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CIS321 Fall, 1999

Thursday  November, 4.
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1. A cashier at the dining hall needs to return a customer 11 cents. The cashier has a collection of coins available, which consists of four pennies, five nickels, three dimes and two quarters. She picks the coins one after another, making a random choice from the remaining coins each time. Calculate the probability that she can get the required 11 cents without any changes. [Recall that if cashier is allowed to change the chosen coins, then she returns 11 cents with probability of 1]

Answer

As any coin can be chosen with equal probability from the collection of 14 coins

                 1  1  1  1              5  5  5  5  5             10  10  10                25  25,

the cashier has the following ways to get 11 cents without changing of coins:

Pattern of 11 cents
Probability of coins respectively

1,   10
4/14,    3/13

10, 1
3/14,    4/13

1,    5,    5
4/14,    5/13,    4/12

5,    1,    5
5/14,    4/13,    4/12

5,    5,     1
5/14,    4/13,    4/12

   (4/14(3/13) + (3/14(4/13) + (4/14(5/13(4/12) + (5/14(4/13(4/12) + (5/14(4/13(4/12)

= 12/182 + 12/182 + 80/2184 + 80/2184 + 80/2184

= 528/2184

 ( 0.242

Therefore, the probability that the cashier can get the required 11 cents without any changes is 0.242.
2. If the odds are 5 to 3 that event M will not occur, 2 to 1 that event N will occur, and 4 to 1 that they will not both occur, are the two events M and N independent?

Answer

Assume P stands for the probability of occurrence of an event, so 1-P stands for non- occurrence of the event. We are given

(1-PM ) / PM  = 5 / 3

 PN  / (1-PN ) = 2 / 1

            (1-PM( N ) / PM( N  = 4 / 1
Solve the above equation, we get

 PM  =   3/8,       PN   =   2/3,        PM( N  = 1/5.
Since PM( N    ( PM (  PN ,  M and N are not independent events.

3. In the American League and National League champions, the probabilities that a World Series will end in 4, 5, 6, or 7 games are, respectively, 0.125, 0.30, 0.325, 0.25. What is the expected length of the World Series?

Answer

    (4(0.125) + (5(0.30) + (6(0.325) + (7(0.25) 

=  0.5 + 1.5 + 1.95 + 1.75

= 5.7

The expected length of the World Series is 5.7.

4. It costs $50 to inspect a certain component of a machine. If a defective component is installed, it costs $1,000 to repair the resulting damage to the machine. Is it more profitable to install the component without inspection if it is known that 

(a) 4% of all components produced are defective;

(b) 5% of all components produced are defective

(c) 10% of all components produced are defective?

Answer

Suppose x is fraction of defective components and we install N components

Scenario 1: Install without Inspection

        Cost is  1000xN 

Scenario 2: Install with Inspection

        Cost is  50N 

So, a) If 4% of the components are defective, then 

                  1000xN = 1000 ( (4/100) (N  = 40N.

           Since 40N < 50N, it is more profitable to install components without inspection.

       b) In this case, it doesn’t matter which scheme is followed because 

                  1000xN = 1000 ( (5/100) (N  = 50N.

       c) If 10% of the components are defective, then 

                  1000xN = 1000 ( (10/100) (N  = 100N.

           Since 100N > 50N, it is more profitable to do inspection.

5. Find the mean and the variance of the binomial distribution with n=5 and p=0.80 by using

               (a) Table 1 and the formulas defining ( and (2
  (b) The special formulas for the mean and the variance of a binomial     distribution.

Answer

(a) b(x; n, p) = B(x; n, p) – B(x-1; n, p)

From Table1, we get

b(0; 5, 0.80) = 0.003
b(1; 5, 0.80) = 0.0067 – 0.0003 = 0.0064 

b(2; 5, 0.80) = 0.0579 – 0.0067 = 0.0512

b(3; 5, 0.80) = 0.2627 – 0.0579 = 0.2048 

b(4; 5, 0.80) = 0.6723 – 0.2627 = 0.4096

b(5; 5, 0.80) = 1- (0.0064+0.0512+0.2048+0.4096) = 0.3280

( = (xf(x) = (xb(x; 5, 0.80)       for x=0,1,2,3,… 5.

