this work to v acuum space-times,

where the stress-ene rgy tensor T

�

v anishes.

W e shall start from a very convenient form of writing down the equations (1), due to F o ck

28

:

(t ug

�

+ @

�

�

�

+ @

�

�

�

) � �

�

�

�

�

= 0 ; (8)

where the symb ol t u stands for the d’Alemb ert di�erential op erator acting on functions, namely

t uf � g

�

@

2

� f � �

�

@

� f ; (9)

and we have noted

�

�

� g

�

�

�

�

; (10)

where �

�

� are the connection co e�cients asso ciated to the spacetime metric g

�

.

One must now rememb er that there are four constraint equations contained in the system (8). This

system must b e then completed with four evolution equations for the metric co e�cients g

0�

(which amount

to the lapse � and shift � i

). These four supplementary degrees of freedom allow the arbitrary sp eci�cation

of a co ordinate system in the spacetime so that their evolution equations are known as c o or dinate c onditions.

An interesting choice is provided by the harmonic co ordinates condition

t ux

�

= �

�

= 0; (11)

which ensures that the evolution system one obtains by dropping the deriv atives of �

�

in (8) is hyp erb olic.

Hyp erb olic systems are very app ealing to the numerical relativist b ecause there is a huge arsenal of ready-

to-run numerical metho ds which have b een develop ed and fully tested in Computational Fluid Dynamics.

In spite of that, nob o dy has yet develop ed a Numerical Relativity co de based in the harmonic co ordinates

condition (11). W e think that the main reason for this is that, until very recently

, numerical co des where

devised to mo del only problems with one or more degrees of symmetry

. In these cases, the spacetime

metric takes a simpler form (with a reduce d numb er of indep endent comp onents) when written in adapted

co ordinate systems in which one or more co ordinates can not b e harmonic.

Even in the generic case (no symmetries), we can see that hyp erb olicity should not b e the only criterion.

A given co ordinate choice may cause our co de to crash b ecause it hits a singularity (due to the formation of

a black hole, for instance). The spacetime slicing must stay non-singular throughout the calculation, even

though a p ortion of a slice may b e inside a black hole and another part is in nearly at spacetime. As we

are going to see, we need a \clever" co ordinate choice in the numerical construction of the spacetime.

1.6 Co ordinate conditions

The choice of the lapse, the time slicing is the fundamental kinematical choice b ecause it determines which

sequence of data repres ents spacetime. So, to simplify

, we simply cho ose some set of world lines orthogonal

to a family of spacelike hyp ersurfaces to de�ne our Eulerian observers. That is, we imp ose 3 of the 4 degrees

of freedom by cho osing a zero shift vector:

� i

= 0 (12)

to ensure that the congruence of time co ordinate lines is as regular as the time slicing itself.

The simplest way of completing our co ordinate choice would b e the ge o desic slicing, that is, � = 1

everywhere . This would imply that the Eulerian observers are freely falling and that the slices would b e

geo desically parallel. It is now well known that this condition fails to give a family of slices that adequately cover the spacetime region of interest.

23

The attractive nature of the gravitational interaction makes these

observers to have the tendenc y to fo cus to a caustic.

Lichnerowicz

8

realized the unsuitable features of the geo desic slicing and suggested a p ossible remedy: the

maximal slicing. He p ointed out that � can b e chosen in such a way that the volume element of the Eulerian

observers is time indep endent and their world lines are like those of an incompressible and irrotational \test

uid". This leads to an elliptic equation which must b e solved at every hyp ersurface which, in the v acuum,

reduces to:

� = k �; (13)

where k is a p ositive de�nite quantity

. The resulting lapse function go es to zero rapidly ("collapse of the

lapse") in the strong �eld region while it keeps nearly constant in the nearly Minkowskian outer zones. This

b ehaviour has b een termed singularity avoidanc e.

Since its intro duction, the maximal slicing has b een extensively used in Numerical Relativity and there

are many co des that make use of it, ranging from problems involving colliding black holes, collapsing stars,

implo ding gravity waves, etc. See, for instance, Refs. 3,17,18,29{39

It has b een generalized by Y ork

40

to deal with cosmological mo dels in which the volume element of

the Eulerian observers is allowed to dep end on time (c onstant me an curvatur e slicing). See, for instance,

Refs. 13,41{46. F or a review of other time slicings and a full discussion of spatial gauges (p olar slicing,

minimal shear, diagonal gauge, radial gauge, isothermal gauge, etc.) see Piran.

20

It is worth to note at this p oint that all these singularity avoiding gauges lead to a complete evolution

system which is not hyp erb olic. In the third section, we will take just the opp osite way to study the

singularity avoidance prop erties of b oth the harmonic co ordinates condition and a v ariant of it, which we

term harmonic slicing, due to Cho quet-Bruhat and Ruggeri

47

which also leads to a hyp erb olic evolution

system.

2 A brief history of Numerical Relativit y

So far, we have reviewed the 3 + 1 formalism and we have taken a quick lo ok to the problem of co ordinate

conditions. W e have given some reference s concerning the use of some slicings but we have not talked ab out

the historical background. Here, we will give a brief history of Numerical Relativity .

2.1 First birth: the sixties

Numerical Relativity is still in an early stage of development compared to �elds such as Computational Fluid

Dynamics, which have more than forty years of exp erienc e. W e can place its birth in the mid sixties and

seventies. In fact, Numerical Relativity has b orn twice.

In 1964, Hahn and Lindquist

48

tried to calculate a black hole collision. Lack of computer resources and a

p o or theoretical background (the notion of black hole and horizon had not b een de�ned yet), combined with

their use of geo desic slicing, made this pioneering work only partially succes sful. In contrast, in 1966 May

and White

49

succee ded in the spherical (i.e., 1-D) collapse problem, treated in a Lagrangian approximation

with fairly simple techniques. Nevertheless , their slicing could not avoid the central singularity that formed

during the collapse to a black hole and, therefore, their co de was limited to the hydro dynamics involved in

the neutron star formation.

Since then, Numerical Relativity has b een split in two di�erent branches. The success of May and White

is the resp onsible for the astrophysical branch of Numerical Relativity; what is called Numeric al R elativistic

Hydr o dynamics. May and White work,

49,50

together with the mo delling of spherical sup ernov a explosions

p erformed by Wilson,

51

the detailed studies of relativistic spherical collapse problems by Matsuda and Sato,

52

and the Eulerian co de of Wilson in 1972, form the basis of all the later work.

2.2 Second birth: the seventies

The second branch, Numeric al R elativistic Ge ometr o dynamics, that is, what we usually mean simply by

Numeric al R elativity, is devoted to the left hand side of the Einstein Equations. Progress in this branch stagnated until the mid seventies, when DeWitt’s group attacked the two black hole problem. F ollowing the

work of Cadez,

53

in 1975 Smarr

29

and Eppley

54,30

succe eded in evolving with the maximal slicing condition

the head-on collision of two Misner black holes of equal mass and their coalescence , with an estimate of the

gravitational waveform emitted. They found that the remnant is a single Schwarzschild black hole and the

emitted energy in form of gravitational radiation was a small fraction (10

�3

) of the total mass of the formed

black hole.

