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Homework 8

CIS321 Fall, 1999

Thursday  December, 9.
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Answer
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5.12 Prove that the identity (2 = (’2 - (2  holds for any probability density for which these moments exist.

Answer

The meaning of “the moment exist” is
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By definition,
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5.36   A manufacturer knows that on the average 2% of the electric toasters that he makes   will require repairs within 90 days after they are sold. Use the normal approximation to the binomial distribution to determine the probability that among 1,200 of these toasters at least 30 will require repairs within the first 90 days after they are sold.

 Answer
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5.50 If a random variable has the log-normal distribution with ( = -1 and ( = 2, find its mean and its standard deviation.
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Answer

(Refer to the textbook section 5.6 from equations on page 158).
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5.55   With reference to the example on page 157, suppose the expert opinion is in error.  Calculate the probability that the supports will survive if

(a) ( =3.0 and (2 = 0.09;    (b) ( =4.0 and (2 = 0.36.

Answer
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  Since ( =3.0 and ( =0.3, we get

(b)  Since ( =4.0 and ( =0.6, we get
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5.65  Suppose that the proportion of defectives shipped by a vendor, which varies somewhat from shipment to shipment, may be looked upon as a random variable having the beta distribution with ( = 1 and ( = 4.

(a) Find the mean of this beta distribution, namely, the average proportion of defectives in a shipment from this vendor.

(b) Find the probability that a shipment from this vendor will contain 25% or more defective.
Answer
 (Refer to the textbook section  5.8 from equations on page 162).
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Answer
When ( > 1 and ( > 1, the maximum of the beta density can be obtained by
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Ignoring the constant, we get

          ((-1)x(-2(1-x) (-1 – ((-1)x(-1(1-x) (-2 = 0

          ((-1)(1-x) – ((-1)x= 0

           ((-1) = x ((-1+(-1)
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Answer
(a)  Since x<1 and y<1 contains the entire sample space, the total probability should be 1.

      This result can also be verified by the following approach. 

By definition,
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(b) 

5.83 A pair of random variables has the circular normal distribution if their joint density is given by 
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(a) If (1 = 2 and (2 = -2, and ( = 10, use Table 3 to find the probability that

      –8<x1<14 and –9<x2<3.

(b) If (1 = (2 = 0 and ( = 3, find the probability that (x1, x2) is contained in the region between the two circles x12+x22 = 9 and x12+x22=36.
Answer
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5.93 Let X1, X2, … X20 be independent and let each have the same marginal distribution with mean 10 and variance 3. Find

(a) E(X1+X2+…+X20);

(b) Var(X1+X2+…+X20).
Answer
Since X1, X2, … X20 are independent and each with same marginal distribution with 

( = 10 and (2 = 3.

(a) E(X1+X2+…+X20) = E(X1) + E(X2) + … + E(X20)

                            = 20 ( 10

                            = 200

(a) Var(X1+X2+…+X20) = Var(X1) + Var(X2) + … + Var(X20)

                                           = 20 ( 3

                                           = 60
5.94 For any seven observations,

(a) use Table 3 to verify that the normal scores are

-1.15, -0.67, -0.32, 0, 0. 32, 0.67, 1.15

(b) construct a normal-scores plot using the observations

16, 10, 18, 27, 29, 19, 17

Answer
(a) By definition, 

      z( is such that the probability is ( that it will be exceeded by a random variable having the standard normal distribution. 

As explained in the text (see example on page 183), the normal scores are 

   m1, m2, m3, m4, m5, m6 and  m7 

where mi is that value of the standard normal r.v. satisfying 
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Namely, we want m1 = z7/8, m2 = z6/8, m3 = z5/8, m4 = z4/8, m5 = z3/8, m6 = z2/8, m7 = z1/8.

By symmetry, for example, z7/8 = - z1/8.   For ( >1/2, it is convenient to use the symmetry to look up Table 3.

We can get m1 to m7 and fill the results in the table as follows.

m1
m2
m3
m4
m5
m6
m7

Z0.875
z0.750
z0.625
z0.500
z0.375
z0.250
z0.125

 -z0.125
 -z0.250
 -z0.375
z0.500
z0.375
z0.250
z0.125

-1.15
-0.67
-0.32
0
0.32
0.67
1.15

It proves that -1.15, -0.67, -0.32, 0, 0. 32, 0.67, 1.15 are normal scores.