   = 1(0.0064 + 2(0.0512 + 3(0.2048 + 4(0.4096 + 5(0.3277

   = 0.0064 + 0.1024 + 0.6144 + 1.6384 + 1.6385   ( 4

(2 = ( (x-()2 f(x) = ( (x-4)2 ( b(x; 5, 0.80)
     =(1-4)2(0.0064+(2-4)2 (0.0512+(3-4)2(0.2048+(4-4)2(0.4096 +(5-4)2(0.3280

    =0.0576+0.2048+0.2048+0+0.3280

    = 0.7952

(b) ( = n ( p = 5 ( 0.80 = 4

      (2 = n ( p ( (1-p) = 5 ( 0.80 ( (1-0.80) = 0.8
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6. A basketball player makes 95% of his free throws. What is the probability he will miss for the first time on the 15th shot?

Answer

g(15; 0.05) = (0.05) ( (1-0.05))15-1 = 0.024

The probability that the player will miss for the first time on the 15th shot is 0.024.

8.  The following is an alternative way of introducing the Possion distribution. Suppose that f(x, t) is the probability of getting x successes during a time interval of length t when (1) the probability of a success during a very small time interval from t to t+(t is (((t;

(2) the probability of more than one success occurring during such a time interval depend on what happened prior to time t.

(a) Show that    f(x, t+(t) = f(x, t) [1-(((t] + f(x-1, t) ((t
(b) Using the result of part (a), show that
                         d[f(x, t)]/dt =  ([ f(x-1, t) - f(x, t) ]  

(c) Verify by substitution that the differential equation obtained in (b) is satisfied by the formula for the Possion distribution with ( =  ( t . 

(a) Answer

(b) We answer this question via a conditional argument, built upon what happens up to time t. The probability of getting x successes during a time interval of length t+(t depends on mutually exclusive events of which one must occur:

(i).  There are x successes in a time interval of length t with probability f(x, t) and 

       no success with probability 1-(((t  in [t, t+(t];

(ii). There are (x-1) successes in a time interval of length t with probability f(x-1, t)

       and 1 success with probability (((t  in [t, t+(t];

(a)       (iii).There are (x-2) successes in time t with probability f(x-2, t)
(b)              and 2 successes with probability (((t2) in [t, t+(t]; etc..

(c)      According to the Rule of elimination (Theorem 3.10),

(d)     f(x, t+(t) = f(x, t) [1-(((t] + f(x-1, t) ((t + f(x-2, t)(((t2) 

     Since (t is very small, (((t2) is negligible.

  f(x, t+(t) = f(x, t) [1-(((t] + f(x-1, t) ((t

(b)  From equation proved in (a), we get
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      d[f(x, t)]/dt     =  ([ f(x-1, t) - f(x, t) ]
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(c) 

9. In 12 statistic questions, 7 require SAS and the other 5 require Minitab. If students are expected to select three questions randomly from them as their homework, what are the probabilities that

(a) none of the questions use SAS;

(b) only one of the questions use SAS;

(c) all of the three questions use SAS;

Answer

(e) P(no SAS) = (7C0 ( 5C3) / 12C3
                        =  1([(5(4(3)/(3(2(1)]/[(12(11(10)/(3(2(1)] 

                        = 10/220 

(f) P(1 SAS) = (7C1 ( 5C2) / 12C3
                         = (7 ( 10) / 220 

                      = 70/220

P(all SAS) = (7C3 ( 5C0) / 12C3
                                   = [(7(6(5)/(3(2(1)] /220

                        = 35/220

10. The statistical package MINITAB has random number generators. The command

RANDOM 5 observations into C1;

         INTEGER 1 to 6.

produces give random integers between 1 and 6 inclusive. These are placed in column 1 of the MINITAB worksheet.   Suppose that you use the digits 1, 2, 3, 4, 5, and 6 to represent the corresponding faces of a die.