F urthermore, this ambitious work was resp onsible for the �rm stablishment of the theoretical framework,

leading to the �rst numerical tests with the maximal slicing condition,

55

the intro duction of the initial v alue

problem formulation,

23,24,56

the theoretical formalism for the collision of two black holes,

53,29,57

and the

precise statement of kinematical conditions in the construction of spacetime.

1

Finally

, in 1979 a rigorous

de�nition of Numerical Relativity was attempted by Eardley and Smarr,

31

who p ointed out that Numerical

Relativity can in principle construct any globally hyp erb olic solution to Einstein Equations.

In some sense, the work of Smarr and Eppley was a bit ahead of its time. They used computer resource s

{ a CDC-6600 with a p eak sp eed of 7 MFLOPS and only 40 KW ords of main memory and a CDC-7600 with

30 MFLOPs and 65KW { that nowadays seem completely insu�cient for the involv ed 2-D computations.

Their computations to ok more than a week of computer time to complete (for a review, see Hobill and

Smarr

58

) and ran on crudely zoned grids. The same lack of computer p ower characterizes the �rst 2-D

axisymmetric co de which solved b oth the metric and the hydro dynamic equations, develop ed in 1978 by

Wilson and Smarr,

32

applied to study the head-on collision of p olytropic neutron stars. At the same time,

co des using cylindrical co ordinates

41

and planar symmetry

13

were develop ed.

2.3 Infancy: 1980{1986

This situation was highly improved with the increase in computer resources caused by the release of the

�rst CRA

Y sup ercomputer in 1978. This marked the explosion in applications of Numerical Relativistic 2-D

co des during the early eighties. The extension to 2-D was crucial for the study of gravitational radiation,

b ecause it is well known that spherically symmetric systems do not emit gravitational radiation. Until then,

most of the work in gravitational radiation emission had b een based in newtonian gravity and the quadrup ole

formula.

In 1981, the �rst general relativistic rotating stellar collapse was calculated by Nak amura and Sato,

59

who found that black hole formation only o ccurred b elow a certain amount of total angular momentum.

Unfortunately

, their co de was not suitable for ev aluating emission of gravitational radiation. In 1983, Bardeen

and Piran

35,60

overcame several theoretical di�culties and intro duced the use of the p olar slicing. They

succee ded in computing the emitted waveform and their work was extended in 1985 by Piran and Stark,

61

who

develop ed a general co de for rotating gravitational collapse which made use of a radial gauge and a mixture

of p olar and maximal slicing. In this co de, the treatment of the hydro dynamic terms followed Wilson

32

and

they used a staggered (in space and time) grid. They found that the waveform has a characteristic signature

corresp onding to the excitation of the lowest normal mo de of the formed black hole. Besides, the energy

transmitted in gravitational radiation is only 7 � 10

�4

of the mass of the star.

Meanwhile, follo wing the work of Wilson

32

and Dykema,

33

Ev ans

34

develop ed an axisymmetric co de

sp ecialized for v acuum which was extende d to include matter with some mo dern treatment of the transp ort

terms.

62

The metric equations were treated with a staggered mesh and second-order upwind di�erencing,

and sp ecial treatment of the co ordinate singularities by means of \numerical regularization". In 1986, the

co de was applied

17

to the study of non-rotating gravitational collapse. It showed the total breakdown in

the usefulness of Newtonian gravity and the quadrup ole formula for gravitational radiation estimation. It

also stresse d the imp ortance of detailed microphysics and b etter parametrizations of the nuclear equation of

state. In this computation, a CRA

Y-XMP was used, resulting in a co de which ran at around 50 MFLOPS

and to ok 60{120 �s p er zone-cycle.

These succes se s with axisymmetric co des, together with several detailed 1-D computations such as the

planar cosmology co de of Centrella and Wilson,

42

the analysis of gravitational radiation emitted by normal

mo de p erturbations in Schwarzschild

63

and Kerr geometries,

64

and the �rst relativistic stellar dynamics com-

putations of Shapiro and T eukolsky

18

in which the Einstein Equations are solved for the dynamic evolution of a collisionless gas of particles using a combination of Numerical Relativity techniques with N-b o dy particle

simulations, contributed to the �rm stablishment of the �eld. In Shapiro and T eukolsky,

18

we can �nd the

de�nition of the \holy grail" of Numerical Relativity: a co de that (i) avoids singularities, (ii) handles black

holes, (iii) maintains high accuracy

, and (iv) is capable of running forever. W e can adv ance the result that,

up to this date, no co de has met all these strong requirements.

This situation led to prop ose a series of test b ed calculations

65

which were considered to b e crucial to

calibrate future progress in Numerical Relativity

. It was a set of 19 indep endent tests involving: the Rie-

mann sho ck tub e, spherical accretion onto a black hole, stability and equilibrium of star clusters, Newtonian

homogeneous test, homogeneous collapse of a 4=3 p olytrop e, pulsation sequence s of uid stars, Opp enheimer-

Snyder collapse, nonspherical dust infall onto a Schwarzschild black hole, linearized quadrup ole waves, grav-

itational radiation damping of neutron stars, spatially homogenous cosmologies, : : : etc. All of them have

analytical solutions. Finally

, they also prop osed a test with a \numerical" (computed with the av ailable

axisymmetric co des) solution: the 2-D head-on collision of two neutron stars. F urthermore, the imp ortance

of a synergism b etween numerical and analytic relativity was stress ed by Schutz,

66

and the study of matched

analytic-numerical solutions of wave equations p erformed in 1985 by Anderson and Hobill

67

op ened a new

approach to gravitational radiation extraction.

In relativistic hydro dynamics, the treatment of the hydro dynamic terms intro duced by Wilson

32,33

marked the p osterior work. An excellent review can b e found in Mart � �,

68

which contains a detailed nu-

merical comparison of the works of Wilson and Smarr,

32

the study of accretion in a �xed metric background

due to Hawley

, Smarr and Wilson,

69

the work of Hawley,

70

the adv anced co de of Norman and Winkler,

71

and the contributions of the Kyoto scho ol.

59

2.4 Adolescence: 1987{1992

In 1987, the work of Nak amura, Oohara and Ko jima

72

marks the b eginning of a a new phase in Numerical

Relativity

. They constructed the �rst fully threedimensional (3-D) co de. The av ailability of adv anced

sup ercomputer s such as a F

ACOM V400 in Kyoto made p ossible this demonstration co de. W e use the term

\demonstration" b ecause they used fairly simple numerical techniques and a geo desic slicing (� = 1), so

they could only apply it to a simple problem: the evolution of pure gravitational waves. The test involved a

grid of 80

3

p oints in cartesian co ordinates, requiring 40MW (around 60 W ords p er zone), which were evolved

3000 time steps, taking 3 hours to complete.

In the same work, they also gave results of a high resolution 2-D axisymmetric co de for the general

relativistic collapse of rotating stars applied to study the collapse of sup ermassive stars, deformed stars,

stars with magnetic �elds and neutron stars. This involv ed a extension of the regularization techniques

develop ed for 1-D co des

73

and a careful analysis of gravitational waves from p erturbation of spherically

symmetric space-times, follo wing the Regge-Wheeler-Zerilli formalism.