(b) The ordered observations are 10, 16, 17, 18, 19, 27, 29.

By ploting the pairs

(10, -1.15), (16, -0.67), (17, -0.32), (18, 0), (19, 0.32), (27, 0.67), (29, 1.15)

we obtain Figure as follows.
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5.95 (Normal-scores plots) The MINITAB commands

MSCORE C1 PUT IN C2

PlOT         C1   VS   C2

Will create a normal-scores plot from observations that were set in C1. (MINITAB uses a variant of the normal scores, mi, that we defined.) Construct a normal-scores plot of

(a) the aluminum alloy strength data on page 15;

(b) the decay time data on page 160.
Answer
(a)  Type in Aluminum Alloy Strength (58 in total number) in C1 of Minitab worksheet:

66.4
67.7
68.0
68.0
68.3
68.4
68.6
68.8
68.9
69.0
69.1

69.2
69.3
69.3
69.5
69.5
69.6
69.7
69.8
69.8
69.9
70.0

70.0
70.1
70.2
70.3
70.3
70.4
70.5
70.6
70.6
70.8
70.9

71.0
71.1
71.2
71.3
71.3
71.5
71.6
71.6
71.7
71.8
71.8

71.9
72.1
72.2
72.3
72.4
72.6
72.7
72.9
73.1
73.3
73.5

74.2
74.5
75.3

By executing the following command in Command Line Editor of Minitab

NSCORE C1 PUT C2

we get Normal Scores (58 in total number) in C2 of Minitab worksheet:

-2.30025
-1.91578
-1.61223
-1.61223
-1.40952
-1.30106

-1.20606
-1.12087
-1.04316
-0.97134
-0.90426
-0.84106

-0.75218
-0.75218
-0.64228
-0.64228
-0.56483
-0.51509

-0.44280
-0.44280
-0.37280
-0.30464
-0.30464
-0.23789

-0.19401
-0.12888
-0.12888
-0.06430
-0.02142
 0.04285

 0.04285
 0.10731
 0.15051
 0.19401
 0.23789
 0.28225

 0.34990
 0.34990
 0.41924
 0.49070
 0.49070
 0.56483

 0.64228
 0.64228
 0.72388
 0.78111
 0.84106
 0.90426

 0.97134
 1.04316
 1.12087
 1.20606
 1.30106
 1.40952

 1.53757
 1.69701
 1.91578
  2.30025

Then, choose from Minitab Menu bar “Graph => Plot… “ and assign Graph Variables

Y with C1 and X with C2 respectively. Press “OK” button to generate the plot.
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Normal-scores plot from observations of the aluminum alloy strength

(a) Normal-scores plot from observations of the decay time data on page 160.

Type in Time Intervals between emissions of beta particals (50 in total number) in C1 of Minitab worksheet:
0.894
0.991
0.061
0.186
0.311
0.817
2.267
0.091
0.139
0.083

0.235
0.424
0.216
0.579
0.429
0.612
0.143
0.055
0.752
0.188

0.071
0.159
0.082
1.653
2.010
0.158
0.527
1.033
2.863
0.365

0.459
0.431
0.092
0.830
1.718
0.099
0.162
0.076
0.107
0.278

0.100
0.919
0.900
0.093
0.041
0.712
0.994
0.149
0.866
0.054

By executing the following command in Command Line Editor of Minitab

NSCORE C1 PUT C2

we get Normal Scores (50 in total number) in C2 of Minitab worksheet: 

0.79929
1.02735
-1.46078
-0.22541
0.02483

0.60727
1.85048
-0.94580
-0.54835
-1.02735

-0.07456
0.12447
-0.12447
0.38175
0.17471

 0.43586        -0.49130
-1.62537
0.54835
-0.17471

-1.32816        -0.32876
-1.11644
1.32816
1.62537

-0.38175
0.32876
 1.21547
2.24468
0.07456

 0.27670
0.22541
-0.87018
0.66844
1.46078

-0.73227
-0.27670
-1.21547
-0.60727
-0.02483

-0.66844
 0.94580
 0.87018
-0.79929
-2.24468

 0.49130
 1.11644
-0.43586
 0.73227
-1.85048
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Normal-scores plot from observations of the time intervals between emissions of beta particals