(a) Use MINITAB to simulate 120 rolls of a balanced die and print the result from  MINITAB worksheet.

(b) Use MINITAB to calculate the mean of the above simulation result.

(c) Analyze the expected value of the die by theoretical method.

(d) Compare and comment on the results you get from (b) and (c).

Answer
(a). Choose "Edit=>Command Line Editor" from Minitab and type in:

      RANDOM    120   observations  into  C1;

            INTEGER   1  to  6.

      And then submit the command.

The output of the 120 pseudo numbers are listed in one column in Minitab worksheet.

In order to save space, 10 numbers are listed in 1 row and altogether 12 rows are listed in

the following document instead.
2 3 1 4 3 2 4 2 2 6

6 6 4 3 5 4 2 6 1 5

1 6 6 1 6 6 3 3 4 1

5 6 6 4 3 4 4 5 4 2

5 6 1 2 1 6 2 6 5 2

3 2 5 3 5 4 1 3 4 1

6 1 5 2 3 3 4 3 3 4

1 5 2 4 3 6 4 6 4 2

6 3 3 3 1 2 6 4 5 4

4 3 3 1 3 2 5 3 2 6

6 3 1 2 5 6 5 5 4 4

2 5 1 5 5 3 6 1 4 5

(b)Worksheet size: 100000 cells

        Column Mean

        Mean of C1 = 3.6333

  Alternatively, though not required by the question, we can calculate the mean based on the output of pseudo numbers by hand. 
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(c).  ( = (xf(x) 

           = 1((1/6) + 2((1/6) + 3((1/6) + 4((1/6) + 5((1/6) + 6((1/6)

           =  21 ( (1/6) 

           = 3.5

(d). Compared the result of (b) with that of (c), it is shown that the simulation result

       is similar to the theoretical solution. We can use simulation approach to approximate the rolling dice problem.


































































































































f(x, t+(t) - f(x, t) =( [f(x-1, t) - f(x, t)]


           (t








�
# of 1�
# of 2�
# of 3�
# of 4�
# of 5�
# of 6�
�
Total�
16�
18�
23�
22�
19�
22�
�
Probability�
16/120�
18/120�
23/120�
22/120�
19/120�
22/120�
�
Mean�
1((16/120) + 2((18/120) + 3((23/120) + 4((22/120) + 5((19/120) + 6((22/120) (  3.6333�
�






f(x, t) =(xe-(  =  (( t) xe-( t ,            ( =  ( t 


             x!              x!


d[f(x, t)]/dt    =  (x(( t) x-1 e-( t           ( (( t) xe-( t


                                  x!                            x!


                      = ( [(( t) x-1 e-( t  �    (( t) xe-( t ]


                                  (x-1)!                        x!


                      =( [( x-1 e-(  �   ( xe-( ]


                               (x-1)!               x!


                      = ([ f(x-1, t) - f(x, t) ]




















([ f(x-1, t) - f(x, t) ]





=





f(x, t+(t)- f(x, t)


    (t





� EMBED Equation.3  ���





Answer


By differentiating with respect to p on both sides of equation � EMBED Equation.3  ���,


                    � EMBED Equation.3  ���


Multiply by (� EMBED Equation.3  ���)


                    � EMBED Equation.3  ���   


                    � EMBED Equation.3  ���


                    � EMBED Equation.3  ���=  � EMBED Equation.3  ���    


                (     � EMBED Equation.3  ���


                   (    � EMBED Equation.3  ��� 1 / p





differentiating with respect to p both sides of the equation














Show that the geometric distribution


                       f(x) = p(1-p)x-1     for x=1,2, 3 …





has the mean 1/p.





� EMBED Equation.3  ���
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