74

Finally

, in 1989 Nak amura and

Ooraha

75

develop ed a full 3-D newtonian hydro dynamic co de (which used arti�cial viscosity techniques) to

study the coalescence of binary neutron stars.

It is interesting to p oint out that the di�erent work lines of the Kyoto’s Numerical Relativity group are

very represe ntative of the work in the rest of the world. First, the existence of the �rst temptative tests in

3-D, b oth for the metric and for the hydro dynamic terms. Second, the development of highly accurate 2-D

co des. Finally

, the use of 1-D co des to explore theoretical adv ances and new numerical metho ds.

2.4.1 1-D c o des

Nowadays, practically every Numerical Relativity group has its own 1-D co de. Many of them are applied

to develop state-of-the-art numerical techniques, test new co ordinate conditions, or p erform preliminar tests

for multidimensional extension.

There are many 1-D cosmology co des. Goldwirth, Ori and Piran

76

develop ed a co de to investigate cosmic

censorship and stresse d the imp ortance of 1-D co des as \lab oratories" for new ideas. Holcomb

46

develop ed a

spherically symmetric cosmology co de which failed to b e extended to several dimensions. Anninos, Centrella

and Matzner

44,45

use a planar-symmetry co de to explore basic nonlinear physics of v acuum. There are also

new hydro dynamic 1-D co des and even May and White co de is still vigent: Seidel

4

uses a mo di�ed lagrangian co de to analyze the gravitational radiation from even-parity p erturbations of stellar collapse. See Mart � �

68

for a review of the work p erformed by the V alencia group with highly accurate hydro dynamical co des and

sho ck capturing techniques.

Choptuik

77

has develop ed a co de which uses adaptative mesh re�nement

78

and applies it to study scalar

�eld collapse. Bernst ein et al.

38

have p erformed adv anced tests with black hole spacetimes using di�erent

numerical metho ds and slicing conditions. G� omez et al.

79

and G� omez and Winicour

11

explore the p ossibilities

of numerical evolution on null cones using 1-D co des and developing new numerical techniques. Recently ,

Shibata and Nak amura

80

have prop osed a new slicing (Conformal slicing) condition suitable for 3-D work

based on studies with a 1-D co de. Seidel and Suen

81

are working towards a singularity-pro of scheme in

Numerical Relativity with preliminar tests in 1-D, by cho osing a horizon-lo cking co ordinate using the shift

vector and intro ducing a numerical scheme that resp ec ts the causal structure of the spacetime.

W e can see that 1-D co des must not b e underest imated. Insight may b e obtained even with 0-D co des,

such as the study of the chaotic b ehaviour in the mixmaster universe due to Hobill et al.,

82

in which the

equations are simply ODEs.

2.4.2 2-D c o des

In 1989, Ev ans studies the enforcement of the momentum constraints in his 2-D co de.

19

The same year,

Abrahams

83

develops an adv anced gauge inv ariant waveform extraction metho d. In 1990, Ev ans co de is

enhanced with the waveform extraction techniques of Abrahams and b oth of them apply it to study the

oscillations of relativistic stars,

84

and the head-on collisions of compact stars.

85

Their co de continues using

maximal slicing, elliptic quasi-isotropic gauge conditions. Now, typical runs involve 180 radial zones and 32

angular, achieving a sp eed of 90 MFLOPS on a CRA

Y-YMP

, and take 6 CPU hours to complete 80000 time

steps. The co de includes adv anced gauge inv ariant waveform extraction. Recently,

86

they have applied it to

study the black hole formation by an implo ding gravitational wave (a \geon")

The group of the National Center for Sup ercomputing Applications (NCSA) has develop ed

39

a highly

accurate 2-D v acuum co de for the study of black hole interactions with gravitational waves. It allows

easy implementation of di�erent spatial gauges, time slicing conditions and numerical evolution schemes. It

inherits the tests and exp erienc e of the 1-D co de describ ed in Bernst ein et al..

38

The initial data corresp onds

to a single black hole sup erimp osed with time-symmetric gravitational waves (Brill waves). This co de, as

Ev ans and Abrahams co de, also uses the waveform extraction gauge-inv ariant metho d of Abrahams.

83

They

have p erformed extensive comparisons with black hole p erturbation theory

, �nding excellent agreement.

Typical runs involv e 201 radial zones by 53 angular ones, requiring 7000 time steps to complete. This takes

4MW of memory and 8 hours of CPU time on a CRA

Y-2. Currently,

87

the co de is b eing used to rep eat,

with higher accuracy

, the pioneering computations of Smarr

29

and Eppley.

54

The approach of Shapiro and T eukolsky to stellar dynamics has also b een fruitful for 2-D studies. In 1987

they extended their 1-D mean-�eld particle simulation co de to a Newtonian axisymmetric co de, p erforming

many applications.

37

Recently

, they have develop ed a general relativistic version. One of the �rst applications

has b een the study of naked singularities,

88

in which they claim that naked singularities do form during the

numerical evolution.

2.4.3 3-D c o des

F ollowing the work of Matzner,

89,90

and the cosmology co de of Kurki-Suonio, Matzner and Centrella,

91

the

T exas relativity group has develop ed the �rst 3-D cosmology co de.

92

This is a fully general relativistic co de

which uses a cartesian grid with zero shift vector and is not restricted in the choice of time slicings. F or the

matter terms, it can deal only with v acuum and scalar �elds. A great feature of the co de is that it solves the

initial v alue problem. The metric is evolved using a staggered grid and a leapfrog scheme. The co de requires

80 W ords p er zone; 24MW for a 64

3

grid and takes around 5 hours to p erform 3000 iterations on a CRA Y

Y-MP at an e�ective sp eed of 140 MFLOPs, that is, around 25 �s p er zone-cycle. It has b een applied to

in ationary cosmological evolution with excellent results.

93,94

Stark

95

has also p erformed some tests with a co de for non-axisymmetric rotating gravitational collapse,

studying the suitability of the radial gauge in the 3-D case. Bishop, Clarke and d’Inverno

96

have p erformed some preliminar work ev aluating the use of transputer arrays in 3-D Numerical Relativity using the 2 + 2

decomp osition.

10

In 3-D, one of the ma jor di�culties resides in the an e�cient solution of the initial v alue problem and

the related problem of solving elliptic equations (also necessary for the evolution using maximal slicing or

constant mean curv ature slicings). Enormous work in the last years has b een devoted to its study: initial

data for black hole collisions,

97

multigrid techniques for elliptic equations,

98,99

the general solution of the

IVP for N-black holes,

27,26

physical content in black hole initial con�gurations,

100

initial data for colliding

neutron stars in cartesian co ordinates,

101

Null Strut calculus,

102

�nite element metho ds in the IVP,

103,104

multiquadrics,

105

parallelizable conjugate gradient metho ds,

106

initial data for the black hole collision in

cartesian co ordinates,

107

e�cient elliptic solvers for 2-D and 3-D problems,

108

etc.

3-D Relativistic Hydro dynamics has also progressed in the last years. Some Newtonian co des have

b een develop ed to p erform preliminary studies of the neces sary numerical techniques. Smith, Centrella

and Clancy

109

are developing a Newtonian co de to study instabilities of rapidly rotating compact stars.