F(x, y) = {








F(1, 1) = � EMBED Equation.3  ��� = 1





0                                          elsewhere





0                                              elsewhere





4 (1-x)3                                    for  0<x<1














      = { 





Thus, the desired probability is given by


� EMBED Equation.3  ���=1+(1-x)4� EMBED Equation.3  ��� = (3/4)4 = 0.3164











F(x, y) = {








� EMBED Equation.3  ���





for  0<x<1, 0<y<1








0                                              elsewhere





for  0<x<1





� EMBED Equation.3  ���
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for  0<x<1





0                                              elsewhere





� EMBED Equation.3  ���





(b) � EMBED Equation.3  ���





(a)
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� EMBED Equation.3  ���





0                                          elsewhere





for  0<x<1, 0<y<1





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���











F(x, y) = {





� EMBED Equation.3  ���





� EMBED Equation.3  ���





 � EMBED Equation.3  ���





� EMBED Equation.3  ���








� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���1 � EMBED Equation.3  ���(1.34) =1 -� EMBED Equation.3  ���0.9099  = 0.0901





=  4.8497





( (2 = � EMBED Equation.3  ���()2f(x)dx 


         = � EMBED Equation.3  ���


         =  (’2 - 2 (2 + � EMBED Equation.3  ���(1


         =  (’2 - (2





(’2 = � EMBED Equation.3  ���





( =





� EMBED Equation.3  ���





-[(x1-(1)2+( x2-(2)2]/2(2





� EMBED Equation.3  ���





Find the probabilities that


both random variables will take on values less than 1;


the sum of the values taken on by the two random variables will be less than 1.





5.6. Given the probability density 





� EMBED Equation.3  ���





( k = 1/ � EMBED Equation.3  ���





� EMBED Equation.3  ���





(





� EMBED Equation.3  ���





0                    elsewhere





6/5(x+y2)   for 0<x<1, 0<y<1





5.76 If two random variables have the joint density





                   F(x, y) = � EMBED Equation.3  ���





� EMBED Equation.3  ���





f(x1, x2) = � EMBED Equation.3  ���





5.66 Show that when ( > 1 and ( > 1, the beta density has a relative maximum at. 


                                                .





find k.





� EMBED Equation.3  ���





for  0<x<1, 0<y<1





0                                  elsewhere


elsewhere











Here we want the probability below the line, namely the probability is














� EMBED Equation.3  ���





 = 6/5� EMBED Equation.3  ���


= 2/5 � EMBED Equation.3  ���


= 2/5 � EMBED Equation.3  ���


= 2/5 � EMBED Equation.3  ���


 = 3/10.





 = [F(1.2)-F(-1)]( [F(0.5) - F(-0.7)]


 =[0.8849-(1-0.8413)] ([0.6915- (1-0.7580)]


 = 0.7262(0.4495


 = 0.3264





  -1.5         -1          -0.5           0               0.5         1              1.5





(a)  Let z1 =� EMBED Equation.3  ���,   z2 =� EMBED Equation.3  ���      then dz1 =� EMBED Equation.3  ���    dz1 =� EMBED Equation.3  ���.


      The desired range of z1 and z2 for  –8<x1<14 and –9<x2<3 is


 –1< z1<6/5,   -7/10< z2<1/2.





      Substitute z1 and z2 into the circular normal distribution, we get


                 � EMBED Equation.3  ���   for � EMBED Equation.3  ���and � EMBED Equation.3  ���


  


      The desired probability is





            � EMBED Equation.3  ���





      � EMBED Equation.3  ��� 
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(because z1 and z2 are independent).





for � EMBED Equation.3  ���and � EMBED Equation.3  ���








(b) We know that 


                 � EMBED Equation.3  ���, 


   where 


     z1 =x1/3, z2 =x2/3.





   The given condition on x1 and x2 reduced to 


     1( Z 12+Z22 ( 4.





  We want to calculate � EMBED Equation.3  ���. This is easy to evaluate in terms of polar coordinates.





   Let z1 = r cos(, z2 = r sin(, we get


	� EMBED Equation.3  ���


    � EMBED Equation.3  ���








1( Z 12+Z22 ( 4





i = 1, 2, … , 7.
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