Mezzacapa

110

has p erformed some work with neutrino radiation hydro dynamics. Nak amura and Oohara

75

develop ed a co de which is giving its �rst p ost-newtonian results in the problem of coalescence of two neutron

stars. Some initial results in 3-D have b een attempted using smo oth particle hydro dynamics.

111

Bonazzola

and Marck are applying sp ect ral metho ds to solve the hydro dynamic equations

112

and recently they have

made progress in applying sp ectral metho ds to 1-D problems containing sho cks. The work of Ib� a ~ nez et al.

113

is also directed towards sho ck capturing metho ds in multidimensions.

Finally

, attempts with a fully relativistic hydro dynamic co de have b een recently done by Duncan,

Sczaniecki and Shastri.

114

They have develop ed a co de which uses an Eulerian grid in cartesian co or-

dinates. It do es not evolve the metric quantities, b eing limited to Minkowski spacetimes in the current

version, which has only b een applied to some standard sho ck tub e tests and o�-center collisions. It uses

Wilson’s approach

32

to evolve transp ort terms, Norman and Wilson \consistent advection" and op erator

splitting. The v ariables are centered and arti�cial viscosity is intro duced in the source terms. The co de

requires 30 W ords p er zone, resulting in 51 MW for a 50

3

grid, and it runs at 160 MFLOPs on a CRA Y

Y-MP

, resulting in 15 �s p er zone-cycle. It is interesting to note that some parallelization tests have b een

done, achieving 712 MFLOPs on a CRA

Y Y-MP 864.

2.4.4 Shap e of the things to c ome

At the b eginning of this review, we said that Numerical Relativity placed enormous demands of computer

time and memory on even the largest and fastest sup erc omputers. W e have seen that this is true for 3-D

work. Progress in 3-D Numerical Relativity is closely related to computational adv ances and memory and

sp eed is still insu�cient for high resolution runs. This situation is rapidly changing. This year, machines

with 16 GFLOPS (16 pro cessor CRA

Y C-90) are already av ailable. These adv ances in highly parallelizable

sup ercomputer s and the p ersp ec tive of massive parallelizable machines { the CM-5 (Thinking Machines) at

NCSA is now running at 64GFLOPs and it has 16GW ords of main memory

, and it will b e upgraded so on

115

{ suggests that in a couple of years we will b e able to reach 1 TERAFLOP machines. The p osibilities that

this p ower op ens for Numerical Relativity

, and Computational Physics in general, are endless. Let us quote

Smarr

116

and say that in ten years most of the relativistic community will b ecome numerically oriented.

Unfortunately

, algorithmic adv ances are not progressing at the same pace. The extended use of maximal

slicing conditions causes that most of the computer time is sp ent in elliptic solvers. T owns

117

has made

impressive adv ances to reduce the time sp ent in elliptic solvers from 95% to 80% of the total CPU time,

but this is still a lot. One would like to get rid of maximal slicing. But not everything is a question of

sp eed. Better algorithms may not only faster but also more accurate and stable. W e have seen that the

mathematical structure of Einstein Equations dep ends on the co ordinate system that we chose. This makes

di�cult the election of appropriate numerical algorithms to solve them. Although Numerical Relativistic

Hydro dynamics has already incorp orated some mo dern numerical metho ds,

68

the same do es not o ccur in

the treatment of the Einstein Equations, where numerical metho ds that were intro duced in the seventies or

even b efore are still used. In contrast, Computational Fluid Dynamics is using state-of-the-art numerical

techniques to solve the Navier-Stokes equations (see any issue of Journal of Computational Physics).

3 Hyp erb olicit y and co ordinate conditions

As we saw in Section 1, the main problem in Numerical Relativity is to follow the spacetime evolution from

given initial data. Obviously

, this sets a strong connection with the General Relativistic Cauchy problem:

we can exp ect to b e able to develop consistent stable numerical algorithms only when the existence and

uniqueness of the solution is ensured by a well p osed initial v alue problem. As we saw, the Einstein �eld

equations must b e supplemented with some co ordinate conditions and this determines the mathematical

structure of the evolution system.

W e will consider here a v ariant of the harmonic co ordinates condition intro duced by Cho quet-Bruhat

and Ruggeri,

47

by keeping only the harmonicity condition for the time co ordinate:

�

0

= �t ux

0

= 0 (14)

and cho osing the space co ordinates such that the shift vector v anishes

g

0i

= 0 (i = 1; 2; 3) (15)

leading to \Eulerian observers". In that work, the term \algebraic gauge" was used. W e will avoid using

this term b ecause it may b e a little to o general. A large numb er of algebraic gauges have already b een

intro duced in Numerical Relativity . F or this reason we have used the more sp eci�c term \harmonic slicing"

to emphasize that the time co ordinate is harmonic in that gauge.

3.1 The Harmonic Slicing

Allowing for (15), the line element can b e decomp osed in the form

ds

2

= �

2

dt

2

+ g

ij dx i

dx j

(16)

and this means that the time lines are orthogonal to the t =constant slices. This ensure s that the congruence

of temp oral lines will b e as regular as the time slicing itself.

Note that the spacetime slicing is indep endent of the choice of space co ordinates. It is governed just by

the lapse function � in (16). This means that b oth the harmonic co ordinates and harmonic slicing conditions

lead to the same time slicing and, then, they have the same singularity avoidance prop erties.

An algebraic condition on the lapse is obtained writing equation(14) in the form:

@

t

�

p

g

= 0 ; (17)

so that

� = C (x) p

g ; (18)

where g stands for the determinant of the three-dimensional metric g

ij and C (x) is an integration constant.

Equation (18) shows that the time evolution will slow down whenever the space volume element p

g

decrease s and this is the key for showing the singularity avoidance prop erties of the harmonic slicing, which

is what we are going to do next.

3.2 Singularity avoidance

As we have restricted to Eulerian (zero shift vector) co ordinate systems, the three-dimensional metric g

ij

induced on each slice coincides with the space (quotient) metric of the normal observers. Therefore, the

singularities of the slicing must corresp ond to singularities in the congruence of time lines and vice versa.

Let us consider the time line with lo cal equation

x i

= x i

0

(19) and let us use the prop er time � to lab el the p oints along this line. A "crushing singularity" o ccurs when

the three-dimensional volume element p

g v anishes at a given v alue �

S of � :

p

g (�

S

) = 0 : (20)

W e are supp osing that the determinant do es not v anish identically along the line as it would happ en if the

v alue x i

0 corresp onds to a singularity (center, p olar line) of the spatial co ordinate system on every slice.

Then, Eq.(20) represe nts a singularity of b oth the time lines (the normal lines are fo cusing to a caustic) and

the slicing, b ecause the induced metric g

ij passing on that p oint is not invertible there. As we saw in Section

1, this is fatal for the construction of the spacetime.

T o study the harmonic slicing singularity avoidance prop erties, we will restrict ourselves to \fo cusing

singularities". The line (19) has a fo cusing singularity at �

S when (20) holds and the prop er-time deriv ative

of the volume element remains b ounded at this p oint, so that there exists a constant B such that:

j(@

� p

g )(�

S

)j < B (21)

W e adopt this condition to exclude from our consideration singularities accompanied with sudden v ariations

of the spatial volume element.

So, let us consider a harmonic slicing starting from a regular set of initial data on the initial slice with

co ordinate time t = t

0

. Equation (18) is gives that

C (x i

) =

�

0

p

g

(22)

If we cho ose any normal line (19) parametrized by its own prop er time � (by cho osing the t = t

0 slice as the

origin), we will �nd along such a line that

�(� ; x i

0

) = C (x i

0

) p

g (23)

and then

@

�

� = C (x i

0

)@

� p

g : (24)

Allowing for (23) and (24), we see that we can replace p

g by � in Eqs.(20) and (21) de�ning a fo cusing

singularity

. This can b e reformulated as

lim

� !�

S

� � �

S

�

6= 0 ; (25)

where the limit is taken along the line (19).

The co ordinate time interv al �t elapsed along that line b etween the p oints where � = 0 (that is, t = t

0

)

and � = �

S is given by the improp er integral

�t =

Z

�

S

0

1

�(� ; x i

0

) d� (26)

and it follows from (25) that this integral cannot converge. This means that fo cusing singularities cannot b e

reached by harmonic slicings in a �nite numb er of timesteps. The same thing is known to b e true for maximal

slicing, but then, the assumption (21) is not necessary

. Maximal slicings can avoid stronger singularities

than harmonic ones. F or a comparison, see Bona and Mass� o.

118,119

Note that singularity avoidance do es not mean absence of co ordinate singularities, as it is shown by the

following example:

ds

2

= e

�2t

(�dt

2

+ dx

2

) + dy

2

+ dz

2

; (27)

which is a k asner-like form of the Minkowski metric; a co ordinate singularity app ears at a �nite v alue of the

prop er time which is avoided by the harmonic slicing (it do es not app ear at any �nite v alue of the co ordinate

time). The unphysical slicing is pro duced by an unphysical choice of initial conditions (the time deriv ative

of the v acuum metric is chosen to b e spatially constant).

3.3 A hyp erb olic evolution system

It is well known that Einstein Equations lead to a hyp erb olic evolution system in harmonic co ordinates

(see, for instance, Y ork

24

). The same thing is true for the harmonic slicing.

47

W e have shown its singularity

avoidance prop erties and we will derive now a �rst order hyp erb olic system suitable for Numerical Relativity .

In order to obtain a �rst order system, we will intro duce the auxiliary quantities Q ij

, D ij

k and L

i

, de�ned

as follows:

Q ij

� @

t g ij

; D ij

k

� @

k g ij

; L i

� @ i

ln �: (28)

W e can p erform the 3 + 1 decomp osition of the v acuum Einstein �eld equations (8). Allowing for the

co ordinate condition (14), the time comp onent can b e written as:

@

t

� p

g

�

Q

�

+ @

k

�

2� p

g L k

�

= p

g

2�

�

Q ij

Q

ij

� Q

2

�

; (29)

where we have noted Q � Q k

k

. Allowing for the ener gy c onstr aint, (29) could also b e obtained by taking the

second time deriv ative of the harmonic slicing condition (17).

The mixed spacetime comp onents of (8) can b e written in our gauge:

@

t

� i

= QL i

� 2Q i

j

L j

+ � i

j k

Q j k

: (30)

Allowing for the momentum c onstr aint, (30) could also b e obtained from the de�nition of � i

,

� i

� �t ux i

=

1

2 g

j k

D ij k

� D k i

k

� L i

: (31)

The space comp onents of (8) can b e written as

@

t

� p

g

�

Q ij

�

� @

k

�

� p

g (D k ij

+ g k i

� j

+ g k j

� i

)

�

=

= p

g

�

Q ik

Q j

k

� 2� p

g h

� ik l

� j

k l

+ L i

L j

� � i

� j i

: (32)

In order to complete the evolution system, we will provide evolution equations for the remaining quantities

(28), namely

@

t h

D ij

k i

� @

k

�

Q ij

�

= 0 ;

@

t

L

i

+

1

2

@

i

Q k

k

= 0 : (33)

The complete evolution system formed by (32,17,33) has the balance law structure:

@

t

D (u) + @

k

F k

(u) = S (u) ; (34)

where the densities D , uxes F k

and sources S are vector v alued functions of the set of v ariables

u =

�

�; L i

; g ij

; Q ij

; D ij

k

�

: (35)

The balance law form (34) of the evolution system is well known in hydro dynamics and standard numerical

metho ds for this kind of systems have b een develop ed. The consistenc y and stability of these metho ds

have b een established only for hyp erb olic systems, that is, systems in which the characteristic matrix (the

Jacobi matrix of the pro jection of the Fluxes along a given direction) has real eigenv alues and a full set

of indep endent eigenvectors. The most p owerful metho ds actually use the sp ect ral decomp osition of the

characteristic matrix to obtain a �nite di�erence version of the equations. But the complete evolution

system for (35) is not hyp erb olic. A hyp erb olic system could b e obtained by taking the time deriv ative of

(32) and using (30) to eliminate the � i

terms in the principal part of the derived system.

47

W e shall follo w here a much simpler way

120

replacing L i

by � i

in the list of basic quantities (35)

u =

�

�; � i

; g ij

; Q ij

; D ij

k

�

(36)

and using (30) instead of the second set of equations in (33) to complete the system (note that L i

is now to

b e obtained algebraically from � i

by using (31). The resulting system in the quantities (36) is hyp erb olic as

we will show in what follo ws.

3.3.1 Hyp erb olicity

T o study the hyp erb olicity of a system of the form (34) we need to consider only the principal part (densities

and uxes). This is closely related to the \op erator splitting" approach. The time evolution is decomp osed

into a combination of two kinds of pro cesse s, namely:

1. transp ort, governed by the ux-conserv ative law

@

t

D (u) + @

k

F k

(u) = 0 : (37)

2. evolution, driven by the source terms only .

The hyp erb olicity of the system can only ensure the stability of the numerical metho ds used in the

transp ort step. The stability of the whole scheme would require in addition that of the system of nonlinear

ordinary di�erential equations given by the source terms. This is b eyond our goal here, where we will b e

concerned only with the transp ort step.

Going back to our evolution system, let us note that the ten quantities �; � i

; g ij

are constant in the

transp ort step (they do not have ux terms) and that the evolution of the remaining twenty-four quantities

can b e written then

@

t

� p

g

�

Q ij

�

� @

k h

� p

g (g k l

� ij

l

) i

= 0 ;

@

t h

� ij

k i

� @

k

�

Q ij

�

= 0 ; (38)

where we have noted

� ij

k

� D ij

k

+ � i

k

� j

+ � j

k

� i

: (39)

The interest of this change of v ariables (39) resides in the fact that the resulting system (38) consists of

six decoupled identical subsystems of four linear equations in Q ij

; � ij

k

(with i; j �xed). This is imp ortant if

we are planning to apply either sp ectr al or implicit �nite di�erence metho ds in the transp ort step, b ecause

it greatly reduces the dimensions of the matrices involved.

But the main p oint is that every subsystem in (38) has the structure of the wave e quation in �rst order

form. This shows that the evolution system is hyp erb olic with characteristic surfaces given by the light

cones (plus the time lines if one takes into account the quantities which are constant in the transp ort step),

providing a go o d starting p oint for applying standard existence and uniqueness theorems. This also means

that the arsenal of numerical metho ds designed and tested for the three-dimensional wave equations is at

our disp osal: this is a fast way of coming in on 3-D Numerical Relativity .

3.4 Other hyp erb olic evolution systems

Let us note that the use of the harmonic slicing in our deriv ation of the hyp erb olic system has b een crucial.

This is a p oint in favour of its usage, given that the evolution system with other co ordinates conditions (as

in the maximal slicing case) is not hyp erb olic and, to our knowledge, existence and uniqueness theorems are

yet to b e proven in other gauges.

But it is also crucial the precise choice of the subset of the Einstein equations to use for evolving the

system. T o illustrate this p oint, let us write down the principal part of (29) and the second set of equations

in (33),

@

t

� p

g

�

Q

�

+ @

k

�

2� p

g L k

�

= 0 ;

@

t

L

i

+

1

2

@

i

Q k

k

= 0 : (40)

The system (40) has the wave equation structure and it was not used to form the evolution system (38).

W e can actually combine (40) with the wave equation subsystems corresp onding to the di�erent (i; j )

comp onents in (38) to get

@

t

� p

g

�

(Q ij

+ n(i; j )g ij

)

�

� @

k h

� p

g g k l

(� ij

l

� 2n(i; j )L

l g ij

) i

= 0 ;

@

t h

� ij

k

� 2n(i; j )L

k g ij i

� @

k

�

Q ij

+ n(i; j )g ij

�

= 0 ; (41)

which give us a di�erent hyp erb olic system for every choice of the symmetric array of arbitrary parameters

n(i; j ), with a di�erent space of solutions. Only the physical solutions (the ones obtained from initial data

verifying the constraint equations) must coincide.

Note that the combinations app earing in (41) verify

Q ij

+ n(i; j )g ij

� �

2n(i;j )

@

t

(�

�2n(i;j )

g ij

) ; (42)

so that the parameters n(i; j ) allow us to scale every metric comp onent with a given p ower of the lapse

function. This can b e useful in numerical applications. Also, the particular choice n(i; j ) = 1 can b e suitable

for Astrophysical applications involving small velo cities and weak gravitational �elds b ecause , for a p erfect

uid matter content, it cancels out the leading order (Newtonian) source terms.

Currently

, we are developing a fully 3-D co de which numerically implements the ab ove system of equations

using adv anced numerical metho ds. W e have p erformed a preliminar test in a Kasner-like spacetime for the

case n(i; j ) = 0 with excellent results.

121

4 Conclusions

T o �nish this review, let us p oint out that the numerical techniques so far used in General Relativity

have b een develop ed in a somewhat ad ho c manner simply b ecause the Einstein equations were not put

in the form of hyp erb olic balance law equations. Therefore, a large b o dy of numerical metho ds useful for

such equations were not applicable to General Relativity

. The results presented here may help to change

that situation and hop efully will stimulate rapid progress in the development of numerical simulations of

relativistic astrophysical systems.

Ac kno wledgmen ts

This work is supp orted by the Direcci� on General para la Investigaci� on Cient � �ca y T� ecnica under pro ject

No. PB91-0335

References

1. L. Smarr and J.W. Y ork Jr., Phys. R ev. D17, 1945 (1978); Phys. R ev. D17, 2529 (1978).

2. C. W. Misner, K. S. Thorne, and J.A. Wheeler, Gr avitation (W.H. F reeman, San F rancisco, 1973).

3. R. F. Stark and T. Piran, Phys. R ev. L ett. 55, 891 (1985).

4. E. Seidel, Phys. R ev. D42, 1884 (1990).

5. R. V ogt, in Pr o c e e dings of the Sixth Mar c el Gr ossman Me eting on Gener al R elativity (Kyoto 1991), ed. H.

Sato (W orld Scienti�c, Singap ore, 1992).

6. K. S. Thorne, talk at the Se c ond T exas Symp osium on 3-D Numeric al R elativity ed. R. Matzner (Austin,

T exas, 1991).

7. R. Arnowitt, S. Deser and C. W. Misner, in Gr avitation: an intr o duction to Curr ent R ese ar ch, ed. L. Witten

(John Wiley

, New Y ork, 1962).

8. A. Lichnerowicz, J. Math Pur es et Appl. 23, 37 (1944).

9. Y. Cho quet-Bruha t, in Gr avitation: an intr o duction to Curr ent R ese ar ch, ed. L. Witten (John Wiley

, New

Y ork, 1962).

10. R. A. D’Inverno, in Pr oblems of Col lapse and Numeric al R elativity, eds. D. Bancel and M. Signore (Dor-

drecht, Reidel, 1984).

11. R. G� omez and J. Winicour, Phys. R ev. D45, 2776 (1992); in F r ontiers in Numeric al R elativity, eds. C.

Ev ans, S. Finn and D. H. Hobill (Cambridge University Press, Cambridge, 1989).

12. K. Maeda, M. Sasaki, T. Nak amura, T., and S. Miyana, Pr o g. The or. Phys. 63, 719 (1980).

13. J. Centrella, Phys. R ev. D21, 2776 (1980).

14. T. Nak amura, Pr o g. The or. Phys. 65, 1876 (1980).

15. C. Bona and J. Mass� o, Phys. R ev. D49, 1022 (1989).

16. K. Eppley

, in Sour c es of Gr avitational R adiation, ed. L. Smarr (Cambridge University Press, Cambridge,

1979).

17. C. R. Ev ans, in Dynamic al Sp ac etimes and Numeric al R elativity, ed. J. Centrella (Cambridge University

Press, Cambridge, 1986).

18. S. L. Shapiro and S. A. T eukolsky

, in Dynamic al Sp ac etimes and Numeric al R elativity, ed. J. Centrella

(Cambridge University Press, Cambridge, 1986); Astr ophys. J. 298, 35 (1986).

19. C. R. Ev ans, in F r ontiers in Numeric al R elativity, eds. C. Ev ans, S. Finn and D. H. Hobill (Cambridge

University Press, Cambridge, 1989).

20. T. Piran, in Gr avitational R adiation, eds. N. Deruelle and T. Piran (North-Holland, Amsterdam, 1983).

21. J. M. Stewart, in Classic al Gener al R elativity, ed. Bonnor et al. (Cambridge University Press, Cambridge,

1984).

22. M. W. Choptuik, Phys. R ev. D44, 3124 (1991).

23. N. O’Murchadha and J. W. Y ork Jr., Phys. R ev. D10, 2345 (1974); Phys. R ev. D10, 428 (1974).

24. J. W. Y ork Jr., in Sour c es of Gr avitational R adiation, ed. L. Smarr (Cambridge University Press, Cambridge,

1979).

25. J. W. Y ork Jr., in Gr avitational R adiation, eds. N. Deruelle and T. Piran (North-Holland, Amsterdam,

1983).

26. Co ok, G., PhD thesis, University of North Carolina at Chap el Hill, 1990.

27. J. W. Y ork Jr., in F r ontiers in Numeric al R elativity, eds. C. Ev ans, S. Finn and D. H. Hobill (Cambridge

University Press, Cambridge, 1989).

28. V. F o ck, The The ory of Sp ac e Time and Gr avitation, (Pergamon Press, New Y ork, 1959).

29. L. Smarr, PhD thesis, The University of T exas at Austin, 1975.

30. K. Eppley

, Phys. R ev. D16, 1609 (1977).

31. D. M. Eardley and L. Smarr, Phys. R ev. D19, 2239 (1979).

32. J. R. Wilson, in Sour c es of Gr avitational R adiation, ed. L. Smarr (Cambridge University Press, Cambridge,

1979).

33. P

. G. Dykema, PhD thesis, University of T exas at Austin, 1980.

34. C. R. Ev ans, PhD thesis, University of T exas at Austin, 1984.

35. J. Bardeen and T. Piran, Physics R ep orts 96, 207 (1983).

36. R. F. Stark and T. Piran, in Dynamic al Sp ac etimes and Numeric al R elativity, ed. J. Centrella (Cambridge

University Press, Cambridge, 1986).; Comp. Phys. R ep. 5, 221 (1987).

37. S. L. Shapiro and S. A. T eukolsky

, in F r ontiers in Numeric al R elativity, eds. C. Ev ans, S. Finn and D. H.

Hobill (Cambridge University Press, Cambridge, 1989).

38. D. H. Bernstein, D. W. Hobill and L. Smarr, in F r ontiers in Numeric al R elativity, eds. C. Ev ans, S. Finn

and D. H. Hobill (Cambridge University Press, Cambridge, 1989).

39. A. Abrahams, D. H. Bernstein, D. W. Hobill, E. Seidel, and L. Smarr, Phys. R ev. D45, 3544 (1992).

40. J. W. Y ork Jr., Phys. R ev. L ett. 28, 1082 (1972).

41. T. Piran, J. Comp. Phys. 35, 254 (1980).

42. J. Centrella and J. R. Wilson, Astr ophys. J. 273, 428 (1983); Astr ophys. J. Supp. 54, 229 (1984).

43. P

. Anninos, J. Centrella and R. A. Matzner, in F r ontiers in Numeric al R elativity, eds. C. Ev ans, S. Finn

and D. H. Hobill (Cambridge University Press, Cambridge, 1989).

44. P

. Anninos, J. Centrella and R. A. Matzner, Phys. R ev. D39, 2155 (1989).

45. P

. Anninos, J. Centrella and R. A. Matzner, Phys. R ev. D43, 1808 (1991).

46. K. A. Holcomb, Gen. R el. Gr av. 22, 145 (1990).

47. Y. Cho quet-Bruhat and T. Ruggeri, Commun. Math. Phys. 89, 269 (1983).

48. S. G. Hahn and R. W. Lindquist, Ann. Phys. 29, 304 (1964).

49. M. M. May and R. H. White, Phys. R ev. 141, 1232 (1966).

50. M. M. May and R. H. White, Math. Comp. Phys. 7, 219 (1967).

51. J. R. Wilson, Astr ophys. J. 163, 209 (1971).

52. T. Matsuda and H. Sato, Pr o g. The or. Phys. 41, 1021 (1969).

53. A. Cadez, PhD thesis, University of North Carolina, 1971.

54. K. Eppley

, PhD thesis, Princeton University

, 1975.

55. F. Estabro ok, H. W ahlquist, S. Christensen, B. DeWitt, L. Smarr, L., and E. Tsiang, Phys. R ev. D7, 2814

(1973).

56. Y. Cho quet-Bruhat and J. W. Y ork Jr., in Gener al R elativity and Gr avitation, ed. A. Held (Plenum Press,

New Y ork, 1980).

57. L. Smarr, A. Cadez, B. DeWitt, and K. Eppley

, Phys. R ev. D14, 2443 (1976).

58. D. W. Hobill and L. Smarr, in F r ontiers in Numeric al R elativity, eds. C. Ev ans, S. Finn and D. H. Hobill

(Cambridge University Press, Cambridge, 1989).

59. T. Nak amura and H. Sato, Pr o g. The or. Phys. 66, 2038 (1981); Pr o g. The or. Phys. 67, 1396 (1982).

60. J. Bardeen, in Gr avitational R adiation, eds. N. Deruelle and T. Piran (North-Holland, Amsterdam, 1983).

61. T. Piran and R. F. Stark, in Dynamic al Sp ac etimes and Numeric al R elativity, ed. J. Centrella (Cambridge

University Press, Cambridge, 1986).

62. B. V an Leer, SIAM J. Sci. Stat. Comp. 5, 1 (1984).

63. K. I. Oohara, in Dynamic al Sp ac etimes and Numeric al R elativity, ed. J. Centrella (Cambridge University

Press, Cambridge, 1986).

64. Y. Ko jima, in Dynamic al Sp ac etimes and Numeric al R elativity, ed. J. Centrella (Cambridge University Press,

Cambridge, 1986).

65. J. Centrella, S. L. Shapiro, C. R. Ev ans, J. F. Hawley

, and S. A. T eukolsky

, in Dynamic al Sp ac etimes and

Numeric al R elativity, ed. J. Centrella (Cambridge University Press, Cambridge, 1986).

66. B. F. Schutz, in Dynamic al Sp ac etimes and Numeric al R elativity, ed. J. Centrella (Cambridge University

Press, Cambridge, 1986).

67. J. L. Anderson and D. W. Hobill, Gen. R el. Gr av. 19, 583 (1987); in Dynamic al Sp ac etimes and Numeric al

R elativity, ed. J. Centrella (Cambridge University Press, Cambridge, 1986).

68. J. M. Mart � �, PhD thesis, Universidad de V alencia, Spain, 1991; J. M. Mart � �, J. M. Ib� a ~ nez and J. A. Miralles,

Phys. R ev. D43, 3794 (1991).

69. J. F. Hawley and J. R. Wilson, Astr ophys. J. 277, 296 (1984); J. F. Hawley

, L. Smarr, and J. R. Wilson,

Astr ophys. J. Supp. 55, 211 (1984).

70. J. F. Hawley

, in Dynamic al Sp ac etimes and Numeric al R elativity, ed. J. Centrella (Cambridge University

Press, Cambridge, 1986).

71. M. L. Norman and K. H. A. Winkler, in Astr ophysic al R adiation Hydr o dynamics, eds. M. L. Norman and

K. H. A. Winkler (Reidel, Dordrecht, 1986).

72. T. Nak amura, K. I. Oohara and Y. Ko jima, Pr o g. The or. Phys. Suppl. 90,1, (1987).

73. T. Nak amura, Pr o g. The or. Phys. 70, 1144 (1983).

74. F. J. Zerilli, Phys. R ev. D2, 2141 (1970).

75. T. Nak amura, and K. Oohara, in F r ontiers in Numeric al R elativity, eds. C. Ev ans, S. Finn and D. H. Hobill

(Cambridge University Press, Cambridge, 1989).

76. D. Goldwirth, and T. Piran, Phys. R ev. D40 3268 (1989).

77. M. W. Choptuik, in F r ontiers in Numeric al R elativity, eds. C. Ev ans, S. Finn and D. H. Hobill (Cambridge

University Press, Cambridge, 1989); in Classic al and Numeric al R elativity, ed. R. D’Inverno (Cambridge

University Press, Cambridge, 1992).

78. M. J. Berger and J. Oliger, J. Comp. Phys. 53, 484 (1984).

79. R. G� omez, R. A. Isaacson, J. S. W elling, and J. Winicour, in Dynamic al Sp ac etimes and Numeric al R elativity,

ed. J. Centrella (Cambridge University Press, Cambridge, 1986).

80. M. Shibata and T. Nak amura, Y uk awa Institute YITP/K 974 Preprint (1992).

81. E. Seidel and W. Suen, NCSA Preprint 016 to app ear in Phys. R ev. L ett. (1992).

82. D. W. Hobill, D. Bernstein, M. W elge, and D. Simkins, Class. Quantum Gr av. 8, 1155 (1991).

83. A. M. Abrahams, in F r ontiers in Numeric al R elativity, eds. C. Ev ans, S. Finn and D. H. Hobill (Cambridge

University Press, Cambridge, 1989).

84. A. M. Abrahams and C. R. Ev ans, Phys. R ev. D42 2585 (1990).

85. A. M. Abrahams and C. R. Ev ans, talk at the Se c ond T exas Symp osium on 3-D Numeric al R elativity ed. R.

Matzner (Austin, T exas, 1991).

86. A. M. Abrahams and C. R. Ev ans, Cornell CRSR 1010 Preprint (1992).

87. E. Seidel, talk at the Midwest R elativity Me eting ed. E. Seidel (NCSA, Urbana-Champaign , Illinois, 1992).

88. S. L. Shapiro and S. A. T eukolsy

, Phys. R ev. L ett. 66, 994 (1991).

89. R. A. Matzner, in Dynamic al Sp ac etimes and Numeric al R elativity, ed. J. Centrella (Cambridge University

Press, Cambridge, 1986).

90. R. A. Matzner, in F r ontiers in Numeric al R elativity, eds. C. Ev ans, S. Finn and D. H. Hobill (Cambridge

University Press, Cambridge, 1989).

91. H. Kurki-Suonio, in F r ontiers in Numeric al R elativity, eds. C. Ev ans, S. Finn and D. H. Hobill (Cambridge

University Press, Cambridge, 1989).

92. P

. Laguna, H. Kurki-Suonio and R. A. Matzner, Phys. R ev. D15, 3077 (1991).

93. R. A. Matzner, in R elativity and Gr avitation: Classic al and Quantum. Pr o c e e dings of SILARG VII, eds. J.

C. D’Olivo et al. (W orld Scienti�c, Singap ore, 1991).

94. H. Kurki-Suonio, P

. Laguna, and R. A. Matzner, talk at the Se c ond T exas Symp osium on 3-D Numeric al

R elativity ed. R. Matzner (Austin, T exas, 1991).

95. R. F. Stark, in F r ontiers in Numeric al R elativity, eds. C. Ev ans, S. Finn and D. H. Hobill (Cambridge

University Press, Cambridge, 1989).

96. N. T. Bishop, C. J. S. Clarke, and R. D’Inverno, Class. Quantum Gr av. 7, L23 (1990).

97. J. D. Raub er, in Dynamic al Sp ac etimes and Numeric al R elativity, ed. J. Centrella (Cambridge University

Press, Cambridge, 1986).

98. M. W. Choptuik and W. G. Unruh,Gen. R el. Gr av. 86, 813 (1986).

99. G. B. Co ok, talk at the Se c ond T exas Symp osium on 3-D Numeric al R elativity ed. R. Matzner (Austin,

T exas, 1991).

100. G. B. Co ok, in F r ontiers in Numeric al R elativity, eds. C. Ev ans, S. Finn and D. H. Hobill (Cambridge

University Press, Cambridge, 1989).

101. K. I. Oohara and T. Nak amura, in F r ontiers in Numeric al R elativity, eds. C. Ev ans, S. Finn and D. H.

Hobill (Cambridge University Press, Cambridge, 1989); Pr o g. The or. Phys. 81, 360 (1989).

102. W. A. Miller, in Dynamic al Sp ac etimes and Numeric al R elativity, ed. J. Centrella (Cambridge University

Press, Cambridge, 1986).

103. P

. J. Mann, in F r ontiers in Numeric al R elativity, eds. C. Ev ans, S. Finn and D. H. Hobill (Cambridge

University Press, Cambridge, 1989).

104. S. Oliveira, talk at the Se c ond T exas Symp osium on 3-D Numeric al R elativity ed. R. Matzner (Austin, T exas,

1991).

105. M. Dubal, talk at the Se c ond T exas Symp osium on 3-D Numeric al R elativity ed. R. Matzner (Austin, T exas,

1991).

106. T. Opp e, talk at the Se c ond T exas Symp osium on 3-D Numeric al R elativity ed. R. Matzner (Austin, T exas,

1991).

107. S. Klasky

, talk at the Midwest R elativity Me eting ed. E. Seidel (NCSA, Urbana-Champaign, Illinois, 1992).

108. J. T owns, talk at the Midwest R elativity Me eting ed. E. Seidel (NCSA, Urbana-Champaign, Illinois, 1992).

109. S. Smith, J. Centrella, and S. Clancy

, talk at the Se c ond T exas Symp osium on 3-D Numeric al R elativity ed.

R. Matzner (Austin, T exas, 1991).

110. A. Mezzacappa, talk at the T exas Symp osium on 3-D Numeric al R elativity ed. R. Matzner (Austin, T exas,

1990).

111. C. S. Ko chanek and C. R. Ev ans, in F r ontiers in Numeric al R elativity, eds. C. Ev ans, S. Finn and D. H.

Hobill (Cambridge University Press, Cambridge, 1989).

112. S. Bonazzola and J. A. Marck, in F r ontiers in Numeric al R elativity, eds. C. Ev ans, S. Finn and D. H. Hobill

(Cambridge University Press, Cambridge, 1989).

113. J. M. Ib� a ~ nez, et al, in Classic al and Numeric al R elativity, ed. R. D’Inverno (Cambridge University Press,

Cambridge, 1992).

114. C. Duncan, L. Sczaniecki, and G. Shastri, talk at the Midwest R elativity Me eting ed. E. Seidel (NCSA,

Urbana-Champaign, Illinois, 1992); Preprint to app ear in Phys. R ev. D(1992).

115. E. Seidel, priv ate communication, 1992.

116. L. Smarr, talk at the Midwest R elativity Me eting ed. E. Seidel (NCSA, Urbana-Champaign, Illinois, 1992).

117. J. T owns, priv ate communication, 1992.

118. C. Bona and J. Mass� o, Phys. R ev. D38, 2419 (1988).

119. C. Bona and J. Mass� o, in R e c ent Developments in Gr avitation, eds. V erdaguer et al. (W orld Scienti�c,

Singap ore, 1990).

120. C. Bona and J. Mass� o, Phys. R ev. L ett. 68, 1097 (1992).

121. C. Bona and J. Mass� o, in Classic al and Numeric al R elativity, ed. R. D’Inverno (Cambridge University Press,

Cambridge, 1992).